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Using the concepts of conditional expectation and independence of sub-
algebras, we characterize those contractive projections, P, on L, , over a prob-
ability measure space, having the property that I — P is contractive. By
contractive projection we mean a linear operator, P, on the Lebesgue space, L, ,
1<p< oo, #2, withPP=P,||P|| =1

INTRODUCTION

IfL,, 1 <p < oo, #2,is a Lebesgue space on a probability measure
space (X, X, m),and P:L,— L, is a contractive projection (a linear operator
with P2 = P, || P|| = 1) such that P(1) = 1, then P is a conditional expectation,
E4 , relative to some sub-g-algebra, #, of Z. Ando (c.f. [1]) shows that every
contractive projection, P, on L, induces a conditional expectation, in a natural
way, and hence the concept of conditional expectation is central to our discussion.
In this paper we consider contractive projections, P, on L, , having the additional
property that the complement of P, the projection, I — P, is contractive. If Uisa
linear isometry on L, such that U2 = I, then the projections P = (I 4 U)/2

Received September 30, 1971; revised November 15, 1971.

AMS 1970 subject classification: Primary 46E30, 62P99; Secondary 41A50, 28A65,
28A60.

Key words and phrases: Conditional expectation; contractive projection; cycle subspaces
of L, ; independence of sub- o-algebras; regular set isomorphisms; mean ergodic
theorem; martingale.

© 1972 by Academic Press, Inc.

683/2/1-1



2 BYRNE AND SULLIVAN

and I — P = (I — U)/2 are of this type. The main result in this paper is the
converse of this observation; P and / — P are both contractive iff (if and only if)
P = (I + U)/2 for some isometry, U, with U% =1 (such U will be called
“reflections””). The analysis depends heavily on the concept and properties of
independent sub-g-algebras, in the sense of probability theory (c.f. [6]).

In the first section we discuss the results of Lamperti and Ando, (c.f. [5, 1]),
concerning isometries and contractive projections on L, , respectively. In the
following section we develop properties of reflections and prove the main
result. We conclude with a discussion of general isometries and show how
every isometry generates a reflection in a natural way.

Notation. 1f E is a set in Z, then we denote by ¢ the characteristic function
of the set E, and by xz the characteristic projection, xg{(f) = f-¢r. The
complement of the set E is denoted by E’. For fe L, , we denote by f?-! that
function in L, with the property |f|? = f-f?-1 (where p~' 4 ¢~1 = 1). By
N(f) we mean the support of f.

1. IsoMETRIES AND CONTRACTIVE PROJECTIONS

If U:L,— L, is an isometry, then U induces a set mapping, T : 2 — %,
defined by T(E) = N(U(¢g)). If we then define a set function, m*, on the
range of T, by m*(T(4)) = m(4), it can be shown that m* is a measure,
absolutely continuous, with respect to m (restricted to the range of 7). Let
| £|? be the Radon-Nikodym derivative of m*, with respect to m. Then, we
can describe U by the formula

Ulgg) = b " ¢7y, for EeZ. (1)

The set mapping, T, is a regular set isomorphism; i.e.,

(@) T(X —E)= T(X)— T(E);
(®) T(Up-1 4n) = Una T(4,), for disjoint 4, ;
(c) m(T(E)) =0iff m(E) =0.
It can be shown that these three properties imply the following properties:
(d) T(4)C T(B)iff AC B;
) TA)NTB)= o if ANB = ;
() T(A — B) = T(4) — T(B);
®) T(Unes 40) = Unoy T(4,), for all 4,,;
(M) TVt 4n) = Ny T(A)-
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The range of T is a sub-¢-algebra of 2. In general, we cannot say that 7(X) = X.
However, if U is a reflection, then the induced set mapping, T, has the property
that T(T(E)) = E, and so, by (d), T(X) = X. In what follows, we shall assume
that T(X) = X. We shall study reflections by studying the induced set mapping.
It is easy to see that every set mapping having the properties (a), (b), and (c)
induces an isometry, in the manner of (1). For proofs and details, see Lamperti

[5].

