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Abstract

The EM algorithm is not a single algorithm, but a template for the con-
struction of iterative algorithms. While it is always presented in stochastic
language, relying on conditional expectations to obtain a method for estimat-
ing parameters in statistics, the essence of the EM algorithm is not stochastic.
The conventional formulation of the EM algorithm given in many texts and
papers on the subject is inadequate. A new formulation is given here based on
the notion of acceptable data.

1 Introduction

The “expectation maximization” (EM) algorithm is a general framework for maxi-
mizing the likelihood function in statistical parameter estimation [1, 2, 3]. It is always
presented in probabilistic terms, involving the maximization of a conditional expected
value. The EM algorithm is not really a single algorithm, but a framework for the
design of iterative likelihood maximization methods, or, as the authors of [4] put it, a
“prescription for constructing an algorithm”; nevertheless, we shall continue to refer
to the EM algorithm. As we shall demonstrate in Section 2, the essence of the EM
algorithm is not stochastic. Our non-stochastic EM (NSEM) is a general approach
for function maximization that has the stochastic EM methods as particular cases.
Maximizing the likelihood function is a well studied procedure for estimating
parameters from observed data. When a maximizer cannot be obtained in closed
form, iterative maximization algorithms, such as the expectation maximization (EM)
maximum likelihood algorithms, are needed. The standard formulation of the EM
algorithms postulates that finding a maximizer of the likelihood is complicated be-

cause the observed data is somehow incomplete or deficient, and the maximization



would have been simpler had we observed the complete data. The EM algorithm
involves repeated calculations involving complete data that has been estimated using
the current parameter value and conditional expectation.

The standard formulation is adequate for the most common discrete case, in which
the random variables involved are governed by finite or infinite probability functions,
but unsatisfactory in general, particularly in the continuous case, in which probability
density functions and integrals are needed.

We adopt the view that the observed data is not necessarily incomplete, but just
difficult to work with, while different data, which we call the preferred data, leads to
simpler calculations. To relate the preferred data to the observed data, we assume
that the preferred data is acceptable, which means that the conditional distribution
of the preferred data, given the observed data, is independent of the parameter. This
extension of the EM algorithms contains the usual formulation for the discrete case,
while removing the difficulties associated with the continuous case. Examples are

given to illustrate this new approach.

2 A Non-Stochastic Formulation of EM

The essence of the EM algorithm is not stochastic, and leads to a general approach for
function maximization, which we call the “non-stochastic” EM algorithm (NSEM)[6].
In addition to being more general, this new approach also simplifies much of the

development of the EM algorithm itself.

2.1 The Non-Stochastic EM Algorithm

We present now the essential aspects of the EM algorithm without relying on sta-
tistical concepts. We shall use these results later to establish important facts about
the statistical EM algorithm. For a broader treatment of the EM algorithm in the

context of iterative optimization, see [5].

2.1.1 The Continuous Case

The problem is to maximize a non-negative function f : Z7 — R, where Z is an
arbitrary set. We assume that there is z* € Z with f(z*) > f(z), for all z € Z. We

also assume that there is a non-negative function b : RN x Z — R such that

f(z) = / b(z, 2)dz.



Having found z*, we maximize the function
H(Z* 2) = /b(x,zk)logb(x,z)dx (2.1)

to get z**1.  Adopting such an iterative approach presupposes that maximizing
H (2%, 2) is simpler than maximizing f(z) itself. This is the case with the EM al-
gorithm.

The cross-entropy or Kullback-Leibler distance [7] is a useful tool for analyzing
the EM algorithm. For positive numbers u and v, the Kullback-Leibler distance from

u to v is
U
KL(u,v) =ulog— +v — u. (2.2)
)

We also define KL(0,0) = 0, KL(0,v) = v and KL(u,0) = +00. The KL distance
is extended to nonnegative vectors component-wise, so that for nonnegative vectors

a and b we have
J
KL(a,b) = Y KL(a;,b;). (2.3)
j=1
One of the most useful and easily proved facts about the KL distance is contained in
the following lemma; we simplify the notation by setting b(z) = b(z, 2).

Lemma 2.1 For non-negative vectors a and b, with by = ijl b; > 0, we have

KL(a,b) = KL(as,by) + KL(a, Zib). (2.4)
Jr

This lemma can be extended to obtain the following useful identity.

Lemma 2.2 For f(z) and b(x,z) as above, and z and w in Z, with f(w) > 0, we

have
KL(b(2),b(w)) = KL(f(2), f(w)) + KL(b(2), (f(2)/ f(w))b(w))- (2.5)
Maximizing H (z*, 2) is equivalent to minimizing
G(2*,2) = KL(b(2"),b(2)) — f(2), (2.6)
where

KL(b(z%),b(2)) = / KL(b(x, 2),b(x, 2))dx. (2.7)



Therefore,
—f(2") = KL(b(2*),b(2%)) = (") = KL(b(z%), b(z""1)) — f(z"1),

or

) = f(2F) = KL(O("), (") > KL(f ("), f(z")).

Consequently, the sequence {f(z*)} is increasing and bounded above, so that the
sequence { K L(b(2*),b(z%1))} converges to zero. Without additional restrictions, we

cannot conclude that {f(2*)} converges to f(z*).

k+1) k+1

We get zF*1 by minimizing G(2*, z). When we minimize G(z, 2**1), we get z
again. Therefore, we can put the NSEM algorithm into the alternating minimization

(AM) framework of Csiszar and Tusnddy [12], to be discussed further Section 11.

2.1.2 The Discrete Case

Again, the problem is to maximize a non-negative function f : Z — R, where Z is
an arbitrary set. As previously, we assume that there is z* € Z with f(z*) > f(z),
for all z € Z. We also assume that there is a finite or countably infinite set B and a

non-negative function b : B x Z — R such that
f(2) =) bz, 2).

Having found z*, we maximize the function

H(Z* 2) = Z b(z, 2")logb(x, 2) (2.8)

zeB

to get ZF*1.

We set b(z) = b(z, 2) again. Maximizing H(2*, z) is equivalent to minimizing

G(2*,2) = KL(b(z%),b(2)) — f(2), (2.9)
where
KL(b(2%),b(2)) = Y KL(b(x, 2), b(x, 2)). (2.10)

As previously, we find that the sequence { f(2*)} is increasing, and { K L(b(2*), b(z%*1))}
converges to zero. Without additional restrictions, we cannot conclude that {f(z*)

converges to f(z*).



3 The Stochastic EM Algorithm

3.1 The E-step and M-step

In statistical parameter estimation one typically has an observable random vector
Y taking values in RY that is governed by a probability density function (pdf) or
probability function (pf) of the form fy(y|), for some value of the parameter vector
0 € O, where O is the set of all legitimate values of . Our observed data consists
of one realization y of Y; we do not exclude the possibility that the entries of y
are independently obtained samples of a common real-valued random variable. The
true vector of parameters is to be estimated by maximizing the likelihood function
L,(0) = fy(y|@) over all § € O to obtain a maximum likelihood estimate, 6y;y,.

To employ the EM algorithmic approach, it is assumed that there is another
related random vector X, which we shall call the preferred data, such that, had
we been able to obtain one realization x of X, maximizing the likelihood function
L.(0) = fx(x]f) would have been simpler than maximizing the likelihood function
L,(0) = fy(y|f). Of course, we do not have a realization = of X. The basic idea of
the EM approach is to estimate x using the current estimate of 6, denoted %, and to
use each estimate z* of x to get the next estimate 6%+

The EM algorithm proceeds in two steps. Having selected the preferred data X,

and having found 6%, we form the function of 6 given by

Q(016) = E(log fx(x(0)]y. 0"); (3.1)

this is the E-step of the EM algorithm. Then we maximize Q(6]6%) over all § to get
0*+1'; this is the M-step of the EM algorithm. In this way, the EM algorithm based
on X generates a sequence {6’“} of parameter vectors.

