
f : X → (−∞,∞]CXX

k

Gk(x) = f(x) + gk(x)

xk

gk

xC
xk

Gk(x)x ∈ X

gkCGk(x)x ∈ C

{xk}x∗ ∈ CX
{f(xk)}

d = inf{f(x)|x ∈ C} ≥ −∞.

{f(xk)}

Gk(x)−Gk(xk) ≥ gk+1(x) ≥ 0,

x ∈ X{f(xk)}

{f(xk)} → d = inf{f(x)|x ∈ C} ≥ −∞.

5

b : C → [0,+∞]CbCb(x) = +∞xCXb(x)→ +∞xCk

f(x) +
1

k
b(x)

xk

Gk(x) = f(x) + gk(x),

gk(x) = [(k − 1)f(x) + b(x)]− [(k − 1)f(xk−1) + b(xk−1)].

Gk(x)−Gk(xk) = gk+1(x).

p : X → Rp(x) = 0xCk

f(x) + kp(x),

p(x) +
1

k
f(x),

xk

k

Gk(x) = f(x) +Dh(x, xk−1),

xkgk(x) = Dh(x, xk−1)hxkhC

Gk(x)−Gk(xk) = Df (x, xk) +Dh(x, xk) ≥ Dh(x, xk) = gk+1(x).

fRJ∇fL0 < γ ≤ 1
LC ⊆ R

Jk

Gk(x) = f(x) +
1

2γ
‖x− xk−1‖22 −Df (x, xk−1),

x ∈ C

xk = PC(xk−1 − γ∇f(xk−1));

PCC

yg(x|y) ≥ f(x)xg(y|y) = f(y)kg(x|xk−1)xk

f(x) + h(x|xk−1) = f(x) + gk(x),

gk(x) = h(x|xk−1) = g(x|xk−1)− f(x).

f : RJ → Rz ∈ RJ

mf (z) := min
x
{f(x) +

1

2
‖x− z‖22}

x = proxf (z)proxfx = proxf (z)z − x ∈ ∂f(x)

f : RJ → Rf = f1 + f2f2∇f2L

xk = proxγf1

(
xk−1 − γ∇f2(xk−1)

)
,

Gk(x) = f(x) +
1

2γ
‖x− xk−1‖22 −Df2(x, xk−1).

{xk}γ(0, 1/L]

CQAIJC ⊆ RJQ ⊆ RIxCAxQ

f2(x) =
1

2
‖PQAx−Ax‖22

∇f2ρ(ATA)

∇f2(x) = AT (I − PQ)Ax.

f(x) = ιC(x) + f2(x)xCQ0 < γ ≤ 1/L

xk = PC

(
xk−1 − γAT (I − PQ)Axk−1

)
.

PQΘ(p, q)−∞ < Θ(p, q) ≤ +∞p ∈ Pq ∈ Q

q0qk−1

Θ(p, qk−1)p ∈ Pp = pk

Θ(pk, q)q ∈ Qq = qk

5´aá

Θ(p, q) + Θ(p, qk−1) ≥ Θ(p, qk) + Θ(pk, qk−1).

5{Θ(pk, qk)}

d = inf
p,q

Θ(p, q).

p ∈ Pq(p)QΘ(p, q(p)) ≤ Θ(p, q)q ∈ Qq(pk) = qk

f(p) = Θ(p, q(p)).

k

Gk(p) = Θ(p, qk−1) = f(p) + gk(p),

gk(p) = Θ(p, qk−1)−Θ(p, q(p)).

5

Gk(p)−Gk(pk) ≥ gk+1(p) ≥ 0.

a > 0b > 0ab

KL(a, b) = a log a− a log b+ b− a,

KL(0, b) = bKL(a, 0) = +∞



y ∈ RIPIJKL(Px, y)KL(y, Px)x ∈ RJ
k

Gk(x) = KL(Px, y) +KL(x, xk−1)−KL(Px, Pxk−1)

xk

xkj = xk−1
j exp

( I∑
i=1

Pij log(yi/(Px
k−1)i)

)
.

Px
∑I
i=1 Pij = 1j

gk(x) = KL(x, xk−1)−KL(Px, Pxk−1)) ≥ 0,

Gk(x)−Gk(xk) = KL(x, xk) ≥ gk+1(x) ