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Abstract

Plasmas at atmospheric or higher pressures, typically denoted as thermal plasmas, are partially ionized gases in which the high
collision frequency among its constituents (molecules, atoms, ions, and electrons) causes intense transfer of electromagnetic to
thermal energy. Thermal plasma flows, often generated by electric arcs, are at the core of diverse technologies, such as plasma
cutting, spraying, circuit breakers, lighting, fuel reforming, and gasification. A computational nonequilibrium thermal plasma flow
model based on the Variational Multiscale (VMS) paradigm is presented. The plasma is described as a compressible reactive
electromagnetic fluid in chemical equilibrium and thermodynamic nonequilibrium. Two energy conservation equations, one for
electrons and the other for the heavy-species, are used to describe deviations from Local Thermodynamic Equilibrium. Material
properties (e.g., mass density, enthalpy, viscosity, and electrical conductivity) vary by several orders of magnitude in a strongly
nonlinear manner within these flows, which severely increases the stiffness of the model. The equations describing the plasma
flow are treated in a monolithic approach as a transient–advective–diffusive–reactive (TADR) transport system. An algebraic VMS
Finite Element Method appropriate for the treatment of general TADR problems is presented. The method is complemented with
an intrinsic time-scales matrix definition to model the fluid–electromagnetic sub-grid scales inexpensively and a discontinuity-
capturing operator to increase its robustness in the handling of large gradients. The resulting discrete system is solved by a
generalized-alpha time-stepper together with a globalized inexact Newton–Krylov nonlinear solver. The VMS method is verified
with incompressible, compressible, and magnetohydrodynamic (MHD) benchmark flow problems, and the VMS plasma model
is validated with three canonical and industrially-relevant flows: the free-burning arc, and the transferred and non-transferred arc
flows in a plasma torch.
c⃝ 2014 Elsevier B.V. All rights reserved.
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1. Introduction

1.1. Nonequilibrium high-pressure plasmas

Plasmas are partially ionized gases consisting of electrons, ions, atoms, and molecules. Due to their distinctive
properties and abundance in nature, plasmas are considered as the fourth state of matter in the progression: solid→
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liquid→ gas→ plasma. Thermal plasmas, typically generated by electric arcs at moderate to high pressures, display
high collision frequencies among their constituent particles, which make them achieve a state of Local Thermody-
namic Equilibrium (LTE) [1].

Thermal plasmas present unique characteristics that make them attractive to a wide range of technologies,
namely [2,3]: high energy density, which allows the phase change of high temperature materials; high luminosity,
which makes them useful in lighting applications; and high electrical and thermal conductivities, which permit them
being generated from electrical discharges, and therefore allowing the use of thermal energy from electrical energy.
These characteristics have been exploited in diverse technologies such as: plasma spraying, cutting, arc welding, chem-
ical vapor deposition, nano-fabrication, metallurgy, circuit breakers, lighting, toxic waste treatment, fuel reforming,
and plasma gasification [4–9]. The competitiveness of these technologies is often limited by economic, reproducibility
and reliability reasons. Computational modeling and simulation can lead to fundamental physical understanding and
can guide equipment and process design and development.

In contrast to other manmade plasmas (e.g., non-thermal plasmas in fluorescent lamps, TV displays, etching in
semiconductor manufacturing, etc. or thermonuclear plasmas for fusion energy), thermal plasmas generally present
large variations in degree of ionization (e.g., from non-ionized within the working gas to fully ionized in the
plasma core) and strong electromagnetic–fluid-dynamic coupling (e.g., intense Joule heating, temperature-dependent
electrical conductivity). These characteristics produce high temperatures (e.g., greater than 15,000 (K)) and localized
and rapid heating, leading to large velocity, temperature, and density gradients, diverse types of instabilities and even
turbulence [1]; as well as to large variations in the compressibility state of the flow (e.g., from nearly incompressible
in the stream of cold working gas to compressible within the plasma core).

1.2. Plasma flow modeling

The above characteristics present formidable challenges for the modeling and simulation of thermal plasma flows.
From the seminal work of Hsu and Pfender [10] and McKelliget and Zsekely [11], there has been remarkable progress
in thermal plasma modeling. A primary requirement for modeling is the calculation of thermodynamic (e.g., mass
density, enthalpy) and transport (e.g., viscosity, thermal and electrical conductivities) material properties [12–17].
These properties vary with the state of the plasma in a strongly nonlinear manner due to thermo-chemical state
transitions (e.g., dissociation, ionization), and from 1 to more than 3 orders of magnitude within a flow. (E.g., electrical
conductivity varies from less than 10−7 (S m−1) at ambient temperature conditions to 104 (S m−1) in the plasma
core; whereas density decreases by 2 orders of magnitude within the same range.) The marked nonlinearity of material
properties is an inherent characteristic of thermal plasmas; in fact, no thermal plasma flow can occur without it (i.e., the
electrical conductivity for the plasma has to be at least 3 orders of magnitude larger than for the working gas in order
to sustain the plasma).

Subsequently, the model has to account for the chemical state of the plasma, i.e., chemical equilibrium or nonequi-
librium. In addition to the modeling requirements for other reactive flows (e.g., combustion), description of the chem-
ical state in thermal plasmas requires adequate account of electron-energy dependent reactions, reactions with atoms
and molecules in excited states, and photons; as well as mass transport processes involving charged species [18–20].

The chemical and thermodynamic states of the plasma are tightly inter-linked. All particles in a fluid in LTE share
a single Maxwellian velocity distribution characterized by a single temperature [1,21]. The LTE state in thermal
plasma flows is generally satisfied within the bulk of the plasma, but it is frequently violated in regions where the
plasma interacts with solid boundaries or with a stream of cold gas, as generally found in industrial applications [22].
Thermodynamic nonequilibrium in those regions is due to the imbalance between transport and kinetic equilibration
(collision) processes between the light electrons and the heavy-species (ions, atoms, molecules). To describe the
plasma flow in these applications more accurately, the LTE assumption needs to be partially abandoned in favor of
a non-LTE (NLTE) description in which the electrons and heavy-species are assumed to have separate Maxwellian
distributions, and hence are characterized by different temperatures. Due to this fact, NLTE plasma models are also
known as two-temperature models.

Other aspects involved in high-pressure nonequilibrium plasma modeling include: description of the intense radia-
tive heat transfer within the plasma and with its boundaries [23], plasma–electrode interactions [24–26], accounting
for charge separation and electrical breakdown events [27–29], the occurrence of shocks [30], thermal and electro-
magnetic instabilities, and turbulence.
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In order to simulate a wider range of industrial applications, the above physical aspects need to be addressed within
three-dimensional and time-dependent models. There have been numerous reports of the application of LTE plasma
models for three-dimensional flows in industrial applications (e.g., [27,31–34]), as well as detailed analysis using
two-dimensional NLTE models [35]. In contrast, the use of NLTE models in three-dimensional flow problems has
been far more limited. Remarkable examples of the use of three-dimensional NLTE models are the works of Li et al.
using a chemical nonequilibrium steady-state model [36], the steady-state model by Colombo, Ghedini, et al. [37],
and the work reported in [38] using a chemical-equilibrium time-dependent model. To the best knowledge of the
authors, no model capable to handle chemical and thermodynamic nonequilibrium in industrial applications has been
reported yet. Such a model is a clear necessity given the primary role of plasma chemistry in materials processing
and the frequent deviations from LTE found in industrial plasma generation devices and processes. The review papers
[39,29,40] present more comprehensive descriptions of the physics involved, as well as the start of the art, in thermal
plasma flow modeling.

In addition to the necessity for more detailed physical models, there is a marked need for the development of
general and robust numerical methods suitable for simulations encompassing the diverse ranges of flow conditions
relevant to industrial applications (e.g., complex geometries, incompressible to compressible, and laminar to turbulent
regimes, detailed chemistry, etc.). In terms of the numerical methods used, plasma flows have traditionally being
modeled using Finite Volume and Finite Difference techniques, probably due to their comparatively longer tradition
in the modeling of reactive, compressible, and turbulent flows. These models have been often developed as extensions
of incompressible or compressible flow solvers by adding the appropriate functional dependence of material properties
and sequential coupling to electromagnetic field solvers. Some remarkable examples of Finite Volume methods
developed specially for plasma-related applications are the works presented in [41,42] for magnetohydrodynamics
(MHD) and the work in [43,44] for thermo-chemical nonequilibrium hypersonic flow modeling.

1.3. Finite element methods for plasma flows

The inherent advantages of Finite Element Methods (FEM), as evidenced by their widespread use in other fields
[45], have relatively recently motivated their use in plasma science and engineering. Notable examples of the of FEMs
for the modeling of nonequilibrium plasmas are the work of Georghiou et al. [29,46] using a Flux-Corrected Transport
method and the work of Lin and Karniadakis [47] using a Discontinuous Galerkin method.

Among Finite Element Methods, Stabilized methods, and in particular Variational Multiscale (VMS) methods, are
arguably the most promising for the development of general and robust formulations of plasma flow models. Since
their introduction in late 1970s by Hughes and collaborators [48–50], Stabilized and VMS methods have demonstrated
to be robust and efficient strategies for the modeling of diverse complex flow problems relevant to plasma simulation,
e.g., incompressible [51–54] and compressible [55–59], transitional and turbulent [60–63], and reactive [64,65] flows,
and radiation transport [66].

Of particular relevance for plasmas are the work on stabilized methods for resistive MHD reported in [67,68],
using a conservative formulation that directly enforces the no-magnetic monopoles constraint; the work of Shadid
and collaborators [69] in the development of a scalable implicit solver using electromagnetic potentials; and the
work of Planas, Badia, and Codina [70] in the development of an unconditionally convergent algebraic VMS
model. Although those models did not address some of the inherent characteristics of high-pressure nonequilibrium
plasma flows (e.g., chemical reactions, thermodynamic nonequilibrium, functional dependence of material properties,
radiation transport, etc.), they dealt with several major aspects involved in any numerical plasma flow model
(e.g., fluid–electromagnetic coupling, compatibility conditions of the continuum fluid and electromagnetic problems,
suppression of spurious oscillations). Also of significant relevance, although addressing a different physical problem,
is the simulation of electron–hole transport in semiconductors reported in [71,72], which has several similarities with
the nonequilibrium plasmas, e.g., the electrons and holes are assumed to achieve only partial kinetic equilibration and
hence require two different sets of energy equations for their description.

The use of a VMS formulation for the modeling of plasmas is particularly appealing. In addition to the clear ad-
vantages provided by stabilized formulations (e.g., circumvention of the Ladyzhenskaya–Babuska–Brezzi condition,
mitigation of spurious oscillations due to scale disparity, stability and consistency), the VMS framework provides a
robust stage for the development of sub-grid scale turbulence models for multi-physics problems. In fact, the com-
plexity and extent of physical phenomena involved in plasmas has prevented the devising of consistent and complete
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turbulent models; i.e., models that properly take into account the strongly nonlinear variation of material properties,
the occurrence of chemical and thermodynamic nonequilibrium, electromagnetic effects, etc. This fact has led to the
use of models designed for incompressible or compressible flows (e.g., Reynolds-Averaged Navier–Stokes k−ε model
in [73] and Large Eddy Simulation based on Smagorinsky’s model in [74]), often without adequate justification for
their appropriateness.

1.4. Scope and outline of the paper

This article presents a Variational Multiscale method for the modeling of industrially relevant high-pressure (ther-
mal) nonequilibrium plasma flows. Initial efforts towards the method and its application are presented in [75–77,37].
Section 2 describes the mathematical formulation of the NLTE plasma flow model. The system of fluid–
electromagnetic equations is treated in a fully coupled monolithic approach as a transient–advective–diffusive–reactive
(TADR) system in primitive variables. The algebraic VMS formulation used, appropriate for the treatment of general
TADR systems, is presented in Section 3. The formulation is complemented with the definition of an intrinsic time-
scales matrix to model the fluid–electromagnetic sub-grid scales and a discontinuity-capturing operator to increase the
robustness of the method. Section 4 describes the numerical solution approach based on the generalized-alpha predic-
tor – multi-corrector time-stepper together with a globalized inexact Newton–Krylov nonlinear solver. Validation of
the VMS plasma flow model is demonstrated in Section 5 with the simulation of three canonical industrially-relevant
flow problems: the free-burning arc, and the transferred and non-transferred arc flows in a plasma torch. Conclusions
are drawn in Section 6. Appendix A presents the calculation of material properties, Appendix B the physical param-
eters for an argon plasma, Appendix C the explicit expressions of the matrices composing the TADR plasma flow
system, and Appendix D the verification of the VMS formulation with incompressible, compressible, and magneto-
hydrodynamic benchmark problems.

2. Nonequilibrium thermal plasma flow model

2.1. Fluid flow

Fluid models, which are based on the continuum assumption, provide appropriate descriptions of plasmas when the
constituent particles (atoms, ions, electrons) experience relatively high collision frequencies that lead to small mean-
free-paths compared to some characteristic length of the domain. Fluid models describe the evolution of the moments
of the Boltzmann equation for each constituent species, providing direct measures of macroscopic flow properties
such as temperature and pressure [1,21]. The plasma is assumed to be in chemical equilibrium and thermodynamic
nonequilibrium (NLTE). A quasi multi-fluid model is used in the sense that conservation of mass and momentum are
modeled as for a single fluid, whereas energy conservation involves the exchange of energy between two different
fluids (i.e. electrons and heavy-species). Such description is also known as a two-temperature approximation and is
consistent with the thermodynamic nonequilibrium description.

The fluid part of the nonequilibrium plasma flow model is given by the conservation equations for: (1) total mass,
(2) mass-averaged momentum, (3) thermal energy of heavy-species and (4) thermal energy of electrons [14,78]. These
equations are listed in Table 1 as a set of transient–advective–diffusive–reactive (TADR) equations. The equations in
Table 1 are written in the so-called conservative form, i.e. ∂t u

transient

+ ∇ · fa  
advective

− ∇ · fd  
di f f usive

− s
reactive

= 0, where t

represents time, ∂t ≡ ∂/∂t represents the derivative with respect to time, where ≡ indicates “is defined by”; ∇ and
∇· are the gradient and the divergence operators, respectively; u(y) represents the conserved variable, fa(y) and fd(y)

advective and diffusive flux vectors, respectively, and s(y) is a source term. This form of TADR equations is often
preferred in the formulation of fluid flow problems because it does not imply exact mass conservation and can lead to
numerical approaches that accomplish exact conservation at the discrete level (e.g. see [79]).

For later reference, the form of a TADR equation of most relevance in the present work is the so-called advective
form. The advective form of a TADR equation for a generic scalar variable y is expressed by:

a0∂t y  
transient

+ a · ∇ y  
advective

−∇ · (k∇ y)  
di f f usive

− (s1 y + s0)  
reactive

= 0, (1)
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Table 1
Fluid balance equations for a plasma flow in chemical equilibrium and thermodynamic nonequilibrium; for each equation: Transient+Advective−
Diffusive− Reactive = 0.