For the discrete case of probability functions, we have
QUOIY) = Fxiv(aly, 0*) log fx(x]0). (32)
and for the continuous case of probability density functions we have

Q010" = [ Fulaly.0)1og fx(alo)da. (33)
In decreasing order of importance and difficulty, the goals are these:
e 1. to have the sequence of parameters {#*} converging to 0yp;

e 2. to have the sequence of functions {fx(z|0%)} converging to fx(z|0r);
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e 3. to have the sequence of numbers {L,(0*)} converging to L,(fxr1.);
e 4. to have the sequence of numbers {L,(0*)} non-decreasing.

Our focus here is mainly on the fourth goal, with some discussion of the third goal.
We do present some examples for which all four goals are attained. Clearly, the first

goal requires a topology on the set ©.

3.2 Difficulties with the Conventional Formulation

In [1] we are told that

fxy (xly,0) = fx(@]0)/ fy (y]0). (3.4)

This is false; integrating with respect to z gives one on the left side and 1/ fy (y|f) on
the right side. Perhaps the equation is not meant to hold for all x, but just for some
x. In fact, if there is a function h such that Y = h(X), then Equation (3.4) might
hold for those x such that h(z) = y. In fact, this is what happens in the discrete case

of probabilities; in that case we do have

)= > fx(x0), (3.5)

zeh~{y}
where
h{y} = {zlh(z) = y}.
Consequently,
: —1f,.
fevtelny = { KL, e 1010) ”

However, this modification of Equation (3.4) fails in the continuous case of probability
density functions, since h='{y} is often a subset of zero measure. Even if the set
h={y} has positive measure, integrating both sides of Equation (3.4) over z € h™*{y}
tells us that fy(y|f) < 1, which need not hold for probability density functions.

3.3 An Incorrect Proof

Everyone who works with the EM algorithm will say that the likelihood is non-
decreasing for the EM algorithm. The proof of this fact usually proceeds as follows;
we use the notation for the continuous case, but the proof for the discrete case is

essentially the same. Use Equation (3.4) to get

log fx(z|0) = log fX\Y(Jj‘yve) — log fy (y|0). (3.7)
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Then replace the term log fx(x|6) in Equation (3.3) with the right side of Equation
(3.7), obtaining

log fy (y|0) — Q(ka) = _/fXY(‘leva) log fX|Y($|ya 0)dz. (3.8)

Jensen’s Inequality tells us that

/u(m) log u(x)dx > /u(m) log v(z)dz, (3.9)

for any probability density functions u(x) and v(z). Since fxy(z|y, 6) is a probability

density function, we have

/fxy(ﬂf\yyek) log fxy(zly,0)dr < /fX|Y(£E!y>9k) log fxv(zly,0%)dz.  (3.10)

We conclude, therefore, that log fy (y|0)—Q(0|6%) attains its minimum value at 6 = 6.

Then we have
log fy (y|0™*") —log fy (y|0") > Q(0"*'(6%) — Q(6*]6%) > 0. (3.11)

This proof is incorrect; clearly it rests on the validity of Equation (3.4), which is
generally false. For the discrete case, with Y = h(X), this proof is valid, when we
use Equation (3.6), instead of Equation (3.4). In all other cases, however, the proof

1S incorrect.

3.4 Acceptable Data

We turn now to the question of how to repair the incorrect proof. Equation (3.4)

should read

fX|Y(95|?/a‘9) = fxy(z,v|0)/ fv(y]0), (3.12)

for all z. In order to replace log fx(z]f) in Equation (3.3) we write

fxy (@, yl0) = fxpy (xly, 0) fy (yl6), (3.13)
and
Fxy(@,910) = fyix(ylz, 0) fx(x]6), (3.14)
so that
log fx (x]0) =log fxy (x[y, 0) + log fy (y|#) — log fy|x (y|z, 0). (3.15)
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We say that the preferred data is acceptable if

fY|X(y|*T79) = fY\X(y|x); (3.16)

that is, the dependence of Y on X is unrelated to the value of the parameter 6. This
definition provides our generalization of the relationship Y = h(X).

When X is acceptable, we have that log fy (y|0) — Q(6]0%) again attains its mini-
mum value at # = §*. The assertion that the likelihood is non-decreasing then follows,

using the same argument as in the previous incorrect proof.

4 The Discrete Case

In the discrete case, we assume that Y is a discrete random vector taking values in a
finite or countably infinite set A, and governed by probability fy(y|6). We assume, in
addition, that there is a second discrete random vector X, taking values in a finite or
countably infinite set B, and a function h : B — A such that ¥ = h(X). We define
the set

h™Hy} = {z € Blh(z) = y}. (4.1)
Then we have
fryl) =Y fx(l6). (4.2)
zch=1{y}

The conditional probability function for X, given Y =y, is

fx (]6)
fX|Y(x|y7 ) fy(y|6’)’ (4?))

for z € h™'{y}, and zero, otherwise. The so-called E-step of the EM algorithm is

then to calculate

Q(016%) = E((log fx(X|0)]y,0%) = > fxpy(zly,0%)log fx(x]6),  (4.4)

zch~1{y}

and the M-step is to maximize Q(0|0%) as a function of @ to obtain #¥+1.

Using Equation (4.3), we can write

QUI*) = D fxy(aly, 0¥)log fxpy (x]y, ) + log fy (y]6). (4.5)

xch~1{y}



Therefore,

log fy(yl0) — Q(6]6%) = Z fxy(z zly, 0* ) log fxy (z]y,0).

zeh~1{y}

Since

o fxy@ly, 6t = > fxy(aly,0) =1,

zeh~H{y} zeh~{y}

it follows from Jensen’s Inequality that

Z fxy $|’ya lng)qy (z|y,0) > Z fxpy 1:|y, 1ngX|Y(fU|ya )

zeh—1{y} zch={y}

Therefore, log fy (y|0) —Q(0|6%) attains its minimum at § = 6*. We have the following

result.
Proposition 4.1 The sequence {fy(y|0%)} is non-decreasing.

Proof: We have
log fy (y|0F™) — Q(0F6%) > log fy (y]6*) — Q(6*|6"),

or

log fy (y|0F ™) — log fy (y|6%) > Q(O"F6%) — Q(6"|6%) > 0

1
Let xp-143(2) be the characteristic function of the set h~'{y}, that is,
1, ifzeh Yy}
@ ={ g e &l (4.6

With the choices z = 0, f(2) = fy(y|f), and b(z) = fx(x|0)xr-17(z), the discrete
EM algorithm fits into the framework of the non-stochastic EM algorithm. Conse-
quently, we see once again that the sequence {fy(y|0*)} is non-decreasing, and also

that the sequence

KL(B(F),b(z"N) = Y KL(fx(2|6%), fx(x|6"*))

zeh=1{y}

converges to zero.



5 Missing Data

We say that there is missing data if the preferred data X has the form X = (Y, W),
so that Y = h(X) = h(Y, W), where h is the orthogonal projection onto the first
component. The case of missing data for the discrete case is covered by the discussion
in Section 4, so we consider here the continuous case in which probability density
functions are involved.

Once again, the E-step is to calculate Q(6]6%) given by
Q(016) = E(log fx(X[0)]y, 6°). (5.1)
Since X = (Y, W), we have
fx(]0) = frw(y, wl0). (5.2)

Since the set h™'{y} has measure zero, we cannot write
Q00 = [ (el 0% log fe(alb)ds
h={y}
Instead, following [8], we write
Q(66%) = /fY,W(yaw‘ek) log fyw (y, w|0)dw/ fy (y]6*). (5.3)
Consequently, maximizing Q(6]6%) is equivalent to maximizing

/fY,W(y, w|0%) log fy.w(y, w|0)dw.

With b(6) = b(0,w) = fyw(y, w|d) and

fr(yl6) = £(6) = / Frw (o w|0)duw = / b(6)duw,

we find that maximizing Q(0]0%) is equivalent to minimizing K L(b(6%),b(0)) — f(6).
Therefore, the EM algorithm for the case of missing data falls into the framework
of the non-stochastic EM algorithm. We conclude that the sequence {f(6*)} is non-
decreasing, and that the sequence {K L(b(6%),b(6%1))} converges to zero.