The contractive projections, P, on L,, having the property

I fliz = I POl + I — PYiz (2)

have been characterized; they are characteristic projections (c.f. [7]). If U is a
reflection on L, , then, for Ee X, the mapping U yzo U™ is a contractive
projection on L, , with property (2). Therefore, there is a set, H(E), such that
xutey = U o xgo U™L. We shall show that H = T, where T is the regular set
isomorphism associated with U.

Remark. 1f feL,, and & is a sub-c-algebra of 2, then S(f, %) is the closed
linear subspace of L, spanned by elements of the form f-¢z, E€%. These
are the cycle subspaces, and we have

S(f,2) = S(pne > 2)
and

S(f, B) = Sénn » B)
iff f is #-measurable.

Lemma 1. For any f€L, , and reflection, U, we have U[S(f, 2)] = S(Uf, Z).

Proof. 1t follows from the definition of H that, for any set E€ X, U(¢:f) =
éuw - Uf, and, consequently, U[S(f, Z)] C S(Uf, Z). Since Ul is also a
reflection, we can prove, similarly, that U-[S(Uf, 2)] C S(f, 2).

Cororrary 1. For each E€ 2, T(E) = H(E).

Proof. From Lemma 1 and the definitions of H and 7, we have

xa@lly] = Uoxgo UTL,]
= Uo XE[Lp]
= U xg[5(1, 2]
= U[S(¢g , 2)]
= S(U¢g , )
= S(¢zrtm) , 2)
= xrw[Ly)
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CoroLLARY 2. There is a set E (= @, % X) such that H(E) = E, iff there
isfeL,, f+ 0, with N(f) 5 X, and N(f) = N(Uf).

Proof. 1If such an f exists, then, using the same arguments as in Corollary 1,
we show that H(V(f)) = N(f). Conversely, if such an E exists, f = ¢z has
the desired properties.

If P is a contractive projection on L, , and P(1) = I, then P is a conditional
expectation, Eg4 , for some sub-o-algebra, &, of X' (c.f. [1]). Even if P(1) # 1,
there is a function, f, in the range of P, such that N(g) C N(f) for all g in the
range of P. Let f be such a function, and define the Lebesgue space, Y, by

Y.f = Laz(N(f)’ 2N N(f)’ 1f ]pm),

where, by | f|?m we mean the measure (| f|?m)(4) = [ | f|? dm. Now, define
a mapping, P*, on Y, by

PX(k) = P(f - B)f,

for ke Y, . It is easily shown that P* is a contractive projection on Y;, and
that P*(1) = 1 (where, of course, “1” means “¢y¢)”’). It then follows that
P* is a conditional expectation, relative to some sub-o-algebra, Z*, of 2’ N N(f)
and the measure, | f |?m. The class #*, considered as a sub-class of X, is not
an algebra, but is a sub-o-ring with maximum element, N(f). Let #Z be the
unique sub-o-algebra of X containing #*, and having the properties

(a) ENN(f)ed iff En N(f)eB*, for all Ee Z;
() if ENN(f) = @, then Ec B, for all Ee Z.

We shall denote the conditional expectation, P*, by P* = E'. The context
will clarify any possible ambiguity. We can see, now, that if P is a contractive
projection on L, , then there are fe L, , and &, a sub-c-algebra of X, such that

P(g) = fE4'(glf)-

Therefore, the range of P is S(f, #). Since L, is smooth, P is determined by
its range (c.f. [3]).

We shall have need, later, of the concept of independence of two sub-o-
algebras. We say that (¥ and # are independent if, for every Ae(l, Be &,
we have m(4 N B) = m(A) - m(B). For any measurable function f, let #(f)
be the sub-g-algebra of X generated by sets of the form f-1(A), for Borel sets 4,
in the complex plane. We say that two measurable functions, f and g, are
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independent (f and (¥ are independent) iff Z(f) and #( g) are (B(f) and (¥ are).
If f and g are in L, and are independent, then f - g is in L, , and

ff-gdm: ffdm-fgdm.

See Loeve [6] for details.