Conservation Transient Advective Diffusive Reactive

Total mass ∂t ρ ∇ · (uρ) 0 0
Mass-averaged momentum ∂t ρu ∇ · (u⊗ ρu+ pδ) −∇ · τ Jq × B
Internal energy heavy-species ∂t ρhh ∇ · (uρhh) −∇ · q′h Dt ph + Seh − τ : ∇u

Internal energy electrons ∂t ρhe ∇ · (uρhe) −∇ · q′e
Dt pe − Seh − Sr+

Jq · (E+ u× B)

where a0 is the transient term coefficient, a the advection velocity, k the diffusivity matrix, and s1 and s0 the first- and
zeroth-order reaction terms. Eq. (1) is quasi-linear (the coefficients a0, a, k, s1, s0 are function of y) and canonical for
the description of transport problems.

In Table 1, ρ represents total mass density, u mass-averaged velocity, p pressure, δ the Kronecker delta tensor, τ the
stress tensor, Jq electric current density, B magnetic field, Jq ×B the Lorentz force; hh , and he the heavy-species and
electron enthalpy, respectively (from here forward, subscripts h and e stand for heavy-species and electron quantities,
respectively), q′ represents total heat flux, Dt p pressure work, p pressure (using Dalton’s law of partial pressures:
p = ph + pe) and Dt the material derivative (defined by ∂/∂t +u ·∇, i.e. Dt ≡ ∂t +u ·∇); Seh is the electron–heavy-
species energy exchange term, Sr the volumetric net radiation losses and the term Jq · (E + u × B) denotes Joule
heating.

Remark 1. There are different forms to express the equations in Table 1. The set of equations used has proven robust
for implementation purposes and the simulations presented in Section 5 (see also [39,35,77,37]). For example, whereas
total energy conservation could be used instead of internal energy conservation, the use of the latter leads to a more
balanced set of energy equations (i.e., hh and he are comparable in magnitude and the energy exchange term Seh
explicitly expresses their coupling).

Remark 2. The most important requirement for the formulation of a NLTE plasma model is self-consistency. The
fluid model in Table 1 is consistent in the sense that it gets reduced to a LTE model if thermodynamic equilibrium is
enforced (i.e., the addition of the two energy conservation equations results in a single equation for the conservation
of total thermal energy).

As described above, the equations in Table 1 are obtained from the evaluation of moments of the Boltzmann transport
equation. Closure of the equations is implied in the specification of diffusive fluxes. The diffusive flux of total
momentum is modeled by the stress tensor τ for a Newtonian fluid:

τ = −µ


∇u+∇u −

2
3
(∇ · u)δ


, (2)

where µ is the dynamic viscosity, the superscript is the transpose operator, and the 2
3 factor with the fluid dilatation

∇ · u arises from the use of Stoke’s hypothesis for the dilatational viscosity [78].
The fluxes q′h and q′e describe the total amount of heat transported by diffusive processes; namely thermal

conduction and enthalpy transport by mass diffusion. These fluxes are defined by:

q′h = −κh∇Th +

s≠e

hsJs, and (3)

q′e = −κe∇Te + heJe, (4)

where Th and Te are the heavy-species and electron temperatures, respectively; κh and κe the heavy-species and the
electron translational thermal conductivities, respectively; Js and hs stand for the diffusive mass transport flux and
specific enthalpy of species s, respectively; and the summation in Eq. (3) runs over all the heavy-species in the plasma.

Description of mass diffusion processes under plasma conditions is very involved due to the fact that, in addition
to their dependence on concentration, pressure, and temperature gradients as driving forces, the fluxes depend on the
transport of charged species coupled to electromagnetic fields [14,80]. A useful and widely accepted practice used
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in chemical-equilibrium plasma models is to describe the second term at the right side of Eq. (3) using the so-called
reactive thermal conductivity κr [1,81]. Using this approximation, this term can be approximated as –κr∇Th , and
Eq. (3) can be expressed as:

q′h ≈ −κhr∇Th, (5)

where κhr = κh + κr is the translational–reactive thermal conductivity, which can be treated as any other transport
property. Subsequently, considering that the transport of charge is dominated by electron transport, the energy
transported by electron mass diffusion in Eq. (4) can be approximated by:

Je ≈ −
me

e
Jq , (6)

where e is the elementary electric charge and me the electron mass. Eq. (6) neglects the charge transported by the
heavy-species, which is a valid approximation due to the significantly smaller mass of the electrons compared to that
of ions. Using Eq. (6), Eq. (4) becomes:

q′e ≈ −κe∇Te −
heme

e
Jq . (7)

The expressions for the diffusive fluxes above require the definition of the transport properties µ, κhr and κe. In
addition, the model requires definitions of thermodynamic properties ρ, ph , pe, hh and he. These properties depend
on the thermo-chemical state of the plasma. Consistent with the chemical equilibrium assumption, the plasma state
is defined in terms of the temperatures Th and Te, and total pressure p by a set of mass action laws, Dalton’s law
of partial pressures, and the quasi-neutrality condition. Knowledge of the chemical state allows the evaluation of
the plasma composition (i.e. species concentrations) and the subsequent evaluation of thermodynamic and transport
properties. The evaluation of the plasma material properties is described in Appendix A.

Finally, closure of the fluid part of the plasma flow model requires the specification of the source terms Seh and
Sr . Radiative energy transfer has a primary role in thermal plasma flows, e.g. it is the dominant energy transport
mechanism for temperatures above 30 (kK). The radiation losses source term Sr describes the net amount of energy
lost by photon transport, i.e. Sr = ∇ · qr , where qr is the radiative heat flux. A detailed description of radiative
transport requires solving the radiative transport equation (RTE) [66], together with proper consideration of emission
and absorption processes (e.g., absorption spectra for each species [1]), which make radiation modeling exceedingly
involved and computationally expensive [23,82,83]. Nevertheless, the form in which radiation directly interacts with
the plasma flow (i.e., as a reactive term) suggests that detailed description of radiation transfer is not needed and that
direct approximations of Sr could be used. The most common approximation in thermal plasma modeling is the use
of the effective net emission coefficient εr [84–86], i.e.

Sr ≈ 4πεr , (8)

where εr is a function of the state of the plasma and a given effective absorption radius. The latter represents the
radius of a sphere in which the emitted radiation can be re-absorbed; outside of this sphere, the emitted radiation
leaves without further interaction with the plasma (hence, the optically-thin approximation implies that this radius is
zero). The net emission approach is particularly appealing for plasma flow simulation because εr can be treated as any
other material property. For the argon plasma studied in Section 5, εr = εr (Te) was computed using a look-up table
procedure based on the data reported in [85] assuming optically thin (i.e., absorption radius equal to zero) radiation
losses.

The volumetric electron–heavy-species energy exchange term Seh describes the kinetic energy relaxation
(equilibration) processes and is modeled as:

Seh = Keh(Te − Th), (9)

where Keh is the kinetic energy exchange coefficient given by:

Keh =

s≠e

3
2

kB
2msme

(ms + me)2 νesζes, (10)
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Table 2
Electromagnetic field evolution equations for the nonequilibrium plasma
flow model.

Name Equation

Ampere’s law: ∇ × B = µ0Jq
Faraday’s law: ∇ × Ep = −∂t B
Generalized Ohm’s law: Jq = σ(Ep + u× B)

Gauss’ law: ∇ · Jq = 0
Solenoidal constraint: ∇ · B = 0

where kB is Boltzmann’s constant, νes is the collision frequency between electrons and species s, and ζes is the inelastic
collision factor (equal to 1 for atomic species). The collision frequency is given by: νes = ūeneσes , where ūe =

(8kB Te/πme)
1
2 is the thermal speed of electrons and σes is the collision cross-section between electrons and species

s [87]. The expressions used for the calculation of the cross sections σes are presented in Appendix B. Given that the
average kinetic energy of a particle of species s is 3

2 mskB Ts , Eqs. (9) and (10) describe the rate of exchange due to
elastic collision between electrons and heavy-species s, modified by the factor ζ es to account for inelastic interactions.

2.2. Electromagnetic field

The plasma is assumed to be a non-relativistic, non-magnetic, quasi-neutral fluid (the latter implies equal numbers
of positively and negatively charged particles in the plasma). The set of macroscopic Maxwell’s equations for the
NLTE plasma model, consistent with the fluid model in Section 2.1 and the assumptions stated above, is listed in
Table 2 [88].

In Table 2, µ0 represents the permeability of free space, σ electrical conductivity, and Ep the effective electric field.
The latter is used instead of the real electric field E in order to account for so-called generalized Ohm’s law. These
laws provide a more detailed account of transport of charge due to mass diffusion processes. It can be noticed that
the Joule heating term in Table 1 involves the real electric field E and not the effective one Ep. For LTE models, it is
often assumed that E = Ep; whereas for NLTE models, the main modification of the electric field is due to electron
transport, i.e.,

Ep ≈ E+
∇ pe

ene
, (11)

where ne = ρe/me is the electron number density. Additional terms could be added to the right side of Eq. (11) to
describe transport of charge by ions, as well as a term proportional Jq × B to describe the Hall effect; nevertheless
these contributions are negligible in most thermal plasmas [1,89].

The set of equations in Table 2 can be expressed in different forms. Particularly useful for thermal plasma models
are equations based on the electromagnetic potentials φp and A defined by:

Ep = −∇φp − ∂t A and (12)

∇ × A = B, (13)

where φp is the effective electric potential (φp = φ in LTE models) and A the magnetic vector potential. The use of A
has the primary advantage that the solenoidal constraint is satisfied a priori. A gauge condition is needed to uniquely
define φp and A. In this work, the Coulomb gauge:

∇ · A = 0 (14)

is invoked. Eq. (14) is not explicitly enforced in the model for simplicity and by evidence by other authors that such
enforcement (e.g., by using a penalty formulation) does not appreciably affect simulation results [90]. Lack of explicit
enforcement of Eq. (14) represents a limitation of the numerical plasma flow model described in Section 3. Such
limitation appears to have a negligible effect on the simulation of the plasma flows studied in Section 4 (in terms
of agreement between simulation results with experimental diagnostics). Nevertheless, lack of explicitly enforcing
Eq. (14) may have significant consequences in other types of plasmas (e.g. strongly magnetized plasmas, or flows
interacting with dissimilar magnetic materials [91]).



94 J.P. Trelles, S.M. Modirkhazeni / Comput. Methods Appl. Mech. Engrg. 282 (2014) 87–131

Table 3
Electromagnetic field evolution equations in terms of electromagnetic potentials; for each equation: Transient+Advective−Diffusive−Reactive = 0.

Equation Transient Advective Diffusive Reactive

Conservation charge 0 0 ∇ · σ(∇φp + ∂t A− u× (∇ × A)) 0
Magnetic induction µ0σ∂t A µ0σ(∇φp − u× (∇ × A)) ∇

2A 0

Table 4
Set of fluid–electromagnetic equations for the nonequilibrium plasma flow model; for each equation: Transient+Advective−Diffusive−Reactive =
0.

Equation Transient Advective Diffusive Reactive

Conservation total mass ∂t ρ u · ∇ρ + ρ∇ · u 0 0

Conservation momentum ρ∂t u ρu · ∇u+∇ p
∇ · µ(∇u+∇u )−

∇ ·


2
3
µ(∇ · u)δ


Jq × B

Energy heavy-species ρ∂t hh ρu · ∇hh ∇ · (κhr∇Th)
∂t ph + u · ∇ ph+

Keh(Te − Th)− τ : ∇u

Energy electrons ρ∂t he ρu · ∇he ∇ · (κe∇Te)

∂t pe + u · ∇ pe−

Keh(Te − Th)− 4πεr+

Jq · (E+ u× B)+
5kB

2e
Jq · ∇Te

Conservation charge 0 0
∇ · (σ∇φp)−

∇ · (σu× (∇ × A))
0

Magnetic induction µ0σ∂t A
µ0σ∇φp−

µ0σu× (∇ × A)
∇

2A 0

The set of Maxwell’s equations in Table 2, using Eq. (14), can be completely expressed in terms of electromagnetic
potentials by two equations: (1) the charge conservation equation (Gauss’ law) and (2) the magnetic induction
equation, which combines Ampere’s and Faraday’s laws. This set of equations is listed in Table 3.

Remark 3. There are different forms to express electromagnetic evolution equations appropriate for plasma flows.
In particular, the 8-wave formulation of Powell [92], extended and applied to two-temperature plasmas by Lin and
Karniadakis [47], seems especially appealing as it reduces the number of solution variables by one (i.e., solution of B
only instead of φp and A). However, the use of electromagnetic potentials is the most common approach in thermal
plasma modeling because it provides a natural and direct measure of electric characteristics (electric potential and
total current) and simplifies the specification of current density as a boundary condition [5,7,24,25,32,93].

2.3. Nonequilibrium plasma flow model

The equations in Tables 1 and 3 compose the system describing the high-pressure (thermal) nonequilibrium plasma
flow model. The fluid equations can be expressed in advective form (Eq. (1)) by invoking total mass conservation
(∂tρ + ∇ · (uρ) = 0) in the equations in Table 1. Additionally, using the advective form of the charge conservation
and magnetic induction equations and the expressions for diffusive fluxes and source terms, the complete set of
fluid–electromagnetic equations describing the nonequilibrium plasma flow model is given by the set of TADR
equations in Table 4.

In Table 4, the charge conservation equation assumes that ∇ · (σ∂t A) ≈ 0 because the term ∂t A is negligible
compared to∇φp in the studied plasma flows (e.g. in the time-dependent simulations in 5.2.3, the ratio ||∂t A||/||∇φp||

does not exceed ∼5%), and using this assumption greatly simplifies the implementation of the model by avoiding
mixed spatial–temporal derivatives.

The complete system of equations in Table 4 is treated in a fully coupled monolithic manner as a single TADR
transport system for the vector of unknowns Y as:

R(Y) = A0∂t Y  
transient

+ (Ai∂i )Y  
advective

− ∂i (Ki j∂ j Y)  
di f f usive

− (S1Y+ S0)  
reactive

= 0, (15)
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where the sub-indexes i and j stand for each spatial coordinate (e.g., for 3-dimensional Cartesian coordinates, i , j = x ,
y, z), and the Einstein summation convention of repeated indexes is used (i.e., the appearance of an index variable
twice in a single term implies summation of that term over all the values of the index, e.g. ∂i ai =

3
i=1 ∂i ai = ∇ · a).

The matrices A0, Ai , Ki j and S1 are denoted as the transient, advective, diffusive, and reactive transport matrices,
respectively.

In the present study, the vector Y has been chosen as the set of primitive variables, i.e.