Most other instances of the continuous case in which we have Y = h(X) can
be handled using the missing-data model. For example, suppose that Z; and Z, are
uniformly distributed on the interval [0, 8], for some positive 6, and that Y = Z; + Z,.
We may, for example, then take W to be W = Z;—Z; and X = (Y, W) as the preferred

data. We shall discuss these instances further in Section 7.
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6 The Continuous Case

We turn now to the general continuous case. We have a random vector Y taking values
in RY and governed by the probability density function fy(y|#). The objective, once
again, is to maximize the likelihood function L,(#) = fy(y|f) to obtain the maximum
likelihood estimate of 6.

6.1 Acceptable Preferred Data

For the continuous case, the vector #**! is obtained from 6* by maximizing the

conditional expected value

Q(016) = E(log fx(X|0)ly, 0%) = /fxw(xly, 0%) log fx (x[0)dx. (6.1)
Assuming the acceptability condition and using

fxy(z, y\ek) = fX|Y(x’y> Qk)fY(Z/wk),

and
log fx(x|0) = log fxy(z,y|0) — log fyvx (y|x),

we find that maximizing F(log fx(z|0)|y, ") is equivalent to minimizing

H(ij.g) :/fX,Y(%ywk)IngX,Y(xa?JW)dx‘ (6.2)

With f(0) = fy(y|0), and b(0) = fxy(z,y|6), this problem fits the framework of the

non-stochastic EM algorithm and is equivalent to minimizing
G(6",0) = KL(b(6"),b(0)) — f(0).

Once again, we may conclude that the likelihood function is non-decreasing and that
the sequence { K L(b(6%),b(6**1))} converges to zero.

In the discrete case in which Y = h(X) the conditional probability fy x(y|z,0) is
d(y — h(z)), as a function of y, for given x, and is the characteristic function of the
set h™'(y), as a function of z, for given y. Therefore, we can write fxy(z|y,#) using
Equation (3.6). For the continuous case in which Y = h(X), the pdf fyx(y|z,0) is
again a delta function of y, for given z; the difficulty arises when we need to view
this as a function of x, for given y. The acceptability property helps us avoid this
difficulty.

When X is acceptable, we have

Fxiy (xly, 0) = fyix(ylz) fx (x]0)/ fy (10), (6.3)

11



whenever fy(y|f) # 0, and is zero otherwise. Consequently, when X is acceptable,

we have a kernel model for fy(y|f) in terms of the fx(z|0):

fr(yl6) = / Frix (yle) fx (2]0)da (6.4)

for the continuous case we view this as a corrected version of Equation (3.5). In the
discrete case the integral is replaced by a summation, of course, but when we are
speaking generally about either case, we shall use the integral sign.

The acceptability of the missing data W is used in [9], but more for computational
convenience and to involve the Kullback-Leibler distance in the formulation of the
EM algorithm. It is not necessary that W be acceptable in order for likelihood to be

non-decreasing, as we have seen.

6.2 Selecting Preferred Data

The popular example of multinomial data given below illustrates well the point that
one can often choose to view the observed data as “incomplete” simply in order to
introduce “complete” data that makes the calculations simpler, even when there is no
suggestion, in the original problem, that the observed data is in any way inadequate
or “incomplete” . It is in order to emphasize this desire for simplification that we
refer to X as the preferred data, not the complete data.

In some applications, the preferred data X arises naturally from the problem,
while in other cases the user must imagine preferred data. This choice in selecting
the preferred data can be helpful in speeding up the algorithm (see [10]).

If, instead of maximizing
[ fev(aly. 0% 10g f (alp)da,
at each M-step, we simply select #**1 so that
/ny(ac|y,9k) log fx,y(x,ylﬁk“)dx — /ny(x|y,9k) log fX,y(x,yIGk)dx >0,

we say that we are using a generalized EM (GEM) algorithm. It is clear from the
discussion in the previous subsection that, whenever X is acceptable, a GEM also

guarantees that likelihood is non-decreasing.

6.3 Preferred Data as Missing Data

As we have seen, when the EM algorithm is applied to the missing-data model, the

likelihood is non-decreasing, which suggests that, for an arbitrary preferred data X,
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we could imagine X as W, the missing data, and imagine applying the EM algorithm
to Z = (Y, X). This approach would produce an EM sequence of parameter vectors for
which likelihood is non-decreasing, but it need not be the same sequence as obtained
by applying the EM algorithm to X directly. It is the same sequence, provided that X
is acceptable. We are not suggesting that applying the EM algorithm to Z = (Y, X)
would simplify calculations.

We know that, when the missing-data model is used and the M-step is defined
as maximizing the function in (5.3), the likelihood is not decreasing. It would seem
then that, for any choice of preferred data X, we could view this data as missing and
take as our complete data the pair Z = (Y, X), with X now playing the role of .

Maximizing the function in (5.3) is then equivalent to maximizing

/fX|Y(x|ya‘9k)long,Y(xay‘e)dQ?? (6.5)

to get 0" 1. Tt then follows that L,(6*™) > L,(6%). The obvious question is whether
or not these two functions given in (3.1) and (6.5) have the same maximizers.

For acceptable X we have

log fx,y(z,y|0) = log fx(x]0) + log fy|x(y|z), (6.6)

so the two functions given in (3.1) and (6.5) do have the same maximizers. It follows
once again that, whenever the preferred data is acceptable, we have Ly(Hk“) >
L,(0%). Without additional assumptions, however, we cannot conclude that {6*}

converges to 0y, nor that {fy(y|6%)} converges to fy (y|0ur)-

7 The Continuous Case with Y = h(X)

In this section we consider the continuous case in which the observed random vec-
tor Y takes values in RY, the preferred random vector X takes values in R, the
random vectors are governed by probability density functions fy(y|@) and fx(z|0),
respectively, and there is a function h : RN — RM such that Y = h(X). In most
cases, M > N and h™'{y} = {z|h(z) = y} has measure zero in RM.

7.1 An Example

For example, suppose that Z; and Z, are independent and uniformly distributed
on the interval [0, 0], for some 6 > 0 to be estimated. Let Y = Z; + Z,. With

13



Z = (Zy,%Z,), and h : R? = R given by h(z1,23) = 21 + 22, we have Y = h(Z). The
pdf for Z is

Fa216) = oo, 216) = Jox0a(z0)x00 (22) (71)

The pdf for Y is

2= if0 <y <6,
_ 02> — — 9
wol)={ s =)0 (7.2
It is not the case that
o) = [ fao) (73
h=1{y}

since h™'{y} has measure zero in R?.
The likelihood function is L(0) = fy(y|f), viewed as a function of §, and is given

by

it > y;

if § <6<y. (7:4)

y
1) = { 15,
02 >
Therefore, the maximum likelihood estimate of 6 is 0, = y.
Instead of using Z as our preferred data, suppose that we define the random
variable W = Z,, and let X = (Y, W), a missing-data model. We then have Y =
h(X), where h : R? — R is given by h(z) = h(y,w) = y. The pdf for Y given in

Equation (7.2) can be written as

1
Fr(wl6) = [ Zix0n(s = w)xoa(widu. (75)
The joint pdf is
~1/6% forw <y <0+ w;
Frw (Y, w]0) = { 0, otherwise. (7.6)

7.2 Censored Exponential Data

McLachlan and Krishnan [1] give the following example of a likelihood maximiza-
tion problem involving probability density functions. This example provides a good
illustration of the usefulness of the missing-data model.

Suppose that Z is the time until failure of a component, which we assume is
governed by the exponential distribution

f(z0) = %6_2/6, (7.7)
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where the parameter 6 > 0 is the expected time until failure. We observe a random
sample of N components and record their failure times, z,. On the basis of this data,
we must estimate 0, the mean time until failure.

It may well happen, however, that during the time allotted for observing the
components, only r of the N components fail, which, for convenience, are taken to be
the first 7 items in the record. Rather than wait longer, we record the failure times
of those that failed, and record the elapsed time for the experiment, say 7', for those
that had not yet failed. The censored data is then y = (y1, ..., yn), Where y,, = 2, is
the time until failure for n = 1,...,r, and y, =T for n =r 4+ 1,..., N. The censored
data is reasonably viewed as incomplete, relative to the complete data we would have
had, had the trial lasted until all the components had failed.

