
The formation and self-organization of patterns is a fascinating 
phenomenon observed in numerous physical systems, particularly in 
electrical discharges. Despite their predominance, pattern formation and 
self-organization phenomena have rarely being captured in general-purpose 
computational plasma dynamics simulations. Simulations using a 
thermodynamic nonequilibrium model, implemented within a variational 
multiscale finite element method, have revealed for the first time the 
spontaneous formation of self-organized anode attachment spot patterns in 
an atmospheric-pressure dc discharge. The simulations show the gradual 
emergence of spot patters with increasing levels of anode cooling: from a 
single diffuse spot for low cooling levels to the eventual coverage of the 
anode region by small spots for intense cooling. Furthermore, the patterns 
transition from steady to dynamic with decreasing total current for high 
cooling levels. The pattern dynamics show the formation of new spots 
occurring in the center of the plasma, as well as the eventual extinction of 
spots at the plasma boundaries. The different types of anode patterns, from 
diffuse to self-organized spots, have a significant effect on the total voltage 
drop across the plasma column. The patterns qualitatively agree with 
experimental observations and confirm the hypothesis that the attachment 
spots originate at the fringes of the plasma - anode interface. 
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2. Mathematical Model 

Plasma flow model: Set of fluid – electromagnetic evolution equations for 
an arc discharge plasma flow; for each equation: 
 Transient + Advective – Diffusive – Reactive = 0. 

Computational domain: (a) geometry and (b) discretization.  

4.2. Computational Domain 

τ ≈ L−1 = (A0∂t + (Ai∂i )−∂i (Kij∂ j )−S1)
−1

3.2. Solution Approach 
§  Time stepping: Predictor multi-corrector alpha method – fully implicit, 

second order, control of resolved frequencies. 
§  Nonlinear solver: Globalized Inexact Newton-Krylov – robust & efficient. 
§  Linear Solver: Preconditioned GMRES. 

4. Plasma Flow: Free-Burning Arc 

§  Thermodynamic nonequilibrium (NLTE): Dissimilar distribution 
functions for electrons and heavy-species (Th ≠ Te). 

§  Chemical equilibrium, Optically thin radiative transport. 
§  Fully-coupled: Compressible, reactive, electromagnetic fluid. 

5.1. Temperature Distributions 

(Left) heavy-species (Th) and (right) electron (Te) temperature for Itot = 200, 
150, and 100 [A] for the two limiting cases: hw = 0 and hw = ∞.  
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§  Large scales: resolved 
§  Small scales: modeled 

0YWYW =+ ∗ )',())(,( LR

) (' YτY R−=

large = f(small) 

small = f(large) 

'   and   ' WWWYYY +=+=

   total       =          large      +      small 

§  Scale decomposition: 

“Standard” 
Finite Element 

Methods 

§  Pattern formation & self-organization: Ubiquitous in nature                    
– biological, chemical, physical systems 

§  Competing effects: Forcing/generation vs. dissipation                                 
– instability, bifurcation, symmetry-breaking, dissipative structures … 

§  Pattern formation in electrical discharges: 

approx. inverse of 
transport operator 

§  Discretization: Hexahedra Finite Elements (second order accurate); 
refined regions near boundaries to capture sharp gradients. 

§  Mesh convergence: Base mesh and a 2X finer mesh. 

(A) Heavy-species temperature Th distribution, (B) region 0.2 [mm] adjacent to 
the anode, (C) Th for Itot = 300 [A] (1) to 100 [A] (9) in intervals of 25 [A]. 

Heavy-species temperature distribution: Th across the plasma and in front 
of the anode for Itot = 200 [A] and different cooling levels: 

5.5. Pattern Dynamics: The reason for pattern asymmetry 

Pattern dynamics: : (a) to (h) Th distribution in front of the anode for Itot = 
100 [A] and hw = ∞ at time instants spaced by ~ 100 [µs].  

§  Anode spot patterns in electrical discharges: Can be captured in industrial-
strength computational simulations without artificial mechanisms. 

§  Computational spot patterns: Results depend on spatial discretization (?) 
§  Pattern dynamics: High cooling levels promote spot formation, and low 

currents increase nonequilibrium à net effect: dynamic spot patterns. 
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4.4. Model Verification & Validation 5.4. Effects of Current Level and Anode Cooling 
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•  Fundamental phenomenon: cathodes & anodes; high & low-pressure; 
hot and cold plasmas; stationary, periodic, transitory 

•  Critical: electrode erosion, process uniformity 

Ø  What is needed to observe pattern formation in plasma simulations? 

4.1. Description 
§  Canonical Arc Discharge 
§  Extensively studied:                                          

- Experimentally & Numerically 
§  Benchmark for thermal plasma models 
§  Simple geometry: “steady”, “axi-symmetric”, 

“Local Thermodynamic Equilibrium” (?) …  

Free-burning arc  

4.3. Boundary Conditions 

Murphy A B 1999 IEEE Trans Plasma Sci 27 1 30 

cathode 

anode 

convective heat transfer: describes spectrum of cooling levels 

No cooling (adiabatic anode): hw → 0    ⇒     ∂nTh = 0

hw →∞    ⇒     Th = Tw

Typically: hw = 200 to 105 [W-m-2-K-1] (forced water cooling on solid) 

Extreme cooling (cool anode): 

(zero gradient) 

(const. temp.) 

Experiment* Modeling 
* Hsu K C and Pfender E 1983 J. Appl. Phys. 54 8 4359 

* Yang G and Heberlein J 2007 Plasma Sources Sci. Technol. 16 765 

Ø Qualitative experimental agreement  
BUT … solution dependent on discretization 

Spot form in the center of 
the plasma, split & move 

Spot moves 
towards 

boundary, 
then 

disappear 

§  Heavy-species vs. Electrons: More diffuse Te field than Th. 
§  Effect of current: Lower current à thinner plasma volume. 
§  Effect of cooling: Thinner, more constricted plasma à anode spots appear. 

Ø Agreement: experimental & theoretical 

(A) Experimental anode wear spots, (B) Th base mesh, (C) Th for 2X finer mesh. 

section at 0.2 [mm] from anode 

cross-section view 

increasing cooling 

Ø  Increasing cooling leads to the formation of spot patterns 

increasing cooling 

decreasing 
current section at 0.2 [mm] from anode 

Patterns for different current & cooling levels: Distribution of Th in front 
of the anode for varying total current and cooling level: 

Ø  Low current & high cooling = asymmetric patterns … Why? 
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Ø Natural occurrence of spot patterns – without any “forcing” 
Ø  Low currents & high cooling lead to dynamic spot patterns 