Y = [p u Th Te φp A ] . (16)

This choice of variables has been motivated by the work of Hauke and Hughes [57] that demonstrated the advantages
of the use of primitive variables, especially for the unified handling of incompressible and compressible flows
by a single formulation. The use of entropy variables, which produces symmetric matrices A0, Ai , Ki j , seems
an appealing alternative; but their use would require finding a suitable entropy function to describe the coupled
fluid–electromagnetic problem [94].

The set of equations in Table 4 and the definition of the vector of unknowns Y in Eq. (16) fully define the transport
matrices A0, Ai , Ki j . The complete set of matrices defining the nonequilibrium plasma flow system according to
Eq. (15) for three-dimensional problems is presented in Appendix C. For example, the matrix A0 is given by:

A0 =



∂ρ

∂p
0 0 0

∂ρ

∂Th

∂ρ

∂Te
0 0 0 0

0 ρ 0 0 0 0 0 0 0 0
0 0 ρ 0 0 0 0 0 0 0
0 0 0 ρ 0 0 0 0 0 0

ρ
∂hh

∂p
0 0 0 ρ

∂hh

∂Th
ρ

∂hh

∂Te
0 0 0 0

ρ
∂he

∂p
0 0 0 ρ

∂he

∂Th
ρ

∂he

∂Te
0 0 0 0

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 µ0σ 0 0
0 0 0 0 0 0 0 0 µ0σ 0
0 0 0 0 0 0 0 0 0 µ0σ



. (17)

Note that the linearization of the terms in the reactive column of Table 4 given by S1Y + S0 is not unique, as there
are different approaches that could be followed to express S(Y) = S1Y+ S0. Of particular relevance are approaches
that improve the robustness/stability of the formulation (e.g. increase diagonal dominance) or convergence speed
(e.g. Newton-like linearizations of the form s(y) = s(y∗)+ (ds/dy)(y− y∗) for some reference value of the solution
y∗), e.g. see [95]. The approach followed in the present work to obtain the matrix S1 and vector S0 in Appendix C
has been based on simplicity of the formulation (i.e. avoids linearization of the Lorentz force and Joule heating
terms and neglects linearizations of the highly nonlinear material properties — see text below) and on computational
evidence that demonstrated that inclusion of the Keh terms (i.e. kinetic energy exchange coefficient, see Eq. (9)) in S1
significantly improved the converge rate of the solution approach.

Remark 4. The TADR system in Eq. (15) is quasi-linear as the matrices A0, Ai , Ki j , S1 depend on Y. Furthermore,
the vector S0 depends on Y, ∂i Y, and ∂t Y. For implementation purposes, it is convenient to express these terms as
functions of t , X, Y, ∂i Y, and ∂t Y, where X represents the vector of spatial coordinates.

Remark 5. The matrix A0 (Eq. (17)) is singular, and therefore Eq. (15) describes, a differential–algebraic system of
TADR equations. The singularity of A0 is primarily due to the lack of a transient term in the current conservation
equation. Additionally, ill conditioning of A0 is expected whenever the term ∂ρ/∂p is negligible (e.g., when the flow
is nearly incompressible) and in regions where σ ∼ 0 (e.g., far from the plasma core).

Remark 6. The monolithic approach used (Eq. (15)) presents the advantages of simplicity of formulation, increased
robustness of the solution approach, and smaller data transfer for parallel processing, compared to segregated ap-
proaches (e.g., as used in [71]).
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Fig. 1. Thermodynamic coefficients for an argon plasma at p = 1 (atm) as a function of Te for different values of θ = Te/Th .

The use of primitive variables (Eq. (16)) makes necessary the evaluation of the derivatives of thermodynamic
properties (ρ, ρhh , ρhe) with respect to the state variables (p, Th , Te). These terms (e.g. derivatives in Eq. (17))
constitute additional thermodynamic properties that link conservation and primitive variables. These properties are
evaluated following the procedures in Appendix A together with discrete differentiation, e.g.

∂ρ

∂p
(p, Th, Te) ≈

ρ(p + δp, Th, Te)− ρ(p, Th, Te)

δp
, (18)

where ρ(p, Th, Te) explicitly indicates the functional dependence of ρ on p, Th , Te, and δp is a small discrete
differential. These thermodynamic coefficients are depicted in Fig. 1 for an argon plasma as a function of Te and
the thermodynamic nonequilibrium parameter θ = Te/Th for a constant value of pressure p = 1 (atm). The plots
in Fig. 1 show the marked nonlinearity of the thermodynamic coefficients due to thermo-chemical state transitions
(e.g. dissociation, ionization processes). More complex thermal plasmas (e.g., plasmas of molecular gases such
as H2 or N2, gas mixtures such as Ar–He, Ar–N2) display even more complex functional dependencies [13,15].
Thermodynamic coefficients often vary by more than 2 orders of magnitude within typical plasma flows, which makes
the numerical flow problem described in Section 3 very stiff.

Remark 7. The compressibility coefficients αp = −ρ−1(∂ρ/∂T )p and βT = ρ−1(∂ρ/∂p)T used in the incompress-
ible–compressible formulation of Hauke and Hughes [57] have their counterparts in the coefficients (∂ρ/∂p)Th ,Te ,
(∂ρ/∂Th)p,Te , and (∂ρ/∂Te)p,Th (i.e., first row of plots in Fig. 1).

Similarly to thermodynamic properties, transport properties in nonequilibrium plasmas show significant nonlinear
dependence on the plasma state. The transport properties for the argon plasma under study in Section 5 are depicted
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Fig. 2. Transport properties for an argon plasma at p = 1 (atm) as function of Te and θ = Te/Th .

in Fig. 2. The marked dependence of properties on θ = Te/Th for lower values of θ can be observed. In particular,
the total translational–reactive thermal conductivity κhr presents a large peak due to the ionization of argon atoms,
the most energetic state transition in the range of conditions of interest. Similarly to other electron properties, σ and
κe are essentially zero at low temperatures (e.g., σ < 10−7 and κe < 10−4 for Te > 1000 (K)). This fact increases
drastically the stiffness of the numerical solution of the charge conservation equation (see Table 4).

Remark 8. The viscosity plot in Fig. 2 (top-left) for θ = 1 shows that the dependence of viscosity on temperature
given by Sutherland’s law [78] is a reasonable approximation for LTE models at low temperatures, before any energetic
transition takes place (e.g., for temperatures below ∼10 (kK)).

Fig. 3 presents the variation of the reactive terms Sr , Seh , and Keh for an argon plasma. These terms vary by more
than 10 orders of magnitude within the given temperature range. The values at high temperatures (e.g., Te > 15 (kK))
strongly influence the dynamics of the flow.

Inspection of the reactive terms in Table 4 and the form of Eq. (15) indicates that the definitions of the matrix S1
and vector S0 are not unique. S1 contains terms from the linearization of Seh , whereas S0 comprises combinations
of algebraic and differential operators not included in the other transport terms in Eq. (15) (e.g., the term u · ∇ ph
could be part of the advective part of the heavy-species energy equation). The definitions of S1 and S0 were chosen
for implementation convenience (e.g., to obtain a better-conditioned frozen-coefficient Jacobian, as described in
Section 4).

Remark 9. As presented in Appendix C, the kinetic energy exchange coefficient Keh is used in the definition of the
matrix S1. Alternatively, the complete Seh term could be included in the definition of S0. The former approach has
demonstrated to be beneficial to obtain faster convergence in the iterative solution procedure described in Section 4.

Remark 10. The marked nonlinearity of the material properties limits the usefulness of using non-dimensional vari-
ables. For example, a Reynolds number can be defined as Re = ure f Lre f /νre f using a reference length Lre f , velocity
ure f , and kinematic viscosity νre f . Whereas a characteristic length and velocity can typically be identified from the
flow set-up (e.g., domain geometry, inflow conditions), νre f represents a characteristic value of ν, which varies by
more than an order of magnitude in typical flows (furthermore, the ranges of Th and Te for a given flow cannot be
determined beforehand).
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Fig. 3. Radiation losses Sr = 4πεr (optically thin), electron–heavy-species energy exchange term Seh , and coefficient Keh for an argon plasma at
p = 1 (atm) as a function of Te and θ = Te/Th .

3. Numerical model

3.1. Variational problem

Before proceeding with the numerical formulation, the TADR system given by Eq. (15) needs to be complemented
by the specification of initial and boundary conditions. The strong form of the nonequilibrium plasma flow model
for the array of unknowns Y(t, X), where (t, X) ∈ Rnv

× R+ is defined over the spatial domain Ω ⊂ Rnd (i.e., Y:
Rnv
× R+ → Ω ⊂ Rnd ), where nv and nd represent the number of variables and spatial dimensions, respectively, is

given by:

∀X ∈ Ω , t > 0 : R(Y) = LY− S0 = 0, (19)

∀X ∈ Ω , t = 0 : Y = Y0, (20)

∀X ∈ Γp, t > 0 : Y = p, and (21)

∀X ∈ Γq , t > 0 : −ni Ki j∂ j Y = q1Y+ q0, (22)

where R represents the TADR residual, and L the TADR transport operator:

L = A0∂t + Ai∂i − ∂i (Ki j∂ j )− S1. (23)

Eq. (20) represents the specification of initial conditions, Eq. (21) specified-value (Dirichlet) boundary conditions
over the part of the boundary denoted by Γp, and Eq. (22) the specified-flux (Neumann or Robin) boundary conditions
over the part of the boundary Γq , with n as the outer normal to Γq . The boundary of the domain is ∂Ω ≡ Γ = Γp∪Γq ,
with Γp ∩ Γq = ∅. The boundary conditions specification above is used as a reference for the formulation of the
model. The actual model implementation allows the specification of conditions for each variable separately (i.e., given
Y = {Yk}, p = {pk}, q1 = {q1k}, q0 = {q0k}, for each variable k in Y, there is a unique division of the boundary such
that Γ = Γpk ∪ Γqk , with Γpk ∩ Γqk = ∅, and Yk = pk over Γpk,−ni Ki j∂ j Y = q1kYk + q0k over Γqk). The above
formulation of the TADR problem assumes that the matrices Ki j are positive-definite. The problem given by Eq. (19)
to 23 is assumed well-posed in the context that it describes the physical plasma flow model given in Table 4.

To arrive to the variational form [96], let H1(Ω) denote the Sobolev space of functions having square-integrable
first derivatives on Ω , and defining the operator:

( f, g)Ω =


Ω

f · gdΩ , (24)

the variational, or weak, formulation of the TADR problem reads: find Y ∈ {Y|Y(t, X) ∈ (H1(Ω))nv
× (0,∞),∀X ∈

Γp : Y = p} such that, for all test functions W ∈ {W|W(X) ∈ (H1(Ω))nv,∀X ∈ Γp :W = 0}, the residual evaluated
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Fig. 4. Multiscale decomposition of variable Y.

with the trial function is orthogonal to the test space, i.e.,

(W, R(Y))Ω = 0, (25)

which, after replacing the definition of R and applying boundary conditions, reads:

(W, A0∂t Y+ Ai∂i Y− S1Y)Ω + (∂i W, Ki j∂ j Y)Ω + (W, q1Y+ q0)Γq = 0. (26)

Eq. (26) can be considered the standard continuous weak (Galerkin) form of the TADR problem.

3.2. Variational multiscale formulation

There are two major aspects that need to be addressed for the formulation of a VMS model. The first one is related
to the scale decomposition. Scale decomposition is not trivial even for linear problems, in which aspects such as
the definition of projectors and the orthogonality of subspaces has to be accounted for [54,97]. Furthermore, scale
decomposition of nonlinear transport operators, such as for the Navier–Stokes equations, poses additional challenges.
The formulation of the VMS method presented here treats the transport operator L in Eq. (23) as (quasi-)linear.
Properly addressing the operator nonlinearity leads to additional terms in the formulation that are counterpart to
different types of physical/mathematical models, such as the Reynolds stresses in incompressible turbulent flow
modeling [63]. The second issue concerns the modeling of the sub-grid scales, which involves approximations to
the local (e.g. within a finite element) solution of the problem.

Following [48,98,99], let the solution field Y be decomposed into a large (coarse, grid-scale) component Ȳ and a
small (fine, sub-grid) scale component Y′, i.e.,

Y = Ȳ+ Y′. (27)

The large scales correspond to the solution field described by the discretization of the problem, whereas the sub-grid
scales represent the part of the solution that cannot be captured by the discretization (Fig. 4). A similar decomposition
is applied to W, i.e., W = W̄+W′. The above decomposition implies decomposition of the continuous space V where
Y and W belong (i.e., the space V = (H1(Ω))nv

= V̄ ⊗ V ′, Ȳ ∈ V̄, Y′ ∈ V ′). The space V̄ could be formally defined
by the use of a projector operator [54,97]. The formulation in the present work assumes that this operator is equal to
the identity operator, and therefore follows classical stabilized methods [54].

Using the scale decomposition in Eq. (27), and considering that W̄ and W′ belong to two different spaces, the VMS
method consists on solving the large-scales problem:

(W̄, R(Ȳ)+ LY′)Ω = 0, (28)

and a similar small-scales problem:

(W′, R(Ȳ)+ LY′)Ω = 0. (29)

The goal of the VMS approach is to obtain an equation for the large scales alone. Towards that end, using adjoint
duality, Eq. (28) can be expressed as:

(W̄, R(Ȳ))Ω + (L∗W̄, Y′)Ω = 0, (30)

where the superscript ∗ indicates the adjoint operator. The first term in Eq. (30) is equivalent to the Galerkin formu-
lation of the problem (Eq. (26)), whereas the second term depends parametrically on Y′ and aims to model the part of
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the solution not captured by the discretization. Eqs. (28)–(30) do not imply an inner product; instead, they represent
the integral of the product of two functions.

The solution to the small-scales problem given by Eq. (29) can be casted as:

Y′ = −L−1 R(Ȳ), (31)

where the operator L−1, in the case of a linear operator L, can be formally expressed in terms of the Green’s function
for the operator L and the projector operator onto the finite elements space [97]. Up to this point, the formulation
does not rely on any approximation, which is evident by the fact that solving the small-scales problem given by
Eq. (31) is at least as complex as solving the original problem. To obtain a tractable and computationally efficient
method, the VMS formulation relies on approximating the solution to Eq. (31). In particular, the algebraic VMS
formulation relies on approximating L−1 with an algebraic operator τ, i.e.,

Y′ ≈ −τR(Ȳ), (32)

where τ is the so-called intrinsic time-scales matrix (of size nv× nv). The approximation in Eq. (32) assumes that the
small-scales vanish at the skeleton of the discretization (set of element boundaries).