Since the probability that a component will survive until time 7" is e=7/?, the pdf

for the vector y is

T

frlo) = (T e ) e (7.8)

n=1

and the log likelihood function for the censored, or incomplete, data is

N
1
log fy (yl0) = —rlog — 2>y (7.9)
n=1

In this particular example we are fortunate, in that we can maximize fy (y|6) easily,

and find that the ML solution based on the incomplete, censored data is

r

1 1< N—r
Onini = x Zyn = Zyn + T. (7.10)
n=1 n=1

In most cases in which our data is incomplete, finding the ML estimate from the

incomplete data is difficult, while finding it for the complete data is relatively easy.
We say that the missing data are the times until failure of those components that

did not fail during the observation time. The preferred data is the complete data

x = (z1, ..., zy) of actual times until failure. The pdf for the preferred data X is

N

Frtalt) =TT 5o =", (7.11)

n=1

and the log likelihood function based on the complete data is
1 N
log fx(x]0) = —Nlog — 5;%. (7.12)
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The ML estimate of # from the complete data is easily seen to be

1 N
eMLc - N ; Zn- (713)

In this example, both the incomplete-data vector y and the preferred-data vector x
lie in RY. We have y = h(x) where the function h operates by setting to T any
component of x that exceeds T'. Clearly, for a given y, the set h~'{y} consists of all
vectors x with entries z, > T or x, = y, < T. For example, suppose that N = 2,

and y = (y1,T), where y; < T. Then h='{y} is the one-dimensional ray

hHyy = {z = (g1, 22)| 22 > T}

Because this set has measure zero in R?, Equation (7.3) does not make sense in this
case.

We need to calculate E(log fx(X|0)|y, 0). Following McLachlan and Krishnan [1],
we note that since log fx(z|f) is linear in the unobserved data Z,, n =r+1,..., N,
to calculate E(log fx(X|0)|y,0%) we need only replace the unobserved values with
their conditional expected values, given y and 6*. The conditional distribution of
Z, — T, given that Z, > T, is still exponential, with mean 6. Therefore, we replace
the unobserved values, that is, all the Z,, for n = r+1,..., N, with 7'+ 6*. Therefore,
at the E-step we have

Ellog fx(X]0)]y, 05) = —Nlog 0 — é((ﬁ: o) + (N - r)ek). (7.14)

The M-step is to maximize this function of #, which leads to

g+l = ((i‘;yn) (N — r)ek) /N, (7.15)

Let 6* be a fixed point of this iteration. Then we have

6 = <(iyn> (N — 7‘)9*)/1\7,

n=1
so that
1 N
9* = - ny

which, as we have seen, is the likelihood maximizer.
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7.3 A More General Approach

Let X take values in RN, and Y = h(X) take values in RM  where M < N and
h:RY — RM is a (possibly) many-to-one function. Suppose that there is a second
function k : RN — RY¥=M gyuch that the function

G(x) = (h(x), k(z)) = (y,w) = u (7.16)

has inverse H(y,w) = x. Denote by J(y,w) the determinant of the Jacobian matrix

associated with the transformation G. Let
W(y) = {w|w = k(z), andy = h(z)}.
Then

fr (1) = / o X)) (7.17)

Then we apply the missing-data model for the EM algorithm, with W = k(X)) as the

missing data.

8 A Multinomial Example

In many applications, the entries of the vector y are independent realizations of a
single real-valued or vector-valued random variable V| as they are, at least initially, for
finite mixture problems to be considered later. This is not always the case, however,
as the following example shows.

A well known example that was used in [11] and again in [1] to illustrate the
EM algorithm concerns a multinomial model taken from genetics. Here there are
four cells, with cell probabilities % + }190, }L(l — 0o), %1(1 — bp), and %90, for some
0y € © = [0, 1] to be estimated. The entries of y are the frequencies from a sample

size of 197. We then have
197! 1 1 1 1 1
)= ———(=+-0)"(=(1—-0))2(=(1 —0))"(=0)". 8.1
Py 0l6) = — e (5 0" (G = )P (G = )7 (39) (81)
It is then supposed that the first of the original four cells can be split into two sub-

cells, with probabilities % and }190. We then write y; = y11 + Y12, and let
X: (3/117}/127}/27}/:37}/;07 (82>

where X has a multinomial distribution with five cells. Note that we do now have
Y = h(X).
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This example is a popular one in the literature on the EM algorithm (see [11]
for citations). It is never suggested that the splitting of the first group into two
subgroups is motivated by the demands of the genetics theory itself. As stated in
[1], the motivation for the splitting is to allow us to view the two random variables
Yo + Yy and Y + Y3 as governed by a binomial distribution; that is, we can view the
value of y12 + y4 as the number of heads, and the value y, + y3 as the number of tails
that occur in the flipping of a biased coin 12 + y4 + y2 + y3 times. This simplifies the

calculation of the likelihood maximizer.

9 The Example of Finite Mixtures

We say that a random vector V taking values in R? is a finite mizture if, for j =
1,...,J, fj is a probability density function or probability function, §; > 0 is a weight,
the 6; sum to one, and the probability density function or probability function for V'

Fv(v]d) = Zejfj(v). (9.1)

The value of D is unimportant and for simplicity, we shall assume that D = 1.

We draw N independent samples of V', denoted v,,, and let y,, the nth entry of
the vector y, be the number v,,. To create the preferred data we assume that, for each
n, the number v,, is a sample of the random variable V,, whose pdf or pfis f;,, where
the probability that j,, = j is ;. We then let the N entries of the preferred data X
be the indices j,,. The conditional distribution of Y, given X, is clearly independent

of the parameter vector 6, and is given by

N
Frix(yle,0) = T £, (wn);
n=1

therefore, X is acceptable. Note that we cannot recapture the entries of y from those
of x, so the model Y = h(X) does not hold here. Note also that, although the vector
y is taken originally to be a vector whose entries are independently drawn samples
from V, when we create the preferred data X we change our view of y. Now each
entry of y is governed by a different distribution, so y is no longer viewed as a vector

of independent sample values of a single random vector.
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10 The EM and the Kullback-Leibler Distance

We illustrate the usefulness of acceptability and reformulate the M-step in terms of

cross-entropy or Kullback-Leibler distance minimization.

10.1 Using Acceptable Data

The assumption that the data X is acceptable helps simplify the theoretical discussion
of the EM algorithm.
For any preferred X the M-step of the EM algorithm, in the continuous case, is

to maximize the function
[ v (aly, 64 og £ (sl6)d (10.1)

over § € ©; the integral is replaced by a sum in the discrete case. For notational

convenience we let
b(0") = fxv(zly, 0%), (10.2)
and
f(0) = fx(z]6); (10.3)

both functions are functions of the vector variable x. Then the M-step is equivalent

to minimizing the Kullback-Leibler or cross-entropy distance

fX|Y(x‘y7 9k>)dl’

KLOW). £0) = [ (ol 0 log (22228

fX|Y(x’yaek)
fx(x|0)

This holds since both fy(z]0) and fy)y(z|y, %) are probability density functions or

— [ fxwlaly, 610 ) + Fx(alf) = f(aly,0")dz. (10.4)

probabilities.

For acceptable X we have

log fx,y(x,y|0) = log fxy(x|y,0) +log fy (y|0) = log fy|x (y|x) + log fx(x]6).(10.5)

Therefore,
log fY(y‘ekH) —log fy (yl0) =

KL((6), £(0)) — KL(b(0*), J(65)) + KL(b(6), b(6*)) — K L(b(6"), b(6))(10.6)
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Since 0 = 051 minimizes K L(b(0%), f(0)), we have that

log fy (y|0™*') —log fy (y|0*) =

KL(b(0%), f(6%)) — KL(D(O"), f(0")) + KL(b(6"),b(6")) = 0. (10.7)

This tells us, once again, that the sequence of likelihood values {log fy (y|0%)} is
increasing, and that the sequence of its negatives, {—log fy (y|0%)}, is decreasing.
Since we assume that there is a maximizer 6,;;, of the likelihood, the sequence
{—1log fy(y|6%)} is also bounded below and the sequences {K L(b(6%),b(#**1))} and
{KL(b(6%), f(6F)) — KL(b(6%), f(6*1))} converge to zero.