2. CoNTrACTIVE COMPLEMENTARY PAIRS

A simple example will illustrate the concepts involved in this discussion
and may help to motivate some of the definitions. Consider the space, [ %, of
four-tuples, with the usual /, norm. The mapping Ula, b, ¢, d) = (b, a, d, )
is a reflection on this space, and its invariant subspace consists of four-
tuples of the form (a,a,b,b). Let X ={1,2, 3,4}, and T = 2%, Then, if
a0 ={w,{l,2},{3,4}, X}, we can see that the invariant subspace of U is
S(1, ). The projection, P = (I + U)[2, is E4. The projection I — P has
range S(g, ), where g = (1, —1,1, —1). We find, also, that #(g) =
{2,{1, 3}, {2, 4}, X}, and hence #(g) and (¥ are independent. Returning to
the general L, space considered above, we make

DerFiNiTION 1. A pair of complementary contractive projections {P, I — P},
with ranges S(f, ) and S(g, (%), respectively, is said to be total if N(f) =
N(g) = X. A total pair is called independent if, for some choice of f and g
in the representation of the ranges, it is the case that (7 and g/f are independent
(for the measure | f |Pm). As we shall see, this implies independence of ¥ and
flg for the measure | g |Pm.

Remark. If contractive projection, P, has range S(f, #), then Ec % iff y;
and P commute. Therefore, in the case of the total pair {P, I — P}, the same
algebra will generate each range.

What we discovered, in the example above, is that the reflection, U, gave
rise to an independent pair {P,I — P}. With some slight restriction on U,
this is always the case, and this result will be fundamental to the proof of the
main theorem.

DrriniTioN 2. Let U be an isometry on L, . We say that U is reduced,
if Uyg = xg implies E = &.

Remarks. The isometry, U, is reduced iff the invariant subspace does not
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contain any cycle of the form S{¢;, ). An isometry, U, is reduced, iff its
associated regular set isomorphism has the property

“for any A2, IFe X, FC A4, with T(F) = F”.

For an isometry, U, let E be the largest set in 2 such that Uyz = yz . Then
Uy is a reduced isometry on the L, space S(¢y , 2). Therefore, any isometry
can be considered as a reduced isometry, restricted to a subspace S{¢g , 2),
and the identity, restricted to S(¢z, 2).

The first theorem we shall prove is

TrEOREM 1. The following are equivalent:

(a) There is a reduced reflection, U, on L, , with invariant subspace, M,

(b) There is an independent pair of contractive projections on L, , with
range, M, and null manifold, M, respectively.

(c) There is a sub-o-algebra, (¥, of Z, and there is a set B, + &, + X,
B e Z, such that, for every E€ X,

E=AnBu(CnBEB),
where A and C are in Ul.

We shall prove this theorem by examining the induced regular set isomorphism
associated with a reflection.

Let U be a reflection on L,. Then, the associated T has the property
T(T(E)) = E for all E€ 2. Let

X ={AeZ|A=TA)} and K ={KeZ|KnTK)= g}

Then (¥ is a sub-c-algebra of 2. A set B in & is said to be maximal in X if
BCC, B = C, implies C¢ X"
LemMA 2. X has a maximal element.

Proof. We shall show that every increasing chain in " has an upper bound,
in 2#". We may assume that any such chain is, at most, countable. Suppose, then,
that B, C B,C -~ is such a chain in ). Then, if D = U._y B, , we show
that D e . Since B, is in & for all n, we have, for all #,

b5, + 1) = (¥, + br,))*

The left side converges, in norm, to ¢ + ¢r(p) , while the right side converges
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to its square. It follows that DN T(D) = . So, D e A". Applying Zorn’s
lemma, we have the assertion.

Lemma 3. Every set, E, in Z, is the disjoint union of a set from 0/ and a set
Jrom X",

Proof. Write E = [E N T(E)] U [E — T(E)].

Lemma 4. Thereflection, U, is reduced iff, for all B, maximalin 4", T(B) = B'.

Proof. Suppose U is reduced, and consider the set B’ — T'(B). By Lemma 3
there are A6 and Ke A such that B — T(B) = A UK. If 4 + o, then
there is D C 4 such that T(D) 5= D. Let C = BU [D — T(D)]. Then Ce X,
contradicting the maximality of B. So 4 = @, and B’ — T(B)eA". But,
now BU [B' — T(B)] is in X, again contradicting the maximality of B. So
B’ = T(B). Conversely, if T(B) = B’, then, given any set 4, one of 4 N B,
A N B’ is nonempty, and therefore is moved by T It follows that U is reduced.