The algebraic VMS formulation in the present work is applied within the context of the finite element method
(FEM). Using the approximation given by Eq. (32) in Eq. (31); the latter in Eq. (30), and given the definitions of the
operators L and L∗, the VMS method reads:

R̄(W̄, Ȳ) = (W̄, (A0∂t + Ai∂i − S1)Ȳ− S0)Ω + (∂i W̄, Ki j∂ j Ȳ)Ω + (W̄, q1Ȳ+ q0)Γq

+ ((A0∂t + Ai ∂i + ∂i (Ki j∂ j )+ S1)W̄, τ((A0∂t + Ai∂i − ∂i (Ki j∂ j )− S1)Ȳ− S0))Ω ′

+ (∂i W̄, KDC
i j ∂ j Ȳ)Ω ′ = 0, (33)

where R̄(·, ·) represents the bilinear form describing the residual of the VMS problem and

Ω ′ =


e
Ω e (34)

represents the element interiors. The first three terms at the right-hand-side of Eq. (33) represent the Galerkin formu-
lation of the problem; the fourth term the modeling of the small scales, and the last term the so-called discontinuity-
capturing operator, included to add robustness to the solution process in the presence of large gradients (Section 3.4).
Note that the operator applied to W̄ in the small scales term does not correspond exactly to the operator L∗ given the
spatial dependency of Ai and Ki j , and that the term −∂i Ai has been neglected.

At this point W̄ is set equal to the finite element basis function N, and Ȳ is identified as the actual finite element
solution field Yh [56,96]. The VMS plasma flow model handles fixed domains only (i.e. N = N(X)), and therefore
∂t N = 0. The diffusive term ∂i (Ki j∂ j N) is omitted because it is equal to zero for multi-linear elements and constant
Ki j . Furthermore, the term ∂i (Ki j∂ j Yh) in the small-scales expression, although required for consistency of the for-
mulation, is also neglected. Inclusion of this term requires reconstruction of the diffusion fluxes at element nodes,
which increases the complexity and computational cost of the model implementation [60,157]. Although loss of con-
sistency and accuracy may be expected, neglecting this term has been repeatedly used in the literature (e.g., [56,63]).

With the above simplifications, the final VMS–FEM nonequilibrium plasma flow model is:

Rh(N, Yh) = (N, (A0∂t + Ai∂i − S1)Yh − S0)Ω + (∂i N, Ki j∂ j Yh)Ω + (N, q1Yh + q0)Γq

+ ((Ai ∂i + S1)N, τ((A0∂t + Ai∂i − S1)Yh − S0))Ω ′ + (∂i W̄, KDC
i j ∂ j Yh)Ω ′ = 0, (35)

where Rh(·, ·) represents the final discrete approximation to the form R̄(·, ·).

Remark 11. Eq. (35) is similar to SUPG and GLS stabilized finite element formulations, the main difference being
the operator applied to the basis functions in the small-scales term [51,56,98,99].

Remark 12. The formulation uses the advective form of the transport equations. Particularly for compressible flows,
this form may yield to wrong shock propagation. Nevertheless, conservation could be restored or at least approximated
by including a procedure similar to the one presented in [100].
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Remark 13. The VMS method above assumes that the TADR problem is linear. The quasi-linearity of L is handled
by assuming L(Y) ≈ L(Ȳ) = L(Yh) (i.e., by neglecting the contribution of the small-scales to the transport operator)
and then updating L with each approximation of Yh in the iterative solution process. This approach is similar to
those used in traditional stabilized methods (e.g., [51,53,56]) and is a reasonable approximation if the small-scales
do not significantly affect the dynamics of the system. For the modeling of turbulent plasma flows, in which the
small scales play a major role in the flow dynamics, approaches similar to the so-called Residual-Based Large
Eddy Simulation [63], or to the one presented by Masud and Calderer [101], both in the context of incompressible
flows, would have to be adopted. Nevertheless, such approaches would have to be extended to account for the strong
nonlinearity of materials properties inherent to nonequilibrium plasma flows.

3.3. Intrinsic time scales

The intrinsic time scales operator τ is the main modeling component of the VMS formulation. This operator is also
a key component of stabilized formulations. As indicated by Eq. (32), the role of this operator is to approximate the
inverse of the TADR operator, i.e.,

τ ≈ L−1
= (A0∂t + Ai∂i − ∂i (Ki j∂ j )− S1)

−1. (36)

There are numerous approaches to obtain an expression for τ; most of them require certain amount of empiricism
for multi-dimensional coupled problems [102–109]. The formulation for τ used in the present work borrows ideas
from the work of Hughes and collaborators [56], and particularly from the work of Codina [98,99], who presented
definitions for τ based on the maximum principle.

3.3.1. General TADR systems
To obtain an approximate, yet computationally efficient, expression of τ for TADR systems, τ is defined as a

function of the operators associated to each transport process, i.e.,

τ = (τ−1
t + τ

−1
a + τ

−1
d + τ

−1
r )−1, (37)

where the subscripts t , a, d, and r stand for transient, advective, diffusive, and reactive, respectively.
At this point, algebraic approximations to the inverse of each transport term are sought (i.e., characteristic time

scales matrices for each term in Eq. (37), e.g., τa ≈ (A0∂t )
−1). Towards that end, the temporal and spatial metrics,

G t and G, are used to characterize the temporal and spatial discretizations, respectively, i.e.,

G t =

 nt

∆t

2
, and (38)

G = {Gi j } =
∂ξ

∂X
·

∂ξ

∂X
, (39)

where ∆t is the time step size, nt a constant function of the accuracy of the temporal discretization (e.g., nt = 2 for
second order methods) and ξ represents the vector of isoparametric (local) coordinates (e.g., for a uniform quadrilateral
Cartesian mesh with elements of size h, h2

= G−1
i i , no sum).

Subsequently, the approximations for each time scale matrices are defined as:

τt = (Ã0 · G t Ã0)
−

1
2 , (40)

τa = (Ãi · Gi j Ã j )
−

1
2 , (41)

τd = (K̃i j Gi j : Gi j K̃i j )
−

1
2 , and (42)

τr = (S̃1 · S̃1)
−

1
2 ; (43)

therefore, the final expression for τ used reads:

τ = ((Ã0 · G t Ã0)
1
2 + (Ãi · Gi j Ã j )

1
2 + (K̃i j Gi j : Gi j K̃i j )

1
2 + (S̃1 · S̃1)

1
2 )−1, (44)

where Ã0, Ãi , K̃i j , S̃1 are approximate transport matrices, counterparts of the transport matrices A0, Ai , Ki j , S1, re-
spectively. Eq. (44) is similar to the expression presented in [99], but suitable for the handling of unstructured meshes.
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Remark 14. The definition of τ given by Eq. (44) is valid only if the variables are dimensionally equivalent (e.g., if
each unknown is made non-dimensional, or if entropy variables are used), or if the approximate transport matrices
are diagonal. The use of non-dimensional variables limits the generality of the formulation and requires the use of
reference values for properties and/or variables (see Remark 10), whereas the use of entropy variables requires finding
an entropy function [94] suitable to describe the coupled fluid–electromagnetic problem characterizing plasma flows.

Remark 15. The expression in Eq. (44) could be generalized to include definitions of τ presented by other authors,
i.e.,

τ = (ct (Ã0 · G t Ã0)
r
2 + ca(Ãi · Gi j Ã j )

r
2 + cd(K̃i j Gi j : Gi j K̃i j )

r
2 + cr (S̃1 · S̃1)

r
2 )−

1
r , (45)

where the exponent r and the coefficients c are parameters of each approximation (e.g., the expression developed
in [56] can be obtained by setting r = 2, ct = 1, ca = 1, cd = 32, cr = 1).

Remark 16. Eq. (44) can alternatively be written as:

τ = τaυ, with: (46)

υ = (I+ (τtτ
−1
a )−1

+ (τdτ
−1
a )−1

+ (τrτ
−1
a )−1)−1

= (I+ Co−1
+ Pe−1

+ Da−1)−1, (47)

where (assuming all inverses above exist) υ provides a measure of how advection-dominated is the system, I is
the identity matrix, and Co, Pe, and Da are the dimensionless Courant, Péclet, and (inverse) Damköhler matrices,
respectively. These matrices provide a measure of the relative strength of the transient, diffusive, and reactive transport,
respectively, with respect to advective transport; and therefore give a relative measure of scale separation. The
definition of υ in Eq. (47) will be used in the definition of the discontinuity-capturing operator in the Section 3.4.

Remark 17. The definition of τ in Eq. (44) does not provide an adequate approximation of transport time scales
when ∆t → 0 (i.e., τ→ τt → 0), as it assumes that the small scales vanish with increasing temporal resolution. This
behavior is well known and reported in the works in [63,110] and could be circumvented by modeling the transient
scales dynamically [111] or by using a definition of τ based on element-level matrices [103,112]. Alternatively, the
transient scales could be removed from Eq. (44), which can be interpreted as assuming that the small scales are
constant within a temporal span ∆t .

3.3.2. Approximate transport matrices
The rationale behind the use of the approximate transport matrices Ã0, Ãi , K̃i j , S̃1 is to find a definition of τ that

provides an adequate description of the small scales and is inexpensive to compute (e.g., if not approximation is used,
Eq. (44) requires the computation of 4 square roots and 1 inverse of 10 × 10 matrices for the problems solved in
Section 5).

The simplest and least expensive definition of the approximate matrices, and used in the present work, is given by
extracting the main diagonals of the transport matrices, i.e.,

Ã0 = diag(A0), (48)

Ãi = diag(Ai ), (49)

K̃i j = diag(Ki j ), (50)

S̃1 = diag(S1), (51)

where diag(·) is defined such that, given matrices M = {Mi j }, N = {Ni j }, and vector V = {Vi }, M = diag(N)

represents Mi j = Ni jδi j and M = diag(V) implies Mi j = Viδi j , where δ = {δi j } is the Kronecker delta.
Alternative approximate matrices can be defined such that the transport fluxes are maintained, e.g., for the advective

flux Fa
i = Ai∂i Y = Ãi∂i Y, which can be fulfilled by defining Ãi by:

Ãi = (diag(∂i Y)+ εI)−1(diag(Ai∂i Y)) (52)

where ε represents a small number. Similar expressions can be obtained for the transient Ft
= A0∂t Y, diffusive

Fd
i = Ki j∂ j Y and reactive Fr

= S1Y fluxes. This definition does not require special handling of incompressibility
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(next section). But, its use in the tests in Appendix D required a significant larger number of nonlinear iterations for
convergence and often presented residual stagnation.

The use of approximate transport matrices has several limitations, e.g. a skew-symmetric matrix S1 should con-
tribute to stability of the formulation and the use of Eq. (51) neglects such contribution. These matrices are used for
computational convenience – use of the actual transport matrices would imply multiple matrix inverse and square-root
evaluations to compute Eq. (44).

3.3.3. Handling of incompressibility
Two limiting cases have to be considered in high-pressure nonequilibrium plasma flows models:

(1) In regions with negligible electromagnetic field strength (e.g. far from the plasma core) the plasma can be de-
scribed as a compressible reactive fluid.

(2) In regions with small Joule heating, the temperatures are typically low, and therefore the electrical conductivity is
low and the fluid is basically electrically non-conducting.

In the above limiting cases and for low speeds, the flow can be considered incompressible. Therefore, any compre-
hensive nonequilibrium thermal plasma flow model has to be able to account for incompressible flow conditions.

The use of diagonal approximate transport matrices (Eqs. (48)–(51)) does not provide adequate stabilization of the
equation for pressure (i.e., total mass conservation) in the incompressible limit. To compensate for this limitation, the
intrinsic time scale for pressure τp (τp ≡ τ1,1) is modified by:

τp ← (τ−1
p,comp + τ

−1
p,inc)

−1, (53)

where τp,comp corresponds to τ1,1 when τ is evaluated using Eq. (44) (i.e., τp,comp ≡ τ1,1), and τp,inc represents the
time scale for an incompressible flow given by:

τp,inc = (ρτui Gi i )
−1, (54)

where τui is the main intrinsic time scale for the velocity component i (e.g., τux = τ2,2, τuy = τ3,3, etc.). Eq. (54),
as explained in [63], represents the approximation of ∇ · L−1

u ∇, where Lu is the transport operator for velocity (see
mass-averaged momentum equation in Table 4), derived from the Schur complement of the velocity–pressure coupled
system for incompressible flows.

Remark 18. The use of the harmonic average in Eq. (53) is consistent with the handling of the different time scales
used in Eq. (37).

Remark 19. It is illuminating to compare Eq. (53) against the definition of τp used by Hauke and Hughes [57],
namely:

τp ← (1− α)τp,comp + ατp,inc, (55)

where α = β/(β + 1), β = (Ma/Mare f )
k , Ma = ||u||/c is the Mach number, c = (∂p/∂ρ)

1
2 the speed of sound,

Mare f is a reference Mach number (1/3 < Mare f < 1), and k a model parameter (0 < k < 4). Considering
the advective limit for a non-plasma flow (e.g., ρ||u||h/µ → ∞, with h as the grid size), the compressible and
incompressible intrinsic time scales are given by τp,comp = h/((∂ρ/∂p)||u||) (from Eq. (44) and using diagonal
approximate transport matrices) and τp,inc = h||u|| (from Eq. (54)), respectively. Then, it follows that:

τp,comp ≈ Ma−2τp,inc, (56)

and therefore, whereas τp,inc remains well defined for all velocities, τp,comp tends to ∞ for low Ma (i.e., in the
incompressible limit). For the above limit, Eq. (53) implies modifying the definition of τp to:

τp ≈ (Ma2
+ 1)−1τp,inc; (57)

whereas Eq. (55) to:

τp ≈ ((1− α)Ma−2
+ α)−1τp,inc =


Mak−2

+ Mak
re f

Mak + Mak
re f


τp,inc. (58)
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The expression for τp/τp,inc from Eq. (58) displays a maximum in the region Ma < 1; in contrast, the expression
in Eq. (57) is monotonically decreasing for the whole range of Ma, which may be more favorable for attaining a
convergent solution process.

Remark 20. The implementation of the VMS plasma flow model evaluates τ at every quadrature point, which is in
contrast to common implementations that treat τ as element-wise constant (e.g., [97]). Even though this local evalu-
ation of τ increases significantly the computational cost, it leads to a more straightforward implementation (e.g., all
terms in Eqs. (35) and (44) are evaluated at the same quadrature point) and may provide a more adequate description
of the small scales.

3.4. Discontinuity-capturing operator

The use of Discontinuity-Capturing (DC) operators or procedures to mitigate the appearance of over/under-shoots
of the solution fields and improve the robustness of the solution process has become essential in most industrial-
strength FEM solvers. In stabilized and VMS methods, the DC operator can be expressed in the form of the last term
in Eq. (35). Alternative approaches for DC include methods such as Flux Corrected Transport [113], slope limiters,
and others [114,115]. In the context of stabilized methods, DC aims to compensate for insufficient stabilization in the
direction normal to the flow (i.e., crosswind direction); whereas in the spirit of VMS methods, DC compensates for
the insufficient approximation of the small scales Y′ (i.e., Eq. (32)).