Without some notion of convergence in the parameter space ©, we cannot conclude
that {0%} converges to a maximum likelihood estimate 6;,. Without some additional

assumptions, we cannot even conclude that the functions f(6%) converge to f(0u1).

11 The Approach of Csiszar and Tusnady

For acceptable X the M-step of the EM algorithm is to minimize the function
KL(b(6%), £(0)) over 6 € © to get **1. To put the EM algorithm into the framework
of the alternating minimization approach of Csiszar and Tusnady [12], we need to
view the M-step in a slightly different way; the problem is that, for the continuous
case, having found 0**!, we do not then minimize K L(b(#), f(0**1)) at the next step.

11.1 The Framework of Csiszar and Tusnady

Following [12], we take ¥(p,q) to be a real-valued function of the variables p € P
and ¢ € @, where P and @) are arbitrary sets. Minimizing ¥(p, ¢") gives p™ and

minimizing ¥(p", q) gives ¢" !, so that
T(p" q") > U(p",¢"") = (", "), (11.1)
The objective is to find (p, ¢) such that
U(p,q) = ¥(p,q),
for all p and ¢. In order to show that {¥(p™,¢")} converges to

d= inf U(p,q)

pEP,qEQ

the authors of [12] assume the three- and four-point properties.
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If there is a non-negative function A : P x P — R such that
Y(p, ") — W™ ") > Alp,p™tY), (11.2)
then the three-point property holds. If

Alp,p") + ¥(p,q) > V(p,q" ™), (11.3)

for all p and ¢, then the four-point property holds. Combining these two inequalities,

we have

A(p7pn) - A(p’pn-i-l) 2 \Ij(pn+17qn+1) - \Ij(p> q) (114>

From the inequality in (11.4) it follows easily that the sequence {W(p™, ¢™)} converges
to d. Suppose this is not the case. Then there are p’, ¢/, and D > d with

U(p",q") > D >V(p,q¢)>d.
From Equation (11.4) we have
AW, p") = AW, p") > v ") =Y, ¢) > D — ¥y, q) > 0.

But since {A(p/,p")} is a decreasing sequence of positive quantities, successive dif-
ferences must converge to zero; that is, {¥(p"™, ¢"™)} must converge to W (p',q),
which is a contradiction.

The five-point property of [12] is obtained by combining (11.2) and (11.3):

U(p,q) + ¥(p,q" ") > U(p,q") + ¥(p", ¢" ). (11.5)

Note that the five-point property does not involve the second function A(p’, p). How-
ever, assuming that the five-point property holds, it is possible to define A(p,p) so
that both the three- and four-point properties hold. Assuming the five-point property,

we have

U(p, ") — U(p,q") > V(p",q") — ¥(p,q), (11.6)

from which we can show easily that {¥(p™, ¢")} converges to d.

11.2 Alternating Minimization for the EM Algorithm

Assume that X is acceptable. We define the function F(6) to be
FO) = [ fuirlely.0) g frx ol (1L7)
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for the continuous case, with a sum replacing the integral for the discrete case. Using
the identities

Sxy (@, yl0) = fxy (xly, 0) fy(y]0) = frix(ylz, 0) fx(x]0) = fyix(ylz) fx (x]6),
we then have
log fy (y[60) = F(6') + KL(b(0'). b(0)) — KL(b("), £(0)), (11.8)
for any parameter values 6 and ¢’. With the choice of ¢’ = § we have
log fy (y10) = F(6) — KL(b(6), £(0)). (11.9)
Therefore, subtracting Equation 11.9 from Equation 11.8, we get
(KLO@), 10) = F©)) — (KL@(0), 16)) = F(6)) = KLO(6'),b(6)). (11.10)

Now we can put the EM algorithm into the alternating-minimization framework.
Define

W((0), f(0)) = KL(b(6"), £(6)) — F(¥). (11.11)
We know from Equation (11.10) that
Y (b(0"), f(0)) — U (b(0), £(0)) = KL(b(), b(0)). (11.12)

Therefore, we can say that the M-step of the EM algorithm is to minimize ¥ (b(6%), f(6))
over ) € © to get 0**! and that minimizing W(b(0), f(0¥*1)) gives us § = %! again.
Because the EM algorithm can be viewed as an alternating minimization method, it
is also a particular case of the sequential unconstrained minimization techniques [13],

and of “optimization transfer” [4].
With the choice of

A(b("),b(8)) = KL(b(6"), b(8)),
Equation (11.12) becomes
W (b(0"), f(6)) — W (b(0), £(0)) = Ab(), b(0)), (11.13)

which is the three-point property.
With P = B(0) and @ = F(©) the collections of all functions b(6) and f(0), re-

spectively, we can view the EM algorithm as alternating minimization of the function
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U(p,q), over p € P and g € ). As we have seen, the three-point property holds.
What about the four-point property?

The Kullback-Leibler distance is an example of a jointly convex Bregman distance.
According to a lemma of Eggermont and LaRiccia [14, 15], the four-point property
holds for alternating minimization of such distances, using A(p’,p) = KL(p', p), pro-
vided that the sets P and Q are closed and convex subsets of RY. In the continuous
case of the EM algorithm, we are not performing alternating minimization on the
function K'L(b(0), f(0")), but on KL(b(9), f(0')) + F(0). In the discrete case, when-
ever Y = h(X), the function F(0) is always zero, so we are performing alternating
minimization on the KL distance K L(b(#), f(¢')). In [16] the authors consider the

problem of minimizing a function of the form

A(p,q) = ¢(p) +¥(q) + Dy(p,q), (11.14)

where ¢ and 1) are convex and differentiable on R’, D, is a Bregman distance, and
P = @ is the interior of the domain of g. In [13] it was shown that, when D, is jointly
convex, the function A(p, ¢) has the five-point property of [12], which is equivalent to
the three- and four-point properties taken together. In some particular instances, the
collection of the functions f(f) is a convex subset of R7, as well, so the three- and
four-point properties hold.

As we saw previously, to have ¥(p™, ¢") converging to d, it is sufficient that the
five-point property hold. It is conceivable, then, that the five-point property may hold
for Bregman distances under somewhat more general conditions than those employed
in the Eggermont-LaRiccia Lemma.

The five-point property for the EM case is the following:

KL®©), f(05) = KLO©), f(0") =

(KLOE"), 160) = F(6")) = (KL@0), 16)) - F(9)). (11.15)

12 Sums of Independent Poisson Random Vari-
ables

The EM is often used with aggregated data. The case of sums of independent Poisson

random variables is particularly important.
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12.1 Poisson Sums

Let X1, ..., Xy be independent Poisson random variables with expected value E(X,,) =
An. Let X be the random vector with X, as its entries, A the vector whose entries
are the \,,, and A\, = Zivzl An. Then the probability function for X is

N N
Fx(@A) = [ Ai exp(=An) /2! = exp(=As) [ Ao /! (12.1)

Now let Y = 25:1 X,,. Then, the probability function for Y is

Prob(Y = y) = Prob(X; + ... + Xy = y)

= Y exp(=Ay) [[ Ao/l (12.2)

T1+...TN=Y

As we shall see shortly, we have

N
> exp(=A) [T /el = exp(= ANy (12.3)
T1+..TN=Y n=1

Therefore, Y is a Poisson random variable with E(Y) = A,.
When we observe an instance of Y, we can consider the conditional distribution
Ixy(zly, A) of {X1,..., Xn}, subject to y = X; + ... + Xny. We have

P (aly, ) = y_’(Al )G—f:)N (12.4)

ZL’l'l'N' A+

This is a multinomial distribution.