Lemma 5. Every set, E, in Z, has the form E = (4 n B)uU (C N B'), for
some A and C in (Y, and for B, maximal in XA .

Proof. Let E, =ENDB, E,=EnNB'. Then let A4 =E U T(E),
C = E,V T(E,y).

Levma 6. Let # ={w,B, B, X}. If U(1) = 1, then # and (¥ are inde-
pendent, relative to m.

Proof. 1f U(1) = 1, then & = 1 (where % is the function associated with U).
Therefore m(T(E)) = m(E) for all E e 2. Suppose, for some A € (¥, we have
m(A N B) < m(A) - m(B). Since m(4A N B) = m(T(4 N B)) = m{4 N B'), and
m(B) = m(B'), we have m(A N B') < m(A)m(B’). But, then we obtain
m(A) < m(A). A similar argument works for m(4 N B) > m(4) - m(B), and
so m(A N B) = m{A4) - m(B).

If U(1) = 1, then (I + U)/2 = E, since the range of (I + U)/2 is S(1, %).
The complement, I — E,, has range S(g, &), for g = ¢ — ¢z’ . The above
lemma tells us that this pair of contractive projections is independent.

If UQ) =h, h £ 1, we let f = 1+ h, and consider the map, V, defined
on the L, space Y, by

V(k) = U(f- RB)f.

Clearly V is a reduced reflection, and V(1) = 1. Applying the above discussion
to V, we see that {(I + V)/2, (] — V')/2} is an independent pair of contractive
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projections, for the measure |f[?m. The contractive projections (I + U)j2
and (I — U)/2 can be shown to be independent, for the measure m: let the
ranges of (I + 1V)/2 and (I — V){2 be S(1, &%) and S(¢g — ¢ , (¥), respectively.
Then the ranges of (I + U)/2 and (I — U)/2 are S(f, &) and S(f (¢5 — ¢5°), %),
respectively. That they are independent is clear, from the independence of
the induced pair, in Y, . We have shown, then, that the contractive projections
induced by reduced reflections form an independent pair. We consider, now,
what happens when we begin with an independent pair of contractive projections.

Let {P, I — P} be an independent pair, with ranges S(f, &), S(g, (¥), respec-
tively. We consider, first, the case where f == 1; i.e., P = E, . Because of the
independence of #(g) and ¥, we may write, for B e #(g),

¢o = m(B) +¢ ([ (g Plg)dm).

It follows that g is constant off of B, and so g is two-valued. Also, #(g) =
{@, B, B’, X} = %. We may then assume that g¢ = ¢5. From the expression

¢p = m(B) + g(m(B)),

we see that gdz = —d¢y . Therefore g = ¢y —dpr. Since [gdm =0, it
follows that m(B) = m(B’). We need the following result to complete this line
of argument:

Levma 7. Every set, E, in Z, has the foom E = (AN B)U (C N B), for
some A and C in O, where B is the set described above.

Proof. It suffices to show that, for every E in X, ENB = AN B for
some A4 €. Suppose there is E for which this is false. Let E* = EN B.
Since S(1, &) & S(g, %) = L, , we have

bex = Eq(bes) + gEq/ ($+/2)-

Let A = N(Eg(égs)), and J = A N (B — E). Then clearly A€ and also
J # @ (if ] = @,then EN B = A N B, contrary to our assumption about E).
Therefore

0 = dspps = bsEa(drs) + $s8Eq ($e4l8)-
Both Egy(¢g.) and Eg'(¢es/g) are positive, with supports strictly larger than E*.

The above equation forces g to assume negative values on [, a contradiction,
since | C B. Now, we define a set mapping, T, on 2, by

T(E) = T(ANB)U (CN B)) = (AN B)U(Cn B)

Then T is measure-preserving [since Ey(g) = 0, m(4 N B) = m(A N B') for
all 4 € (7]. We obtain a reduced reflection, U, by defining

U(¢g) = ¢prp  forall EeZ,
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and we see that Ey = (I + U)/2. We consider, now, the case where f £ 1;
i.e., P # E4. On the space Y, we define an operator, P’, by

P'(k) = P(fR)/f.