3.4.1. Discontinuity-capturing diffusivity matrix
To maintain the consistency of the formulation, the diffusivity matrices KDC

i j in Eq. (35) have to be proportional to
the residual vector [116–121]. The analysis by Codina [118] shows the canonical form required of the DC operator.

Two DC diffusivity matrix definitions have been used in the present work; namely an isotropic:

KDC
i j = νδi j , with (59)

ν = χ(∂i Y · Gi j∂ j Y)−1abs(R(Yh)), (60)

and an anisotropic one:

KDC
i j = νGi j , with (61)

ν = χ(diag(Yr ))
−1abs(R(Yh)), (62)

where abs(·) is the element-wise absolute value function (e.g., given vectors V = {Vi } and W = {Wi }, W = abs(V)

represents Wi = |Vi |), and χ is a dimensionless matrix defined by:

χ = min(2ζ , υ), (63)

where min (·, ·) is the element-wise minimum function (e.g., for vectors V, W, and Z, Z = min(V, W) represents
Zi = min(Vi , Wi )), and:

ζ = (diag(Yr ))
−1abs(Y′), where (64)

Yr = (∂i Y · G−1
i j ∂ j Y)

1
2 (65)

is a reference value of the solution. ζ in Eq. (64) represents a relative measure of the magnitude of the small scales
(i.e., for a scalar problem for variable y, ζ = |y′|/yr ≈ |y′|/|y|, hence ζ → 0 if the small scales are negligible and
ζ → 1 (or a larger number) if they dominate), and υ, given by Eq. (47), represents a measure of scale separation
(e.g., for an advective–diffusive problem, υ = (1 + Pe−1)−1, and υ → 0 if diffusion dominates and υ → 1 if
advection does). Given that the definition of χ above relies on the multiscale treatment of the problem, we denote the
above versions of KDC

i j as multiscale.
The expressions above have been developed following a heuristic approach guided by expressions developed by

other authors (e.g. [57,122]). More general and effective expressions could be obtained based on approaches that seek
the satisfaction of a discrete maximum principle (e.g. [98]), and/or approaches valid under change of variables [99].
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Table 5
Definitions of the discontinuity-capturing factor χ .

Version Reference Definition

Hughes–Mallet [109] χ = max(1− ζ , 0)

Quadratic [56] χ = 2ζ

Minimum [57] χ = min(2ζ , max(1− ζ , 0))

Multiscale Present work χ = min(2ζ , υ)

Fig. 5. Dimensionless DC factor χ for scalar advection–diffusion problems.

Remark 21. Major differences between the anisotropic KDC
i j above and the one developed by Hughes and Mallet for

multi-dimensional TADR systems [117,57] is that the former does not required mapping between entropy and fluid
variables and that the amount of diffusivity to each variable depends on the residual for such variable (i.e., ν is a
diagonal matrix instead of a scalar).

3.4.2. Comparison with other discontinuity capturing definitions
The above definitions of KDC

i j have been derived following “standard” design approaches [118]. These approaches

dictate that KDC
i j has to be a function of the residual R(Yh) to maintain consistency of the formulation, should

preferably act in the direction of the solution gradient, and its action can be isotropic or anisotropic. A key ingredient
to obtain an effective definition of KDC

i j without affecting the accuracy of the formulation is the use of the aggressivity
factor χ to ensure the proper asymptotic behavior. The definitions in Eqs. (59) and (61) can accommodate different
definitions of KDC

i j found in the literature. Table 5 present definitions of χ used by other authors and Fig. 5 compares
their functional behavior for a scalar advective–diffusive problem in the advection-dominated limit.

The rationale of the multiscale definition of χ in the present work is based on the following three main aspects:

(1) If the sub-grid scales are large compared to the reference solution (e.g., if ζ ≈ 1 or larger), then the numerical
model is not a good description of the physical problem (e.g., due to a too coarse discretization), and hence the
discontinuity-capturing operator should not try to compensate for this (i.e., χ → 1, an asymptotic constant value).

(2) If the problem is not multiscale (i.e., if υ ≈ 0), then the discontinuity-capturing operator should not affect the
numerical model (i.e., χ → 0).

(3) The discontinuity-capturing operator should provide control over discontinuities independently for each variable
(i.e., χ is a diagonal matrix).

Fig. 6 depicts the two-dimensional “advection skew to the mesh” problem, a test problem for the evaluation of
discontinuity capturing approaches (e.g., [115]), as a TADR system, together with the results using the discontinuity
capturing operators in Table 5. A uniform mesh of 20× 20 bilinear quadrilateral elements is used. The results for this
test problem show that the proposed multiscale DC operator successfully mitigates the occurrence of over/undershoots
of the solution field while being slightly less diffusive than the quadratic expression used by Shakib et al. [56].
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Fig. 6. Advection skew to the mesh: (left) description of the TADR problem and (right) solutions for different forms of the discontinuity-capturing
factor χ . The exact solution y ∈ (0, 1).

Remark 22. The reference value Yr given by Eq. (65) could be made more generic in order to accommodate DC
operator definitions from other authors by using the Kolmogorov–Nagumo generalized power mean; e.g., for a scalar
field y, a reference value yr can be defined by:

yr =


ωr |y|

p
+ (1− ωr )|∇ y ·G−1

∇ y|
p
2

 1
p
, (66)

where ωr and p are algorithmic parameters. For ωr = 0.5, yr is a generalized mean between |y| and |∇ y ·G−1
∇ y|1/2

with exponent p (e.g., harmonic, arithmetic, quadratic mean for p = −1, 1, 2, respectively; minimum and maximum
values for p → −∞ and p → ∞, respectively). For ωr = 1.0 and p = 2, yr = |y| as used by Bazilevs, Calo, and
Tezduyar’s Y Zβ approach [120]; whereas for ωr = 0.0 and p = 2, yr = |∇ y · G−1

∇ y|1/2 as used in [57,117,118]
and the present work.

3.4.3. Handling of incompressibility
As described in Section 3.3.3, a nonequilibrium thermal plasma flow model has to ensure robustness throughout

the flow domain, e.g., through the nearly incompressible (low Mach number) flow of the stream of working gas, to
the compressible (subsonic) flow within the plasma core. Therefore, the DC strategy used has to work adequately
for incompressible flows. Whereas DC is widely used in the simulation of compressible flows due to occurrence
of shocks, its use is not so widespread for incompressible flows due to its computational penalty in terms of both,
the cost of computing the DC term, and the total number of iterations needed to achieve convergence. Nevertheless,
the increased robustness provided by the use of DC approaches makes them highly desirable for industrial-strength
solvers, as evidenced by their use in [123] in the context of fluid–structure interactions modeling.

For the correct handling of the incompressible flow limit, the modification of τ described in Eq. (54) is applied
a f ter KDC

i j is computed; this is, the approximation of Y′ in Eq. (32) uses the expression for τ given by Eq. (44) without
the incompressibility correction. Appendix D.1 shows the effectiveness of the DC approach for the simulation of an in-
compressible flow (the “driven cavity” problem), and Appendix D.2 for a compressible one (compression ramp flow).

4. Solution approach

The numerical discretization of Eq. (35) results in the differential–algebraic nonlinear system:

R(Y, Ẏ) = 0, (67)
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where, R is the global residual vector, Y represents the discrete global vector of unknowns and Ẏ its time derivative,
where to simplify notation the sub-index h has been dropped.

4.1. Time stepper

The solution of Eq. (67) is pursued using a version of second-order generalized-alpha predictor–multi-corrector
time-stepper method developed by Jansen and collaborators [122]. Using the subscript n to denote the time instant of
the temporal discretization, the alpha method consists on solving the following system of four equations:

R(Yn+α f , Ẏn+αm ) = 0, (68)

Yn+α f = α f Yn+1 + (1− α f )Yn, (69)

Ẏn+αm = αmẎn+1 + (1− αm)Ẏn, (70)

Yn+1 − Yn

∆t
= αgẎn+1 + (1− αg)Ẏn , (71)

where ∆t represents the time step size, and α f , αm , and αg are parameters defined by:

α f =
1

(1+ α)
, αm =

1
2 (3− α)

(1+ α)
, and αg =

1
2
− α f + αm, (72)

where α ∈ [0, 1] is the algorithmic parameter of the method that controls high-frequency dissipation. The use of the
subscripts n + α f and n + αm denote that the solution corresponds to the discrete instants tn + α f ∆t and tn + αg∆t ,
respectively.

Solution of Eqs. (68)–(71) is pursued using the predictor–multi-corrector approach presented in [122] but modified
such not to require the explicit tracking of the vector Yn+α f and Ẏn+αm . Given the solution at the time instant n, the
procedure is composed of the following three stages:

i. Predictor stage

Set initial guess for solution at time interval n + 1:

Yn+1 = Yn and (73)

Ẏn+1 = (α−1
g − 1)Ẏn . (74)

ii. Multi-corrector stage

Approximate solution of R(Yn+α f , Ẏn+αm ) = 0:

Yn+1 ← α f Yn+1 + (1− α f )Yn(Y n+1 stores the value of Yn+α f ), (75)

Ẏn+1 ← αmẎn+1 + (1− αm)Ẏn(Ẏn+1 stores the value of Ẏn+αm ), and (76)

approximately solve the nonlinear system: R(Yn+1, Ẏn+1) = 0 for Yn+1. (77)

iii. Finalization stage

Determine solution vectors at time interval n + 1:

Ẏn+1 ←


1−

α f

αg


Ẏn +


αm

α f αg∆t


(Yn+1 − Yn) (restore Ẏn+αm from Yn+1), (78)

Yn+1 ← (1− α−1
f )Yn+1 + α−1

f Yn (restore Yn+1 from Yn+α f ), and (79)

Ẏn+1 ← (1− α−1
m )Ẏn+1 + α−1

m Ẏn (restore Ẏn+1 from Ẏn+αm ). (80)
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Remark 23. There are different consistent predictor strategies that could be used, as described in [122]. The “same
Y” alternative in Eq. (73) is preferred in the present implementation because it has proven to be the most robust in the
tests in Appendix D and it is the only alternative that does not require Ẏn for the evaluation of Yn+1 (and therefore
does not require storing Ẏ as simulation output).

Remark 24. The multi-corrector step is enclosed within the approximate solution of the nonlinear system R(Yn+1,

Ẏn+1) = 0, which can be solved in terms of the vector of unknowns Yn+1 alone, i.e.,

R(Yn+1) = 0, (81)

given that the dependence of residual vector on Ẏn+1 is resolved by using Eq. (78), which is derived from Eq. (71).
This approach has the advantage that the time stepper (i.e., α-method) is de-coupled from the nonlinear solver, and
therefore for the latter any appropriate nonlinear solution method or direct interface to a nonlinear solver library could
be used. More appropriately, Eq. (81) can be written as R(Yn+1;αt , Yn, Ẏn) = 0, where αt is a parameter such
that αt I ≈ ∂Ẏn+1/∂Yn+1, commonly used in differential–algebraic solvers (e.g., [124]), and the last two arguments
represent the initial guess.

4.2. Nonlinear solver

The Multi-corrector stage in Section 4.1 implies the approximate solution of the nonlinear system given by Eq. (77)
(or Eq. (81)) at each time step. Applications of the nonequilibrium thermal plasma flow model (Table 4) have shown
that, due to the marked nonlinearity of the model, it is necessary to include globalization strategies within Newton-like
nonlinear methods. The solver implementation in the present work uses an inexact Newton–Krylov with Line-Search
globalization given by:

||Rk
+ Jk∆Yk

|| ≤ ηk
||Rk
||, and (82)

Yk+1
= Yk

+ λk∆Yk, (83)

where the super-index k represents the iteration counter (e.g., Yk
≡ Yk

n+1 in the context of Eq. (77)), J ≈ ∂R/∂Y
is the approximate Jacobian, ∆Y is the step length, and the parameters η and λ corresponds to those presented by
Eisenstat and Walker in [125,126], and control the accuracy of the linear solver and the acceptance of the step length,
respectively.

The approximate Jacobian J used in the solver implementation corresponds to the frozen-coefficient Jacobian
derived from Eq. (35) (i.e., J ≈ ∂Rh(N, Y)/∂Y), namely:

J = (N, (A0αt + Ai∂i − S1)N)Ω + (∂i N, Ki j∂ j N)Ω + (N, q1N)Γ2

+ ((Ai ∂i + S1)N, τ(A0αt + Ai∂i − S1)N)Ω ′ + (∂i N, KDC
i j ∂ j N)Ω ′ , (84)

where αt = αm(α f αg∆t)−1, consistent with the α-method (recall: αt I ≈ ∂Ẏn+1/∂Yn+1).
The approximate linear system solution implied by Eq. (82) is achieved using the Flexible Generalized Minimal

Residual (FGMRES) method Krylov space linear solver [127,128]. The present solver implementation does not use a
pre-conditioner step; instead, the residual R and approximate Jacobian J are scaled (i.e., pre-pre-conditioned) with a
scaling matrix S, i.e.,

R← SR and J← SJ, (85)

as part of the residual and Jacobian computation routines. The scaling matrix is defined as S = block diag (J),
i.e. the block-diagonal (nv × nv matrices) of the approximate Jacobian. It can be deduced that S = S (Y) given
the dependence of the transport matrices on Y. The scaling in Eq. (85) implies that the solution of the system
S(Y)R(Y) = 0, instead of R(Y) = 0, is sought in Eq. (81). The block-diagonal scaling approach provided adequate
regularization for the problems tested, producing reasonable convergence rates. Nevertheless, significant performance
improvements and increased robustness can be expected by using more advanced linear and nonlinear solver strategies,
e.g. multi-grid, multi-level preconditioners, matrix-free solvers, as found in high performance computing libraries such
as PETSc [129] and Trilinos [130].
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Table 6
Set of boundary conditions for each variable for the free-burning arc problem.

Boundary p u Th Te φp A

Cathode ∂n p = 0 u = 0 Th = Tcath(z) ∂n Te = 0 –σ∂nφp = Jqcath(r) ∂nA = 0
Anode ∂n p = 0 u = 0 –κh∂n Th = hw(Th − Tw) ∂n Te = 0 φp = 0 ∂nA = 0
Open flow p = p∞ ∂nu = 0 Th = T∞ Te = T∞ ∂nφp = 0 ∂nA = 0

Remark 25. Given the marked nonlinearity of the nonequilibrium plasma flow model, the use of Jacobian-free
solution strategies [131] seems compelling. Nevertheless, the large computational cost of the evaluation of the residual
vector R (e.g., due to the computation of material properties and constitutive relations), together with the possibility
of evaluating R, J, and S above within the same routine and re-using intermediate terms, deems the approach followed
in the present work more computationally efficient. Nevertheless, the results reported in [132] suggest that matrix-free
approaches are promising for the computationally efficient simulation of plasma flows.