Given y and A, the conditional expected value of X, is then
E(Xu|y, \) =y /A

To see why this is true, consider the marginal conditional distribution fx,y(@1]y, A)
of X7, conditioned on y and A\, which we obtain by holding x; fixed and summing

over the remaining variables. We have

[y (@ily, A) = y—'| ()%)xl (%)y“ Z %fg <j\\_’z>xn’

() —
xl(y xl)' ro+..+TN=yY—T1

where
)\'Jr =y — AL
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As we shall show shortly,

Z (y—l‘l)‘ﬂ<ﬁ>xn:1
Tol...xn! - Ny ’

ro2+...+rN=yY—x1

gy (zily, A) = #lxo, (;\—i)ﬂ (%)y_ml-

The random variable X; is equivalent to the random number of heads showing in

so that

y flips of a coin, with the probability of heads given by A;/A;. Consequently, the
conditional expected value of X is yA;/A;, as claimed. In the next subsection we

look more closely at the multinomial distribution.

12.2 The Multinomial Distribution

When we expand the quantity (a; + ...+ ay)?, we obtain a sum of terms, each having
the form aj*...a3¥, with 21 + ... + 2y = y. How many terms of the same form are
there? There are N variables a,,. We are to use z,, of the a,, for each n = 1,..., N,
to get y = x1 + ... + xn factors. Imagine y blank spaces, each to be filled in by a
variable as we do the selection. We select x; of these blanks and mark them a;. We
can do that in (Iyl) ways. We then select x5 of the remaining blank spaces and enter
ap in them; we can do this in (y;jl) ways. Continuing in this way, we find that we

can select the N factor types in
(ZJ) (y—%)m(y—(%—%--.%—%z\f2)) (12.5)
X X9 ITN-1

y' (y— (l'1+...+l'N_2))! . y'
= . (12.6)
ZEl'(y—J)l)' $N_1|(y—($1++$N_1))' ZEl'iL‘N'

ways, or in

This tells us in how many different sequences the factor variables can be selected.

Applying this, we get the multinomial theorem:

! z
(@4 tan) = 3 #a?...a]\,’v. (12.7)
e 15N
Select a,, = A\, /A;. Then,
)\1 /\N Y
=1 = (— —)
W
IR CW
= —(—) ... . 12.8
Z Jfl'I'N' A+ )\+ ( )

r1t+...+rN=Y
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From this we get

Z exp(—Ay) H Ao x,! = exp(—Ap) ALyl . (12.9)

r1+...TN=Y

13 Poisson Sums in Emission Tomography

Sums of Poisson random variables and the problem of complete versus incomplete

data arise in single-photon computed emission tomography (SPECT) [17].

13.1 The SPECT Reconstruction Problem

In their 1976 paper Rockmore and Makovski [18] suggested that the problem of recon-
structing a tomographic image be viewed as statistical parameter estimation. Shepp
and Vardi [19] expanded on this idea and suggested that the EM algorithm discussed
by Dempster, Laird and Rubin [11] be used for the reconstruction. The region of
interest within the body of the patient is discretized into J pixels (or voxels), with
Aj > 0 the unknown amount of radionuclide within the jth pixel; we assume that A;
is also the expected number of photons emitted from the jth pixel during the scan-
ning time. Emitted photons are detected at any one of I detectors outside the body,
with y; > 0 the photon count at the ¢th detector. The probability that a photon
emitted at the jth pixel will be detected at the ith detector is F;;, which we assume
is known; the overall probability of detecting a photon emitted from the jth pixel is

Sj = Zf:l P > 0.
13.1.1 The Preferred Data

For each 7 and j the random variable X;; is the number of photons emitted from the
jth pixel and detected at the ith detector; the X;; are assumed to be independent
and P;;\;-Poisson. With z;; a realization of Xj;, the vector x with components z;; is

our preferred data. The pdf for this preferred data is a probability vector, with

x(z|\) = HHexp WA (PyAj) 9 Jai! (13.1)

=1 j=1

Given an estimate A\* of the vector A and the restriction that Y; = Z}']:1 X,j, the

random variables X1, ..., X;; have the multinomial distribution

K

Prob(z;1, ..., x;5) = ' H (PUA )90”
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Therefore, the conditional expected value of X;;, given y and \*, is

Yi
E(X5ly, \*) = AEP <W)’

and the conditional expected value of the random variable

I
log fx(X]|\) = Z Z(—RjAj) + X;jlog(P;;);) + constants

i=1 j=1

becomes

Bllog S (X0l A = 303 (=R + X (e ) on(RoA) ),

=1 j=1

omitting terms that do not involve the parameter vector A\. In the EM algorithm, we
obtain the next estimate \**1 by maximizing F(log fx(X|\)|y, \¥).
The log likelihood function for the preferred data X (omitting constants) is

= i EJ: ( — P + X log(RjAj)) (13.2)

i=1 j=1

Of course, we do not have the complete data.

13.1.2 The Incomplete Data

What we do have are the y;, values of the random variables
Yi=> Xy (13.3)

this is the given data. These random variables are also independent and (P\);-

Poisson, where
J
— E Pij>\j-
j=1

The log likelihood function for the given data is

LL,(\) =

M~

( (PA); + yi log((P)); )) (13.4)

=1

Maximizing LL,()\) in Equation (13.2) is easy, while maximizing LL,(\) in Equation
(13.4) is harder and requires an iterative method.
The EM algorithm involves two steps: in the E-step we compute the conditional

expected value of LL,()), conditioned on the data vector y and the current estimate
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AF of \; in the M-step we maximize this conditional expected value to get the next

A1 Putting these two steps together, we have the following EMML iteration:

k+1 k —1
AL = ks ZPH PM (13.5)

For any positive starting vector \°, the sequence {\*} converges to a maximizer of
LL,()\), over all non-negative vectors A.
Note that, because we are dealing with finite probability vectors in this example,

it is a simple matter to conclude that

D) = D fx(@[). (13.6)

zeh~H{y}

13.2 Using the KL Distance

In this subsection we assume, for notational convenience, that the system y = P\
has been normalized so that s; = 1 for each j. Maximizing F(log fx(X|)\)|y, A¥) is
equivalent to minimizing K L(r(\*), q¢())), where 7(\) and ¢(\) are I by J arrays with

entries

r(A)i = )\j]%j<(]gj\)i>,

and
q(N)ij = Aj Py

In terms of our previous notation we identify r(\) with b(6), and ¢(\) with f(6). The
set F(O) of all f(#) is now a convex set and the four-point property of [12] holds.
The iterative step of the EMML algorithm is then

)\k+1 =\ ;p” P/\k) (13.7)
The sequence {\*} converges to a maximizer Ay of the likelihood for any positive
starting vector.

As we noted previously, before we can discuss the possible convergence of the
sequence {\*} of parameter vectors to a maximizer of the likelihood, it is necessary to
have a notion of convergence in the parameter space. For the problem in this section,
the parameter vectors A are non-negative. Proof of convergence of the sequence {\*}

depends heavily on the following [20]:
KL(y, PN\F) — KL(y, PA\**Y) = KL(r(\®), r(\"™)) + K L(AFT 2R (13.8)
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and

KL Ayp, A¥) — KLz, A7) > K L(y, PAY) — K L(y, PA\y1). (13.9)

14 Non-Negative Solutions for Linear Equations

Any likelihood maximizer Ay is also a non-negative minimizer of the KL distance
KL(y, P\), so the EMML algorithm can be thought of, more generally, as a method
for finding a non-negative solution (or approximate solution) for a system y = P of
linear equations in which y; > 0 and F;; > 0 for all indices. This will be helpful when

we consider mixture problems.

14.1 The General Case

Suppose we want a non-negative solution z for a system Az = b of real equations;
unless b is positive and A has only non-negative entries, we cannot use the EMML
algorithm directly. We may, however, be able to transform Ax = b to PA = y.

Suppose that, by rescaling the equations in Az = b, we can make ¢; = Zle Ajj >
0, for each j = 1,...,J, and b, = Zle b; > 0. Now replace A;; with G;; = A;;/cj,
and z; with z; = ¢;z;; then Gz = Az = b and 25:1 Gi; = 1, for all j. We also know
now that by =z, > 0, so z; is now known.