It is easily seen that {P’, I — P’} is an independent pair of contractive projections,
and that P’ is a conditional expectation. The above argument, applied to P’,
tells us that P' = (I 4 V)2 for some reduced reflection, V, on Y;. On L,,
define U by

Ulg) = fV(4lf)-

It is clear that U is a reduced reflection on L, , and, moreover, P = (I 4 U)/2.
We have shown, then, that every independent pair of contractive projections
is induced by a reduced reflection.

We assume, finally, that the third statement of the theorem is valid; there
is a sub-g-algebra, (7, of 2, and a set B, in X, such that, for every E in X,

E=AnByu(CnB),

for some A, C in (. We shall show that there is a reduced reflection, U, on L, ,

such that the invariant sub-space of U is generated by (7. Define a set mapping,
T, on Z, by

T(E) = T(AN B)U (CNB)) = (AN B)U (CN B)

and let | f]? be the Radon-Nikodym derivative of the measure m* [defined
by m*(E) = m(T(E))] with respect to m. Then, the mapping U, defined by

Ul¢e) = $re

extends to a reduced reflection on L, , with invariant subspace, S(1 + f, ).
We have proven Theorem 1.
We shall now prove the following:

Turorem 2. If {P,I — P} is a total pair of contractive projections on L, ,
then it is an independent pair.

To prove this we need some notation and lemmas. Suppose the ranges are
S(f, &) and S(g, (), respectively. Then, the projections P’, and I — P, on
Y, , defined by

P'(k) = P(fR)f

form an independent pair iff {P,I — P} is independent. Therefore, we shall
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consider only the case where f = 1; i.e.,, P = E,. Since P and I — P are
contractive projections on L, , considered as a real Banach space, we may
choose g to be real valued. Let B = N(gt), B’ -= N(g~) [where gt(x) =
max(g(x), 0)]. The following lemma is needed:

LemMa 8. Every E € X has the form E — (A N B) U (C N B’) for some A, C
ndl.

Proof. 'The proof is identical with that of Lemma 7. In that proof we made
no use of the independence of the pair, nor did we use any other information
about the set, B, other than that g was positive on B.

Now, as in the case above, we define a set mapping, 7, by

T(E) = T(AN B)U (CN B)) = (AN B)U(CN B).

It is easily shown that T is a regular set isomorphism on 2. Define a measure,
m*, on 2, by
m*(B) = jm(4) + im(C),

and let | f|? be the Radon-Nikodym derivative, dm*/dm. With respect to the
measure, | f |?m, the mapping T is measure-preserving, and therefore induces
a reflection, U’, in Y,, by

U’(SI’E) = dr(g) -

It is easy to see that U’ is reduced, and that U’(1) = 1. The above theorem
tells us that we can decompose Y, as follows:

Y, = S, ) + S(¢s — bz 7).

The projection onto S(1, %) is E,/, and {E,,I — E4/} is an independent pair
inY;.

LemmA 9. IfheL,, then Ey(hf) = Eg(h - fP1)Ey(| f 7).

Proof. The right-hand term is (Y-measurable. We show that it has the
defining property of the conditional expectation, E,'(h[f). Let A< . Then

[ Ealtf )] Ba(1f 1] 11 |7 dm
= Ea(if>) dm, since Eg(|£1?) = 1 and |f[? dm = dm on (1,
= [ Ealh1£17f) dm
= [ @) 1f 17 dm.
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Lemma 10. For helL,,

Eq/(hlf) = Eq(hf?7).

Proof. 'This follows from Lemma 9, above, upon noticing that Eg(| f|?) = 1
(which is true, since, as above, the measure, m*, is identical with m, on sets in (7).

Lemma 11. ForallheL,, Eg(hf*-Y) isinL, .

Proof. Ttis clearly in L, . Since E,(hf?!) is (¢-measurable, we have

[ 1 Eath>i dm* = [ | Ea(hf>)|2 |12 dm
= [1 Eahip)I7 |/ |7 dm

= [1hif 17 |fI° dm
— || Al

LemMa 12, An (-measurable function is in L, iff it is in Y, .

Proof. 'This is a simple consequence of the equality of m and m* on sets of (V.