The present implementation of the above procedures is based on an Element-By-Element (EBE) approach [96],
in which the Jacobian matrix is never assembled; instead, the element-level matrices are stored and used directly as
needed (e.g., to evaluate matrix–vector products). The EBE method requires more memory resources and operation
counts than most standard sparse matrix approaches (e.g., compressed sparse row, coordinate list). Nevertheless, the
EBE approach has the advantages of a simpler implementation, higher operation rate (due to the dominance of BLAS2
and BLAS3 routines), is amenable to the application of block-diagonal scaling, and is ideally suited for the application
of multi-coloring parallel computing algorithms, as implemented in the present work.

5. Applications

The developed algebraic VMS method and solution approaches are applied to the simulation of three canonical
industrially-relevant flow problems: the free-burning arc, the flow in a transferred arc torch, and the flow in a non-
transferred arc plasma torch. The three problems are solved using argon as the working gas (e.g., material properties
depicted in Figs. 1 and 2 and source terms in Fig. 3). Unless otherwise stated, the simulations used the definition of the
intrinsic time scale matrix in Eq. (44) with the approximate transport matrices in Eqs. (48)–(51), without the transient
term (Eq. (48)) and with the incompressible flow correction (Eq. (53)) (i.e., τ is given Eq. (37) with τt replaced by
τinc, with τinc = τpe11, where e11i j = 1 for i = j = 1, and 0 otherwise); and the anisotropic discontinuity capturing
of Eq. (61) which uses the definition of τ before the incompressibility correction is applied.

5.1. Free-burning arc

5.1.1. Problem description
The free-burning arc is one of the most studied thermal plasma flow problems [10,133]. The set up consists on a ver-

tical cathode placed some distance perpendicular to a horizontal anode. Fig. 7 presents the problem geometry, which
mimics the experimental and numerical conditions studied by Hsu and Pfender (electrodes gap of 10 (mm)) [10],
together with the problem boundaries, i.e. cathode surface, anode surface, an open flow (open boundaries surrounding
the electrodes). Despite the axi-symmetry and steadiness of the problem, a time-dependent 3D solver is used. The
domain is discretized with ∼2.5 · 105 tri-linear hexahedral elements and ∼2.6 · 105 nodes; the mesh is finer near the
cathode tip and stretched towards the open flow boundaries, and the minimum and maximum lengths for any element
are approximately 0.03 and 1.7 (mm), respectively.

After an initial electrical breakdown, a given total amount of current Itot is imposed in the system (Itot = 200 (A)

for the problem under study) and an electric arc is established between the electrodes. There is no auxiliary flow
imposed on the system, and hence the name of “free-burning”. Table 6 presents the boundary conditions used to
simulate the problem.

In Table 6, ∂n ≡ n · ∇, where n is the outer normal to the surface, denotes the derivative in the direction of the
outer normal to the surface, p∞ is set equal to the atmospheric pressure (1.01325 · 105 (Pa)), Tcath is the temperature
profile imposed over the cathode surface given by:

Tcath = Tcrod + (Tctip − Tcrod) exp(−(z/Lcath)2), (86)
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Fig. 7. Geometry of the domain for the free-burning arc problem.

Fig. 8. (Left) iso-surfaces heavy-species temperature distribution and (right) validation with the experimental data reported in [10].

where Tcrod and Tctip are the temperatures of the cathode rod and tip equal to 500 and 3600 (K), respectively, and Lcath

is a characteristic length of the temperature profile equal to 1.5 (mm); hw = 105 (W m−2 K−1) is a convective
heat transfer coefficient and Tw = 500 (K) a reference temperature that model the water-cooling of the anode;
T∞ = 500 (K) is a reference outflow temperature; and Jqcath the current density profile given by:

Jqcath = Jq max exp(−(r/rcath)ncath ), (87)

where Jqmax = 2.25 ·108 (A m−2), r = (x2
+ y2)1/2 is the radial coordinate, and rcath = 0.4236 (mm) and ncath = 4

are parameters that control the shape of the current density profile, which satisfy the imposition of the total current to
the system, i.e., Itot =


Scath

Jqcathd S, where Scath is the cathode surface.

5.1.2. Simulation results
Fig. 8 presents the distribution of Th obtained with the VMS method, as well as its comparison with the exper-

imental results reported in [10]. The simulations reproduce the characteristic bell shape of the plasma due to the
establishment of a recirculation flow pattern due to the constant heating of the gas by the arc, and the eventual dissi-
pation of that heat to the surrounding environment. Maximum temperatures of ∼25,000 (K), as displayed in this test
problem, are common in thermal plasma systems. The large temperatures cause drastic gas expansion and large varia-
tion of material properties (see Figs. 1 and 2), which significantly increases the stiffness of the numerical model. The
simulation results present reasonable agreement with the experimental observations; the former presenting more ac-
centuated dissipation of heat, probably due to the approximate boundary conditions for temperature used in the present
work.
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Fig. 9. Solution fields for the free-burning arc: (top-left) pressure p, (top-center) heavy-species Th (left side) and electron Te (right side)
temperature, (top-right) effective electric potential φp , (bottom-left) velocity magnitude ||u||, (bottom-center) thermodynamic nonequilibrium
parameter θ = Te/Th , and (bottom-right) magnetic potential magnitude ||A||.

Table 7
Maximum value of variables obtained with and without discontinuity-capturing.

Model |p|max (Pa) ||u||max (m s−1) |Th |max (K) |Te|max (K) |φp |max (V) ||A||max (T m)

With DC (Eq. (61)) 1.017 · 105 232.0 25,545.4 26,076.9 14.34 6.56 · 10−5

No DC (KDC
= 0) 1.017 · 105 235.9 25,565.7 26,088.6 14.35 6.56 · 10−5

Fig. 9 presents the distribution of the different solution fields in the region enclosing the arc. The pressure field
shows the expected high pressure near the cathode tip that causes the so-called “cathode jet” [1], whereas the high
pressure region near the anode is characteristic of a jet impinging on a substrate; these results are consistent with the
distribution of velocity magnitude, which shows velocities above 230 (m s−1), consistent with the numerical results
reported in [10] of ∼270 (m s−1). The top-center sub-figure shows the distribution of Th (left) together with that of
Te (right). The Th and Te fields approach each other near the plasma core, where the assumption of thermodynamic
equilibrium is usually valid, and they significantly differ around the plasma boundaries. The Te distribution shows
a more diffuse profile than the one obtained for Th due to the larger values of the electron thermal conductivity κe,
as depicted in Fig. 2. The discrepancy between Te and Th produces large regions of thermodynamic nonequilibrium
depicted by the distribution of θ . The distribution of φp shows a maximum voltage drop of ∼14 (V), in agreement
with value reported in [10]. The distribution of A shows that the magnetic field is self-generated by the arc.

The computational penalty of using a discontinuity-capturing (DC) procedure, in terms of increased dissipation
of the solution, can be evaluated by comparing the maximum values of the solution variables with and without the
DC term in Eq. (35). Table 7 lists the maximum value of each variable for the base model with and without DC. The
simulations were run from the same initial conditions and converged within a relative tolerance of 10−4. The results
show that the use of DC has negligible effect in the solution, which may be due to the fine resolution used near the
cathode tip together with the absence of strong discontinuities, such as shocks, in the solution fields. Nevertheless, the
solution without DC presented slower non-linear convergence within a typical time step, requiring higher number of
non-linear iterations and Line-Search reduction steps.

5.2. Transferred and non-transferred arc plasma torch

5.2.1. Problems description
Arc plasma torches are very versatile devices found at the core of many industrial applications, such as plasma

cutting, welding, and spraying. In these torches, a conical cathode is surrounded by a cylindrical metal enclosure.
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Fig. 10. Three-dimensional view of the geometry and boundary sides of the arc plasma torch used for the transferred and non-transferred arc
problems.

Table 8
Set of boundary conditions for the transferred and non-transferred arc plasma torch problems.

Boundary p u Th Te φp A

Cathode ∂n p = 0 u = 0 Th = Tcath(z) ∂n Te = 0 –σ∂nφp = Jqcath(z) ∂nA = 0
Anode ∂n p = 0 u = 0 –κh∂n Th = hw(Th − Tw) ∂n Te = 0 ∂nφp = 0 (transf.)

φp = 0 (non-transf.)
∂nA = 0

Inlet ∂n p = 0 u = uin(r) Th = Tin Te = Tin ∂nφp = 0 A = 0
Outlet p = pout ∂nu = 0 ∂n Th = 0 ∂n Te = 0 φp = 0 (transf.)

∂nφp = 0 (non-transf.)
∂nA = 0

Fig. 10 shows the geometry, computational domain and boundary surfaces for the studied arc plasma torch. If the metal
enclosure is non-conducting, the established arc connects the cathode to the work-piece, which acts as anode, through
the torch outlet. In this configuration, the torch is designated as operating in “transferred arc” mode. Alternatively, if
the enclosure is electrically conducting such to act as an anode, then the arc connects the cathode and the enclosure and
is therefore confined within the torch. In this configuration, the torch is denoted as operating in “non-transferred arc”
mode [1]. The transferred arc configuration is typical in applications such as plasma cutting and welding, whereas the
non-transferred arc in applications such as plasma spraying and fuel reforming. The computational domain in Fig. 10
is discretized using ∼105 tri-linear hexahedral elements and ∼1.05 · 105 nodes; the mesh is finer near the cathode tip
and stretched towards solid boundaries to better resolve boundary layers.

Table 8 list the set of boundary conditions used for the transferred and non-transferred arc problems. In Table 8,
pout = 1.01325 · 105 (Pa) is the outlet pressure, uin is the inlet velocity profile, i.e.:

uin/Um = −(cos θin sin αin − sin θin cos αin sin ωin)x̂− (sin θin sin αin + cos θin cos αin sin ωin)ŷ

− (cos αin cos ωin)ẑ, (88)

where Um is the maximum velocity, θin = θin(x, y) is the polar angle (within the x − y plane), αin is the azimuthal
angle (with respect to the z axis), ωin is the so-called swirl angle (angle with the x−y plane), and x̂, ŷ, and ẑ are the unit
vector for each axis. The value of Um is chosen such that, given a total volumetric flow rate Qtot , Qtot =


Sinlet

uind S,

where Sinlet represents the inlet surface. For the simulations presented here, Qtot = 10−3 (m3 s−1) and straight
injection (αin = 0) with no swirl is used (ωin = 0). For the Th boundary conditions, the same expressions and
values used to specify Tcath , hw, and Tw in Section 5.1.1 are used together with an imposed inflow temperature
Tin = 500 (K). The specified current density profile over the cathode, Jqcath , is specified by Eq. (87) using
Jqmax = 2.00 · 108 (A m−2), rcath = 0.80918 (mm) and ncath = 4, for an imposed total current of Itot = 400 (A).
For the transferred arc case, the outlet boundary acts as the effective anode, whereas the anode surface is electrically
insulated; these conditions are reflected by the boundary conditions for φp in Table 8.

5.2.2. Simulation results for the transferred arc configuration
Fig. 11 presents the solution fields for the transferred arc problem. The high pressure region in front of the cathode

tip (p field) causes the “cathode jet”, which is depicted in the distribution of velocity (||u|| field). The velocity field
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Fig. 11. Solution fields for the transferred arc plasma torch problem: (top-left) pressure, (top-right) velocity, (center-left) heavy-species
temperature, (center-right) electron temperature, (bottom-left) effective electric potential, (bottom-right) magnetic potential.

Table 9
Comparison of different stabilization approaches for 100 time steps.

Sub-grid model Solution process Solution results
Line searches Step failures |uz |max (m s−1) |Th |max (K) |Te|max (K) |φp |max (V)

τ−1
t = 0 (base) 7 0 1377 31,136 30,389 68
τ−1

t ≠ 0 (Eq. (44)) 378 31 1350 30,700 29,612 68

τ−1
t = 0, S1 = 0 12 0 1345 24,836 24,586 69

also shows the expansion and acceleration of the gas due to the heating exerted by the arc, which is depicted by the
distribution of the Th and Te fields. The observed maximum velocities of ∼1400 (m s−1), in marked contrast to the
imposed Um of∼10 (m s−1) at the inlet, indicate the drastic acceleration experienced by the flow due to the intense gas
heating from the arc. Despite the large velocities, the laminar or turbulent nature of the flow is still an open question,
in part due to the limited amount experimental diagnostics amenable to the conditions inside the torch.

Similarly to the free-burning arc simulations, the flow in a transferred arc torch presents significant thermodynamic
nonequilibrium, deduced by the relatively high values of Te in the region near the interface between the cold flow and
the arc. The distribution of the electric potential φp is consistent with the transferred arc model; an approximately
linear variation of potential with axial distance is expected as the flow develops [1]. The distribution of A shows
that the magnetic field is self-induced, and the approximately linear gradient of A along the z axis indicates that the
magnetic field should act as constricting the arc radially.

Table 9 compares the performance of the solution process and the obtained solutions for different sub-grid modeling
strategies, namely: (1) the base model for τ (Eq. (44) without the transient time scales term, i.e., τ−1

t = 0 in Eq. (37)),
(2) τ based on Eq. (44) with the transient time scales term (i.e., τ−1

t ≠ 0), and (3) the base τ model and omitting the
term S1 = 0 in the sub-grid scales modeling term in Eq. (35) (part of the operator L∗). The latter case is relevant when
comparing the VMS against the SUPG formulation. The three cases where run for 100 time steps of 5.0 · 10−7 (s)
each, a fixed number of 10 iterations per time steps, and a maximum of 5 line-searches per nonlinear iteration. The
Krylov space size is set to 50 with a maximum of 4 restarts (200 maximum number of matrix–vector products). A
residual reduction of almost 2 orders of magnitude is achieved in a typical time step.
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The solution process results in Table 9 show the total number of line-searches needed throughout the 100 steps as
well as the total number of step failures. A step failure is declared when the maximum number of line-searches within
a given nonlinear iteration is reached (i.e., Eq. (82) is not fulfilled); nevertheless the solution continues to the next
time step (even though the solution may not be sufficiently accurate). The rationale of the test is to evaluate different
Sub-Grid models under comparable time-dependent simulation conditions. Also in Table 9 are listed the maximum
values of some representative variables, which depict the level of artificial dissipation that may be incurred by the
sub-grid model. The results show that including the transient characteristic time scales τt in the τ expression makes
the solution process significantly unstable. Furthermore, the relatively smaller magnitude of τ when τt is included
(i.e., recall harmonic mean in Eq. (37)) seems to have a negligible effect on producing a more crisp solution (i.e., less
dissipation). Interestingly, omitting the S1 = 0 term seems to cause a slightly more unstable solution process, while
at the same time, significantly increases the amount of dissipation in the solution (the higher voltage φp is mostly
due to the decrease in electrical conductivity σ caused by the decrease in temperatures). Even though it is expected
that Te will always be larger than Th (i.e., due to the higher mobility of electrons), the results in Table 9 show that
|Th |max > |Te|max . This behavior is a numerical artifact caused by the modeling of the radiation losses as a source
term in the electron energy conservation equation only.