Let U and u be the matrix and column vector whose entries are all one, respec-
tively, and let ¢ > 0 be large enough so that all the entries of B = G +tU and (tzy)u
are positive. Now

Bz =Gz + (tzp)u = b+ (tzy)u.

We then solve Bz = b+ (tzy )u for z. It follows that Az = Gz = b and x > 0. Finally,
welet P=B, A=z, and y = b+ (tby)u.

14.2 Regularization

It is often the case, as in tomography, that the entries of the vector y are obtained by
measurements, and are therefore noisy. Finding an exact solution of y = P\ or even
minimizing K L(y, PA) may not be advisable in such cases. To obtain an approximate
solution that is relatively insensitive to the noise in y we reqularize. One way to do
that is to minimize not K L(y, P\), but

Fa(\) = (1 — )KL(y, PA) + aK L(p, \), (14.1)
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where o € (0,1) and p > 0 is a prior estimate of the desired A. The iterative step of
the regularized EMML algorithm is now

AL — (1 — (Ak *1ZPU . )—i—ozpj. (14.2)

As was shown in [20], the sequence {\*} converges to a minimizer of F,()).

14.3 Acceleration

When the system y = P is large, the EMML algorithm can be slow to converge.
One method that has been used to accelerate convergence to a solution is the use of
block iteration [21, 22, 23].

We begin by writing the index set {i = 1,2,..., I} as the (not necessarily disjoint)
union of B,,n =1,2,..., N. Of particular interest is the row-action EMML, obtained
by letting each block be a singleton. At each step of the iteration we employ only
those equations whose index is a member of the current block. We then cycle through
the blocks.

An obvious way to impose blocks would seem to be to modify the EMML iteration
as follows:

M= M LY Py PM, (14.3)
i€By
where
Snj = Z By
i€By
This doesn’t work, though.

Let H; = {z > 0|(Pz); = y;}. Note that, for a fixed > 0, we cannot calculate in

closed form the vector z € H; that minimizes K L(z, ). However, the vector z = 2

in H; that minimizes the weighted KL distance

ZP K L(z, A

is given by

i kY

The iterative step of the EMML algorithm can then be interpreted as saying that

(14.4)

N1 is a weighted arithmetic mean of the z%; that is,
k _
AL = 51 Z 57 (14.5)
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This suggests a different form for a block-iterative version of the EMML.
For k=0,1,,,,, and n = n(k) = k(mod N) + 1, let

M = (1= my ) XS+ m'AE Y Py

’LEBTL

where m,, = max;s,;. This is the rescaled block-iterative EMML (RBI-EMML)

algorithm. The sequence {\*} converges to a non-negative solution of the system

(PM) (14.6)

y = P, for any choice of blocks, whenever the system has a non-negative solution
[21].
When each block is a singleton, that is, B, = B; = {i}, for i = 1,2,..., 1 = N, the
RBI-EMML becomes the EMART algorithm, with the iterative step
M= (1= m " Py) AL + Nom; ' Py —— (PA’“) (14.7)
where m; = max; P;; > 0. It is interesting to compare the EMART algorithm with the
multiplicative algebraic reconstruction technique (MART)[24], which has the iterative

step
kel Ak Yi Pyj/m;
=N (o) (148)
so that
17Pi]~/m¢ y pij/mi
k+1 (K kY
N = () (X (PA’“)) , (14.9)
or
log Ab+1 = (1 — m; ' Py) log Ak + m; Py log (A’“ (P;k) ) (14.10)

The difference between the MART and the EMART is then the difference between a
geometric mean and an arithmetic mean.

The simultaneous MART (SMART) is analogous to the EMML and uses all the
equations at each step [25, 26, 20]. The iterative step for the SMART is

I
ML\ exp (sj—l S Pylog ﬁ) (14.11)
i=1 v

Block-iterative versions of the MART (RBI-SMART) have been considered by [27]
and [21]. When y = P has non-negative solutions, the RBI-SMART sequence con-
verges to the non-negative solution of y = P) for which the cross-entropy K L(\, \Y)
is minimized. When there are no non-negative solutions of y = P\, the SMART con-
verges to the non-negative minimizer of K L(P\,y) for which K L(\, \°) is minimized
[28].
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14.4 Using Prior Bounds on A

The EMML algorithm finds an approximate non-negative solution of y = PA. In
some applications it is helpful to be able to incorporate upper and lower bounds on
the A [29].

The SMART, EMML, MART and EMART methods are based on the Kullback-
Leibler distance between nonnegative vectors. To impose more general constraints
on the entries of A we derive algorithms based on shifted KL distances, also called
Fermi-Dirac generalized entropies.

For a fixed real vector w, the shifted KL distance KL(x — u,z — u) is defined
for vectors x and z having z; > u; and z; > wu;. Similarly, the shifted distance
KL(v—z,v— z) applies only to those vectors x and z for which z; < v; and z; < v;.

For u; < v;, the combined distance
KL(x —u,z—u)+ KL(v—z,v— 2)

is restricted to those x and z whose entries z; and z; lie in the interval [u;, v;]. Our
objective is to mimic the derivation of the SMART and EMML methods, replacing KL
distances with shifted KL distances, to obtain algorithms that enforce the constraints
u; < \; <wj, for each j. The algorithms that result are the ABMART and ABEMML
block-iterative methods. These algorithms were originally presented in [30], in which
the vectors w and v were called a and b, hence the names of the algorithms. We
shall assume that the entries of the matrix P are nonnegative. We shall denote by
B,, n=1,...,N a partition of the index set {i = 1, ..., I} into blocks. For k = 0,1, ...
let n = n(k) = k(mod N) + 1.

14.4.1 The ABMART Algorithm

We assume that (Pu); < y; < (Pv); and seek a solution of PA =y with u; < \; <y,
for each j. The algorithm begins with an initial vector A" satisfying u; < )\? < v, for

each j. Having calculated \*, we take

A — by 4 (1= by, (14.12)

with n = n(k),
k cf T1"(df)"

e 14.13
G + T (dy) A (14.13)
Ak — uj)
k ( 7 J
v 2J 14.14
E (v; — AF) ( )
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and

e (= (Pu)((Po)i = (PAY))
T ((Po) — ) (PN); — (Pu)e)

where [[" denotes the product over those indices  in B,,). Notice that, at each step

(14.15)

of the iteration, )\é? is a convex combination of the endpoints u; and v;, so that )\f
always lies in the interval [u;, v;].

We have the following theorem concerning the convergence of the ABMART al-
gorithm:

Theorem 14.1 If there is a solution of the system PX\ = y that satisfies the con-
straints u; < A\; < v; for each j, then, for any N and any choice of the blocks B,
the ABMART sequence converges to that constrained solution of P\ = y for which

the Fermi-Dirac generalized entropic distance from \ to \°, given by
KL\ —u,\’ —u) + KL(v— X\ v— A%,

is minimized. If there is mo constrained solution of P\ =y, then, for N = 1, the

ABMART sequence converges to the minimizer of
KL(PX — Pu,y — Pu)+ KL(Pv — P\, Pv—vy)

for which
KL —u, A\’ —u) + KL(v — A\,v — \")

s minimaized.
The proof is in [30].
14.4.2 The ABEMML Algorithm

We make the same assumptions as previously. The iterative step of the ABEMML

algorithm is

/\?—&-1 _ oz;?vj +(1- af)uj, (14.16)

where
a? _ ’yj]-c/d?, (14.17)
7 = O = w)ef, (14.18)



BY = (v; — A fF, (14.19)

J

k k k
Pu)'
1€Bn 1€By,

and

(14.22)

t=(-xn) 2< L)

The following theorem concerns the convergence of the ABEMML algorithm:

Theorem 14.2 If there is a solution of the system P\ = y that satisfies the con-
straints u; < \j < wv; for each j, then, for any N and any choice of the blocks B,,, the
ABEMML sequence converges to such a constrained solution of P\ = y. If there is no
constrained solution of P\ =y, then, for N = 1, the ABEMML sequence converges

to a constrained minimizer of
KL(y — Pu, P\ — Pu) + KL(Pv —y, Pv— PJ).