By Lemma 12 the cycle S(1, Z)C Y; is in L, , and since m = m* for sets
in 0, we can see that S(1, ) is closed in L, . Similarly, any function in
S(ps — ¢p', ) C Y, is shown to be in L, , and this second cycle is also closed
in L, , for the same reason. Since Y, N L, is dense in the latter, we conclude
that L, can be decomposed

L,, = S(l’ ) ® S(¢B — ¢z, U).

It follows that the original g, in the representation of the range of I — P could
have been chosen to be ¢z — ¢p . Since [,gdm = 0 for all A e, we have
m(A N B) = m(A N B’), and so T is measure-preserving with respect to m.
It follows that (¥ and %(g) are independent. We have proven Theorem 2.

From our discussion, above, concerning the decomposition of a reflection
into a reduced reflection and the identity, restricted to complementary cycles
of the type S(¢z, 2), S(¢g , 2), we can conclude with the following

CoroLLARY. If P is a contractive projection on L, , then I — P is contractive
iff there is a reflection, U, on L, , such that P = (I + U)[2. The pair {P,I — P}
is total iff U is reduced.
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3. GENERATED REFLECTIONS

In this section we show that an arbitrary linear isometry on L, gives rise,
in a natural way, to a reflection.

If V is an isometry of L, onto L, , we let P} be the contractive projection
onto the invariant subspace of V. Since L, is reflexive, the mean ergodic theorem
implies that P} is the limit, in the strong-operator topology, of the Cesaro
sums, (1/n + 1) Yi, Vi

Lemma 13. If V is an isometry of L,, , then

(1) Py -+ P_y is the contractive projection onto the invariant subspace of V%,
(2) If f is in the range of P, and g is in the range of P_, , then

If+gl=If—gl

3) The operator P, — P_,, leaves the invariant subspace of V2 pointwise
12 v P
fixed, and is a reflection, when restricted to this subspace.

Proof. (1) This follows from a consideration of the Cesaro limits and is
not difficult. (2) This is shown by sequence

If+gll=1VU+GN=Ilf—zgl

To prove (3), we let f be in the range of P, — P_,, so that f = g + h, where
V(g) = g, V(h) = —h. Then V¥ f) = f. From (2) we see that P, — P_; is an
isometry on the invariant subspace of V2, and since P,P_, = P_,P, =0,
we have

(PV_P—V)2:PV‘{—P—V=I,

on the invariant subspace of V%

TueoreM 3. If V is an isometry of L, onto L,, with V(1) = 1, and if
L, = S(1, B), for B, the sub-o-algebra generated by the sets Ee X such that
EVi = ViE for some j = 2%, i =0, 1, 2,..., then there is an operator, W, with
range, L, such that | Wf|| = || Egf| for all feL,, and Wt = Eg4; te., W
is a reflection, on L)

Proof. By considering the sequence of contractive projections, P; = Py;,
j=2¢, 1> 1, and using Lemma 13, we obtain a sequence of operators, U;,
with U2 = P,, UJ[L,] = PJ[L,], and || U;f|l = || P;f|| for all f. It is easily
shown that

UH_,-U i =Uy,
U i'P i = U i~
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From the marginale convergence theorem, the sequence {P,} converges, in the
strong operator topology to a contractive projection, P’, with range L,’. This
implies that the sequence {U;} also converges, since, for each f,

| Usssf — Uif | <N PUssif — U+ I — PYUssf — U
= UUsssf — U + || Usisf — PiUsf |
=1 Pz‘+5Ui+9'f_ PiUi-i-:if”
= || Uss(Pissf — Pif)

SN Ui Posif — Pl

Since || U;;|| <2, this last term can be made arbitrarily small. Let
W = lim(Z)U, . Then, for all f,

| WfIl = lim() || Usf ||
== lim(é) || P;f |
= | Pfl,

and given ¢ > 0, and 4, f, & large enough,

| W — Pfl|— e <|| UU;f — Pif||
= [ UU;f — P;f + Pif — Bif||
<N UUf = Pifll + || Pif — Pef
= || Uan'f”‘ U,-Uij + |l Pa'f“Pkf”
<N UM U:f = Usf | + 1| Bif — Pef .

Since the U, are increasing, it is clear that ¥ has the required range.
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