Simulations run using the base τ model and without discontinuity capturing (not shown in Table 9) showed a large
number of time step failures, and therefore convergence was not adequate.

5.2.3. Simulation results for the non-transferred arc configuration

The non-transferred arc problem is significantly more complex than the transferred arc one, despite their similarity
in geometric and boundary conditions. The position of the arc at any instant is mainly determined by the balance
between the Lorentz force Jq × B and the drag caused by the cold working gas. For a given gas, the ratio between
the total flow rate Qtot and the total current Itot determine the stability of the flow. If the ratio Qtot/Itot is small, then
the arc develops a steady, uniform and axi-symmetric attachment along the anode surface. For larger ratios, despite
the axi-symmetry and constancy of boundary conditions, the arc develops a constricted anode attachment and a quasi-
periodic movement of the arc is established. For even larger ratios, the arc displays chaotic dynamics [4,134,139].
Most industrially relevant operating conditions cause a chaotic movement of the arc. The above-described process
resembles the evolution of “dissipative structures” in the sense of nonequilibrium thermodynamics [135].

The non-transferred arc flow problem was solved using the same solver settings used for the transferred arc problem
(number of iterations per time step, Krylov space size, etc.), but using the PID adaptive time stepping procedure
described in [136]. Fig. 12 presents representative results of the evolution of the flow through one arc reattachment
cycle, given by snapshots of the distribution of Th at different times, together with the variation of total voltage drop
with t . Frame 1 of Fig. 12 shows the initial position of the arc; as the arc continues experience drag from the working
gas, its attachment location moves axially along the flow, and due to the nature of the action of the Jq × B force, the
arc starts to bend (frame 2) [75]. As the length of the arc increases, so does the total voltage drop (from point 1 to
point 2 in the voltage drop plot). The curving of the arc places it close to the anode surface opposite to the current
attachment, which leads to an electrical breakdown across the thin layer of cold gas between the arc and the anode,
and a new attachment forms in the location indicated by the arrow in frame 3. The new shorter current path causes
a drastic drop in electric potential (from point 2 to point 3). The new attachment is established (frame 4), which
produces an additional decrease in total voltage drop. The arc in the new configuration starts experiencing again the
drag from the cold flow, and the whole process repeats (frames 5–7). The magnitude and frequency of the voltage
trace are consistent with experimental observations [137–139]; such agreement cannot be achieved with LTE models
(e.g., [27,75,134]).

The modeling of the electrical breakdown and reattachment process is extremely involved [140,141], and therefore
approximate methods are usually employed for their description as part of LTE models [27,134]. The NLTE model
used in the present work, even though it cannot describe the complex breakdown physics, it can reproduce the reat-
tachment process without the use of artificial artifacts. The initiation of a new attachment (e.g., indicated by the arrow
in Fig. 12, frame 3) is similar to the problem of joining of interfaces in the Cahn–Hilliard phase field model [142]. The
drastic change in solution during the reattachment process (e.g., from frame 2 to 3 in Fig. 12) required a reduction of
the time step size of between 1 and 2 orders of magnitude, and often produced several step failures. An adaptive time
stepping strategy similar to the one employed in [142] could be used to improve the performance of the solver.
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Fig. 12. Temporal sequence of the arc re-attachment process: heavy-species temperature across the torch (perimeter) and voltage drop across
the arc (center). The initial location of the new attachment is indicated with an arrow. No external forcing is included; the flow dynamics are a
consequence of the interplay between flow-drag and electromagnetic forces.

Fig. 13. Snapshot of voltage distribution over heavy-species temperature slices and iso-surfaces at 8, 12, and 16 (kK) approximately indicating the
shape of the arc, as well as streamlines around the plasma.

The shape of the arc together with the distribution of electric potential across it and the surrounding plasma can be
observed in Fig. 13. The large temperature gradient between the high temperature plasma and the cold working gas
produces a barrier that deflects the incoming gas, which is depicted by the deflection of streamlines from the inflow
boundary and surrounding the arc. The figure also shows that most of the voltage drop occurs between the cathode
and anode attachment.

The inherent instability of the arc inside the torch, together with the large temperature, velocity, and material prop-
erty gradients, leads to diverse types of flow instabilities (e.g., Kelvin–Helmholtz, thermal, electromagnetic kink and
sausage instabilities) [143,144]. These instabilities cause the formation of complex flow structures, and often to the
development of flow turbulence in the emerging jet from the torch [139]. Fig. 14 present simulation results of the flow
inside the non-transferred arc torch (using the same conditions described in Table 8) together with the flow ejected
from the torch and impinging on a flat substrate. The figure presents representative snapshots of the Th and θ distri-
bution, together with coherent structures identified using the so-called Q-criterion [145], which depicts the complex
dynamics of the flow. The distribution of θ indicates that thermodynamic nonequilibrium is very significant along the
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Fig. 14. Snapshot of the distribution of heavy-species temperature Th and nonequilibrium parameter θ for the flow from a non-transferred arc
plasma torch impinging on a flat surface.

whole plasma–cold flow interface. No explicit turbulence model or forcing of inflow conditions has been included
in the simulations, and the resolution used is not adequate to capture all the length scales associated to the physical
model (e.g., boundary layers, shear layer perturbations, etc. are not resolved). Nevertheless, the images in Fig. 14 show
marked resemblance with experimental observations of the dynamics of plasma jets [146,147]. Details of the model
set up (e.g. domain, boundary conditions) as well as physical behavior captured by the simulations (e.g. development
of flow instabilities, degree of nonequilibrium, formation of anode attachment spots) are found in [77,145]. These
results suggest that the VMS method provides a reasonable coarse-grained representation of the flow, and therefore is
a suitable platform for the development of more comprehensive turbulent plasma flow models.

6. Conclusions

An algebraic Variational Multiscale method for the simulation of high-pressure nonequilibrium (thermal) plasma
flows has been presented. These flows are at the core of diverse modern technologies, such as plasma cutting, welding,
spraying, metallurgy, and fuel reforming. The plasma is described as a compressible reactive electromagnetic fluid in
chemical equilibrium and thermodynamic nonequilibrium. The marked multi-physics nature of the flow, together
with the inherent nonlinearity and variation over several orders of magnitude of the material properties and the
appearance of large gradients, make the solution of the problem exceedingly challenging. The VMS method presented
is based on a monolithic treatment of the governing equations as a single transient–advective–diffusive–reactive
system and a multiscale decomposition using a quasi-linear treatment of the global transport operator. A definition of
the intrinsic time-scales operator has been presented to model the fluid–electromagnetic sub-grid scales inexpensively,
together with a definition of a discontinuity-capturing operator that links previous expressions by other authors and
the multiscale formulation. The resulting discrete system is solved by a generalized-alpha time-stepper together
with a globalized inexact Newton–Krylov nonlinear solver using block-diagonal scaling and an element-by-element
and multi-colored parallel implementation. The VMS nonequilibrium plasma flow model has been applied to the
simulation of three canonical, industrially relevant, flows: the free-burning arc, the flow in a transferred arc torch, and
the flow in a non-transferred arc plasma torch. The results indicate that special treatment of the pressure intrinsic time
scale is needed in order to account for the potential incompressibility of the flow, and that omission of the transient
intrinsic time scales improves the robustness of the model. Additionally, the use of the proposed discontinuity-
capturing operator improves the convergence process and has a negligible effect on the converged solution. Results
of the simulation of the arc dynamic in a non-transferred arc torch together with the emitted plasma jet suggest that
the VMS model provides a reasonable coarse-grained representation of the flow, and therefore appears as a suitable
platform for the development of more comprehensive turbulent plasma flow models.
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Appendix A. Material properties

Closure of the thermal plasma model requires definition of thermodynamic (e.g., ρ, ph , pe, hh , he) and transport
(e.g., µ, κh , κe) properties. Thermodynamic properties link thermodynamic variables to the set of primitive variables,
whereas transport properties are required for the modeling of diffusive fluxes. Due to the chemical equilibrium
assumption, the first requirement for the evaluation of these properties is the computation of the equilibrium
composition of the plasma.

A.1. Composition

According to the chemical equilibrium assumption, the composition of the plasma can be completely determined
by the mass action law (minimization of Gibbs free energy), the quasi-neutrality condition, and Dalton’s law of partial
pressures [1].

To simplify the presentation of the calculation procedure, only plasmas formed from atomic gases (e.g., argon,
helium, etc.) and simple ionization/recombination reactions (e.g., no excitation, electron attachment, etc.) are consid-
ered. Therefore, the only species present are neutral atoms, ions, and electrons. For example, for an argon plasma, the
species involved are Ar, Ar+, Ar++, . . . , and e−. For such a plasma, minimization of Gibbs free energy leads to the
derivation of so-called nonequilibrium Saha equations [1,148]. For a plasma composed of ns species, there are ns – 2
Saha equations (i.e., one for each ion) of the form:

nenk

nk−1
=

Qe Qk

Qk−1


2πmeTe

h2
P

 3
2

exp

−

εk

kB Te


, (A.1)

where ns = ρs/ms is the number density of species s, the sub-index k = {1, . . . , , ns− 1} indicates the ionization de-
gree (e.g., k = 0 for Ar, k = 1 for Ar+) and hence identifies each of the heavy-species (e.g., n0 is the number density
of Ar atoms, n1 of Ar+, etc.), Qk is the partition function of species k, which is a function of the species temperature,
me the electron mass, h P is Planck’s constant, kB is Boltzmann’s constant, and εk is the ionization (formation) energy
of the k-times ionized atom.

Dalton’s law of partial pressures is stated as:

p =


s
ps =


s

kBns Ts, (A.2)

where the summations include all the species (hereafter,


s implies summation for s = {0, 1, . . . , ns − 2, e}), ps
is the partial pressure and Ts the temperature of species s, respectively. Therefore, p = ph + pe and Ts = Th for
s = {0, 1, . . . , ns − 2} and Ts = Te for s = e.

The quasi-neutrality condition reads:


s

Zsns = 0 or ne =

ns−2
s=1

Zsns, (A.3)

where Zs is the charge number of species s (e.g., Z0 = 0, Z1 = 1, Z2 = 2, and Ze = −1). The second expression in
Eq. (A.3) states that charge carried by electrons equilibrates the charge by all other ions.

Eqs. (A.1)–(A.3) form a system of ns nonlinear equations for the calculation of the plasma composition for given p,
Th and Te. For a 3-component plasma (i.e., atoms, single ionized ions, electrons), the system can be solved analytically.
For the 4-component argon plasma used in the simulations in Section 5, the composition is found by a Newton method.
Typically less than 4 iterations are needed for convergence when the latest computed values are used as initial guess
(e.g., from the last global solver iteration or time step).
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Fig. A.1. Composition of an argon plasma in chemical equilibrium and thermodynamic nonequilibrium; number density of argon atoms (Ar), ions
(Ar+, Ar++), and electrons (e−) as a function of electron temperature Te for different values of θ = Te/Th and for p = 1 (atm).

Fig. A.1 shows the composition of an argon plasma at a pressure of 1 [atm] as a function of electron temperature Te
for different values of the thermodynamic nonequilibrium parameter θ = Te/Th . The values of the parameters used
for the evaluation of Eq. (A.1) are presented in Appendix B. The plots for θ = 1 represent the composition of the
plasma in thermodynamic equilibrium (LTE).

Remark A.1. The approach developed by Chalot and Hughes [64] using chemical potentials instead of mass action
laws could be extended to include thermodynamic nonequilibrium and applied to the plasma composition calculation.
Nevertheless, the approach followed here is the most common in the thermal plasma literature, and for which a greater
amount of data of physical parameters is available.

A.2. Thermodynamic properties

Once the plasma composition is known, the volumetric thermodynamic properties ρ, ρhh and ρhe are calculated
following kinetic theory by [1,87,21]:

ρ =


s
msns, (A.4)

ρhh =

s≠e


5
2

kBns Th + nsεs + kBns Te
d ln Qs

d ln Te


, and (A.5)

ρhe =
5
2

kBneTe, (A.6)

respectively. In Eq. (A.5), ms is the mass of particle s.
Fig. A.2 presents the mass density ρ, volumetric enthalpy of heavy-species ρhh and of electrons ρhe for an argon

plasma as a function of Te and θ for p = 1 (atm) using the composition in Fig. A.1. The range of temperatures
from 300 to 30,000 (K) and of θ from 1 to 9 are typical of many industrial thermal plasma flows. The results in
Fig. A.2 show that ρ varies by more than 2 orders of magnitude, whereas ρhe by more than 7, within the above ranges
of conditions. In fact, all equilibrium electron properties are essentially zero at low temperatures, which indicates
that most gases act as dielectrics at atmospheric conditions. Furthermore, the inflection points in the properties are
due to thermo-chemical state transitions (i.e., ionization for the argon plasma studied here) described by the factors
containing εs in the above equations.

A.3. Transport properties

Computation of transport properties is accomplished following the Chapman–Enskog procedure [14,16,78,149].
The accurate calculation of nonequilibrium transport properties for a plasma with more than 3 species requires
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Fig. A.2. Thermodynamic properties of an argon plasma at p = 1 [atm] as a function of Te for different values of θ = Te/Th .

Table B.1
Parameters for the calculation of the equilibrium composition of a 4-component argon plasma.

Parameter Ar Ar+ Ar++ e−

Qs (-) 1.0 4.0+ 2.0e
−

2059.0
Te 1.925+ 10.7815e

−
2246.3

Te 2.0
εs (J) 0.0 2.5243 · 10−18 4.4253 · 10−18 0.0
ms (kg) 6.6340 · 10−26 6.6340 · 10−26 6.6340 · 10−26 9.1095 · 10−31

significant computational resources. Therefore, to reduce the computational cost of the nonequilibrium plasma flow
simulations, a simplified, approximate, approach has been followed in this study, which consists on the use of look-up
tables based on the nonequilibrium transport properties at p = 1 (atm) reported in [10,17].

Appendix B. Physical parameters for an argon plasma

The physical parameters required for the calculation of the chemical equilibrium of the 4-species thermal plasma
are listed in Table B.1.

Calculation of transport properties and the electron–heavy-species energy exchange term Keh require the specifica-
tion of collision cross sections. In the present model implementation, transport properties have been gathered directly
from the literature, and therefore only electron–heavy-species cross sections for the calculation of Keh (Eq. (10)) are
needed. For the 4-component plasma model, there are 3 heavy-species (i.e., neutral Ar, and ions Ar+ and Ar++). The
e−- Ar cross section has been gathered from [150] and used through a table look-up procedure. For electron–ion colli-
sions, the model uses the Coulomb collision cross section (i.e., based on Coulomb inter-atomic potentials for charged
species) given by [87]:
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3
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where ε0 is the electrical permittivity of free space, the electron number density ne is obtained from the chemical
equilibrium calculation (Appendix A), and the charge number Zi is equal to 1 for Ar+ and to 2 for Ar++.