The proof is found in [30]. In contrast to the ABMART theorem, this is all we can
say about the limits of the ABEMML sequences.

15 Finite Mixture Problems

Estimating the combining proportions in probabilistic mixture problems shows that
there are meaningful examples of our acceptable-data model, and provides important

applications of likelihood maximization.

15.1 Mixtures

We say that a random vector V taking values in R? is a finite mixture [31, 32] if
there are probability density functions or probabilities f; and numbers 6; > 0, for
j =1,...,J, such that the probability density function or probability function for V

has the form
J
=D 0;f(v), (15.1)
j=1

for some choice of the ; > 0 with Z‘jjzl 8; = 1. As previously, we shall assume,

without loss of generality, that D = 1.
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15.2 The Likelihood Function

The data are N realizations of the random variable V', denoted v, for n = 1,..., N,
and the given data is the vector y = (vy,...,vy). The column vector § = (04, ...,0;)T
is the generic parameter vector of mixture combining proportions. The likelihood
function is

N

L, =] (01f1(vn) ot eij(vn)). (15.2)

n=1
Then the log likelihood function is
N
LLy(0) = 3 log (01fulvn) + o+ 0 £ (vn)).
n=1

With u the column vector with entries u,, = 1/N, and P the matrix with entries
P,; = fi(v,), we define

N N
Sj = ;Pnj = ;fj(vn)-

Maximizing LL,(6) is equivalent to minimizing

M)~

F(0) = KL(u,Po)+ » (1—s,)6;. (15.3)

1

<.
Il

15.3 A Motivating Illustration

To motivate such mixture problems, we imagine that each data value is generated by
first selecting one value of j, with probability 6;, and then selecting a realization of a
random variable governed by f;(v). For example, there could be J bowls of colored
marbles, and we randomly select a bowl, and then randomly select a marble within
the selected bowl. For each n the number v,, is the numerical code for the color of the
nth marble drawn. In this illustration we are using a mixture of probability functions,

but we could have used probability density functions.

15.4 The Acceptable Data

We approach the mixture problem by creating acceptable data. We imagine that we
could have obtained z,, = j,, for n = 1, ..., N, where the selection of v,, is governed by
the function f;, (v). In the bowls example, j, is the number of the bowl from which the

nth marble is drawn. The acceptable-data random vector is X = (X1, ..., Xy ), where

35



the X, are independent random variables taking values in the set {j = 1,..., J}. The
value 7, is one realization of X,,. Since our objective is to estimate the true 0;, the
values v,, are now irrelevant. Our ML estimate of the true 6; is simply the proportion
of times 7 = j,. Given a realization x of X, the conditional pdf or pf of Y does not
involve the mixing proportions, so X is acceptable. Notice also that it is not possible
to calculate the entries of y from those of x; the model Y = h(X) does not hold.

15.5 The Mix-EM Algorithm

Using this acceptable data, we derive the EM algorithm, which we call the Mix-EM
algorithm.

With N; denoting the number of times the value j occurs as an entry of x, the
likelihood function for X is

L.(0) = fx(z]0) = Hej , (15.4)
and the log likelihood is
J
LL,(0) =log L.(6) = > _ N;log6;. (15.5)
Then
J
E(log L.(0)|y,6*) = Y _ E(N;ly,6*)log 6;. (15.6)
j=1

To simplify the calculations in the E-step we rewrite LL,(0) as

N

LL,(0) = Zixnj log 0, (15.7)

n=1 j=1

where X,,; = 1if j = j,, and zero otherwise. Then we have

ekf(vn)
E(X,;ly,0%) = prob (X,,; = 1|y, %) = L= 15.8
The function E(LL,(6)]y, %) becomes
N
ka (v
k 5(n)
E(LL.(9)|y,0%) nE 1 ; 1 e |0k (15.9)
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Maximizing with respect to 8, we get the iterative step of the Mix-EM algorithm:

k+1 k 5 (Un)
0" —e Zf ok (15.10)

We know from our previous discussions that, since the preferred data X is accept-
able, likelihood is non-decreasing for this algorithm. We shall go further now, and
show that the sequence of probability vectors {#*} converges to a maximizer of the

likelihood.

15.6 Convergence of the Mix-EM Algorithm

As we noted earlier, maximizing the likelihood in the mixture case is equivalent to
minimizing

J
F(0) = KL(u, P0) + > (1 s,)0,
7j=1

over probability vectors 0. It is easily shown that, if § minimizes () over all non-
negative vectors 6, then 6 is a probability vector. Therefore, we can obtain the
maximum likelihood estimate of § by minimizing F(#) over non-negative vectors 6.

The following theorem is found in [33].

Theorem 15.1 Let u be any positive vector, P any non-negative matriz with s; > 0

for each j, and
J

F(0) = KL(u, P0) + > B;KL(v;,0;).
j=1
If s;j4+B; >0, o = s;/(s; + B;), and Bjy; > 0, for all j, then the iterative sequence
given by

O+ = oy 191:(2]%” o ) + (1= a;)y (15.11)

converges to a non-negative minimizer of F ().

With the choices u,, = 1/N, v; = 0, and §; = 1 —s;, the iteration in Equation (15.11)
becomes that of the Mix-EM algorithm. Therefore, the sequence {#*} converges to

the maximum likelihood estimate of the mixing proportions.
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16 More on Convergence

There is a mistake in the proof of convergence given in [11]. Wu [34] and Boyles [35]
attempted to repair the error, but also gave examples in which the EM algorithm
failed to converge to a global maximizer of likelihood. In Chapter 3 of the book by
McLachlan and Krishnan [1] we find the basic theory of the EM algorithm, including
available results on convergence and the rate of convergence. Because many authors
rely on Equation (3.4), it is not clear that these results are valid in the generality in
which they are presented. There appears to be no single convergence theorem that is
relied on universally; each application seems to require its own proof of convergence.
When the use of the EM algorithm was suggested for SPECT and PET, it was
necessary to prove convergence of the resulting iterative algorithm in Equation (13.5),
as was eventually achieved in a sequence of papers [19], [36],[37],[38], and [20]). When
the EM algorithm was applied to list-mode data in SPECT and PET [39, 40, 41],
the resulting algorithm differed slightly from that in Equation (13.5) and a proof of
convergence was provided in [33]. The convergence theorem in [33] also establishes the
convergence of the iteration in Equation (15.10) to the maximum-likelihood estimate

of the mixing proportions.

17 Open Questions

As we have seen, the conventional formulation of the EM algorithm presents difficul-
ties when probability density functions are involved. We have shown here that the
use of acceptable preferred data can be helpful in resolving this issue, but other ways
may also be useful.

Proving convergence of the sequence {#*} appears to involve the selection of an
appropriate topology for the parameter space ©. While it is common to assume that
O is a subset of Euclidean space and that the usual norm should be used to define
distance, it may be helpful to tailor the metric to the nature of the parameters. In
the case of Poisson sums, for example, the parameters are non-negative vectors and
we found that the cross-entropy distance is more appropriate. Even so, additional
assumptions appear necessary before convergence of the {#*} can be established. To
simplify the analysis, it is often assumed that cluster points of the sequence lie in the
interior of the set ©, which is not a realistic assumption in some applications.

It may be wise to consider, instead, convergence of the functions fx(x|0%), or

maybe even to identify the parameters 6 with the functions fx(x|@). Proving conver-
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gence to L, (0yr) of the likelihood values L,(6%) is also an option.

18 Conclusion

Difficulties with the conventional formulation of the EM algorithm in the continuous
case of probability density functions (pdf) has prompted us to adopt a new definition,
that of acceptable data. As we have shown, this model can be helpful in generating
EM algorithms in a variety of situations. For the discrete case of probability functions
(pf), the conventional approach remains satisfactory. In both cases, the two steps of
the EM algorithm can be viewed as alternating minimization of the Kullback-Leibler
distance between two sets of parameterized pf or pdf, along the lines investigated by
Csiszar and Tusnady [12]. In order to use the full power of their theory, however, we
need the sets to be closed and convex. This does occur in the important special case

of sums of independent Poisson random variables, but is not generally the case.
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