Appendix C. Transport matrices

The transport matrices A0, Ai , Ki j , S1 and vector S0 (Eq. (15)) depend on the chosen vector of unknowns. For
three-dimensional problems, the indexes i , j = {1, 2, 3} represent the Cartesian coordinates {x, y, z}, and the vector
of primitive unknowns is given by:

Y = [p ux u y uz Th Te φp Ax Ay Az] . (C.1)
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The notation used for the magnetic potential A and the advective matrix coefficients Ai should not present any
conflict. For example, the x-component (i.e., i = 1) of the magnetic potential is denoted by Ax , whereas the advective
coefficient matrix for the x axis is given by Ax .

The following coefficients are used to simplify the notation of the explicit expressions for the transport matrices:

ρ p
=

∂ρ

∂p
, ρh

=
∂ρ

∂Th
, ρe

=
∂ρ

∂Te
, (C.2)
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e = ρ
∂he

∂Te
, and (C.4)

σµ = µ0σ. (C.5)

The thermodynamic coefficients given by Eqs. (C.2)–(C.4) are plotted in Fig. 1 for an argon plasma. Using the above
coefficients, the transport matrices of the TADR system are:

A0 =



ρ p 0 0 0 ρh ρe 0 0 0 0
0 ρ 0 0 0 0 0 0 0 0
0 0 ρ 0 0 0 0 0 0 0
0 0 0 ρ 0 0 0 0 0 0

C p
h 0 0 0 Ch

h Ce
h 0 0 0 0

C p
e 0 0 0 Ch

e Ce
e 0 0 0 0

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 σµ 0 0
0 0 0 0 0 0 0 0 σµ 0
0 0 0 0 0 0 0 0 0 σµ


, (C.6)

Ax =



ρ pux 0 0 0 ρhux ρeux 0 0 0 0
1 ρux 0 0 0 0 0 0 0 0
0 0 ρux 0 0 0 0 0 0 0
0 0 0 ρux 0 0 0 0 0 0

C p
h ux 0 0 0 Ch

h ux Ce
hux 0 0 0 0

C p
e ux 0 0 0 Ch

e ux Ce
e ux 0 0 0 0

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 σµ 0 −σµu y −σµuz
0 0 0 0 0 0 0 0 σµux 0
0 0 0 0 0 0 0 0 0 σµux


, (C.7)

Ay =



ρ pu y 0 0 0 ρhu y ρeu y 0 0 0 0
1 ρu y 0 0 0 0 0 0 0 0
0 0 ρu y 0 0 0 0 0 0 0
0 0 0 ρu y 0 0 0 0 0 0

C p
h u y 0 0 0 Ch

h u y Ce
hu y 0 0 0 0

C p
e u y 0 0 0 Ch

e u y Ce
e u y 0 0 0 0

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 σµu y 0 0
0 0 0 0 0 0 σµ −σµux 0 −σµuz
0 0 0 0 0 0 0 0 0 σµu y


, (C.8)
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Az =



ρ puz 0 0 0 ρhuz ρeuz 0 0 0 0
1 ρuz 0 0 0 0 0 0 0 0
0 0 ρuz 0 0 0 0 0 0 0
0 0 0 ρuz 0 0 0 0 0 0

C p
h uz 0 0 0 Ch

h uz Ce
huz 0 0 0 0

C p
e uz 0 0 0 Ch

e uz Ce
e uz 0 0 0 0

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 σµuz 0 0
0 0 0 0 0 0 0 0 σµuz 0
0 0 0 0 0 0 σµ −σµux −σµu y 0


, (C.9)

Kxx =



0 0 0 0 0 0 0 0 0 0

0
4
3
µ 0 0 0 0 0 0 0 0

0 0 µ 0 0 0 0 0 0 0
0 0 0 µ 0 0 0 0 0 0
0 0 0 0 κhr 0 0 0 0 0
0 0 0 0 0 κe 0 0 0 0
0 0 0 0 0 0 σ 0 −σu y −σuz
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1


, (C.10)

Kxy =



0 0 0 0 0 0 0 0 0 0

0 0 −
2
3
µ 0 0 0 0 0 0 0

0 µ 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 σu y 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0


, (C.11)

Kxz =



0 0 0 0 0 0 0 0 0 0

0 0 0 −
2
3
µ 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0
0 µ 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 σuz 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0


, (C.12)
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Kyx =



0 0 0 0 0 0 0 0 0 0
0 0 µ 0 0 0 0 0 0 0

0 −
2
3
µ 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 σux 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0


, (C.13)

Kyy =



0 0 0 0 0 0 0 0 0 0
0 µ 0 0 0 0 0 0 0 0

0 0
4
3
µ 0 0 0 0 0 0 0

0 0 0 µ 0 0 0 0 0 0
0 0 0 0 κhr 0 0 0 0 0
0 0 0 0 0 κe 0 0 0 0
0 0 0 0 0 0 σ −σux 0 −σuz
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1


, (C.14)

Kyz =



0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

0 0 0 −
2
3
µ 0 0 0 0 0 0

0 0 µ 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 σuz 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0


, (C.15)

Kxz =



0 0 0 0 0 0 0 0 0 0
0 0 0 µ 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

0 −
2
3
µ 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 σux
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0


, (C.16)
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Kzy =



0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 µ 0 0 0 0 0 0

0 0 −
2
3
µ 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 σu y
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0


, (C.17)

Kzz =



0 0 0 0 0 0 0 0 0 0
0 µ 0 0 0 0 0 0 0 0
0 0 µ 0 0 0 0 0 0 0

0 0 0
4
3
µ 0 0 0 0 0 0

0 0 0 0 κhr 0 0 0 0 0
0 0 0 0 0 κe 0 0 0 0
0 0 0 0 0 0 σ −σux −σu y 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1


, (C.18)

S1 =



0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 −Keh Keh 0 0 0 0
0 0 0 0 Keh −Keh 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0


, and (C.19)

S0 =



0
Jqy Bz − Jqz By
Jqz Bx − Jqx Bz
Jqx By − Jqy Bx

∂t ph + u · ∇ ph − τ : ∇u

∂t pe + u · ∇ pe − 4πεr +
5kB

2e
Jq · ∇Te + Jq · (E+ u× B)

0
0
0
0


. (C.20)
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Fig. D.1. Driven cavity flow problem for Re = 103: (left) description of the TADR problem, (center) pressure distribution and velocity field, and
(right) comparison of velocity profiles using the VMS method with and without discontinuity capturing (DC) against those reported in [151].

Appendix D. Verification

A nonequilibrium plasma flow model suitable for the simulation of industrial problems, as described in Section 3,
has to be able to handle the limiting cases of incompressible or compressible flow conditions (e.g. modification
of τ to handle incompressibility, Section 3.3.3), as well as the appearance of large gradients in the solution
fields (e.g. inclusion of a discontinuity-capturing (DC) operator in Eq. (35)). The implementation of the VMS
nonequilibrium plasma flow model was verified with simulations of benchmark incompressible, compressible, and
magnetohydrodynamic flow problems summarized next.

D.1. Incompressible flow

To test the handling of incompressibility in the definition of τ as well as the multiscale DC formulation in
Section 3.4, the “driven cavity” flow problem was solved with the algebraic VMS model given by Eq. (35), using the
diagonal approximate transport matrices and the incompressible correction (Eq. (53)) for the evaluation of τ, and with
and without DC (given by Eq. (61)). Fig. D.1 shows the description of the problem as a TADR system (incompressible
fluid with ρ = 1, µ = 1, and no body forces), including boundary conditions, as well as the obtained solutions for a
Reynolds number Re = 103. A non-uniform discretization of the domain using 40×40 bilinear quadrilateral elements
is used. The steady-state simulation results were obtained following the time-advancement procedure in Section 4.1
for a single time step of 1012. The results in Fig. D.1 show that the solution using DC approaches the solution without
DC, as well as the reference results from [151]. Nevertheless, the simulation using DC required approximately ∼10%
more iterations to achieve comparable residual reduction (∼5 orders of magnitude) as the simulation without DC.

D.2. Compressible flow

As described in Section 3.4, the use of discontinuity-procedures, essential in compressible flow simulations, are
also desirable in industrial-strength fluid flow solvers. The algebraic VMS was also verified with the simulation of
the “compression ramp” flow problem, a benchmark compressible flow problem. The passing of a supersonic flow
through a flat plate with a ramp experiences the occurrence of a weak shock at the leading edge due to the displacement
thickness of the boundary layers, and another weak shock initiated at the vertex of the ramp that breaks the incoming
supersonic flow [57]. The shock angles are function of inflow conditions as well as of the angle of the ramp.

The compressible flow model is described by Eq. (35) using as transport matrices the two-dimensional counterparts
to the matrices presented in Appendix C without the rows and columns for the variables φp, Ax , Ay , and Az , and
combining the equations for Th and Te to obtain a single internal energy conservation equation function of the
equilibrium temperature T . Problem was solved using air as the working fluid, and the same τ and KDC

i j used in
Appendix D.1.
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Fig. D.2. Compression ramp problem: (a) description of the TADR problem, (b) computational discretization, (c), (e), and (g) reference pressure,
velocity, and temperature fields, respectively; and (d), (f), (h) VMS pressure, velocity, and temperature fields, respectively.

Fig. D.2 presents the problem set-up, boundary conditions, computational discretization and solution fields for the
reference solution using the commercial software Fluent R⃝ from ANSYS R⃝ [152], and the solution obtained using the
present VMS formulation. The computational discretization of the spatial domain is the same used by Hauke and
Hughes [57] and uses a total of 7701 nodes and 7500 elements. The reference solution was obtained using comparable
model and solver settings to those in the VMS formulation (i.e. pressure-based, coupled, second-order accurate solver
settings).

The results in Fig. D.2 show that the secondary shock causes an increment in the values of pressure on the surface
of the ramp, which can lead to flow separation near the ramp’s vertex due to the adverse pressure gradient. The
results also show that despite the use of an advective formulation, which arguably does not produce the correct shock
location (angle) as so-called conservative formulations do, the VMS simulation results presented here do show the
correct shock angle. The VMS simulation uses thermodynamic and transport properties for air computed in a similar
manner as for argon (e.g. nonlinear functional dependence on T ; see Appendix A), and therefore certain discrepancy
with the reference results is expects. Notably, the use of a temperature-dependent thermal conductivity within the
VMS simulation produces a slightly more diffusive temperature field.

D.3. Magnetohydrodynamics

The VMS plasma flow model was also verified with simulations of the magnetohydrodynamic benchmark problem
known as the Hartmann flow [67,69,70,153–156]. The Hartmann flow problem describes the fully-developed flow
of an incompressible electrically-conducting, thermally decoupled, fluid through a rectangular channel subject to a
transversal magnetic field. The simplest formulation of the Hartmann flow is characterized by 3 non-dimensional
parameters: (1) the Hartmann number Ha, which describes the relative strength the electromagnetic forcing; (2) the
Reynolds number, which describes the relative strength of inertial to viscous forces, and (3) the magnetic Reynolds
number, which describes the relative strength of electric to viscous diffusion. These parameters can be fully defined
from a known imposed pressure gradient ρG along the channel length, the imposed transversal magnetic field B0
along the channel height H , and the fluid material properties.
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Table D.1
Set of boundary conditions for the Hartmann flow problem.

Boundary p u Th Te φp A

Inlet ∂n p = ρG u = Ua Th = T0 Te = T0 φp = 0 Ax = 0, Ay = 0, ∂n Az = −B0
Outlet p = p0 u = Ua Th = T0 Te = T0 φp = 0 Ax = 0, Ay = 0, ∂n Az = −B0
Wallxy ∂n p = 0 u = 0 Th = T0 Te = T0 ∂nφp = 0 Ax = 0, Ay = 0, ∂n Az = 0
Wallxz ∂n p = 0 u = 0 Th = T0 Te = T0 ∂nφp = 0 Ax = 0, Ay = 0, ∂n Az = 0

Fig. D.3. Hartmann flow problem: (left) description of the problem and (right) velocity profiles for different values of Hartmann number Ha. The
problem is solved with the complete NLTE plasma model described by the TADR matrices in Appendix C.

Despite the problem is essentially one-dimensional (e.g. the analytical solution describes the velocity profile along
the channel height), the simulations presented here used the complete three-dimensional NLTE plasma flow model
given by Eq. (35) and the transport matrices in Appendix C. Table D.1 presents the boundary conditions used to solve
the problem.

In Table D.1 p0 and T0 are reference values of pressure and temperature equal to 1.01325 (105 Pa) and 100 (K),
respectively; G = 50 (m s−2), and Ua corresponds to the analytical solution for the velocity distribution given by
Ua = [u

a
x (y) 0 0] , where:

ua
x (y) = U0


1−

cosh(Ha(y/H))

cosh(Ha)


, (D.1)

U0 = −(ρG)/(σ B2
0 ) is the reference imposed velocity, and H = L y/2. The Hartmann number is defined by

Ha = B0 H(σ/µ)
1
2 . The simulations use as material properties ρ = µ = σ = 1. Due to the thermally decoupled

nature of the problem, the temperature fields play no role in the solution (i.e., the boundary conditions in Table D.1
seek to impose Th(X) = Te(X) = T0 throughout the domain). The no-slip condition is used to impose velocity
boundary conditions and the channel walls are assumed electrically insulated.

Fig. D.3 presents the problem set-up and the VMS simulation results together with the corresponding analytical
solutions for values of the Hartmann number Ha = {0.5, 1.0, 2.0, 5.0, 10.0}, which correspond to values of
imposed transversal magnetic field equal B0 = {100, 200, 400, 1000, 2000} (T). The computational domain has size
Lx × L y × L z = 0.05 × 0.01 × 0.05 (m3), and the flow traverses the cross section of the channel bounded by
y = ±L y/2 and z = ±L z/2 (boundaries wallxz and wallyz , respectively). The domain is discretized with a mesh
of 200,000 equilateral elements and 214,221 nodes. The velocity profiles in Fig. D.3 are plotted as a function of the
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average velocity

U =
1

2H

 H

−H
ua

x (y)dy = U0


1−

tanh(Ha)

Ha


. (D.2)

The results in Fig. D.3 show that for small Hartmann numbers the velocity profile is almost parabolic, while by
increasing Ha, the magnetic field strength produces a flattening of the profile. The simulation results show reasonable
agreement between the analytical and VMS solutions. Better agreement can be expected if a simplified flow model is
used, e.g. a 2D incompressible MHD model instead of the 3D NLTE plasma model used in the present simulations.
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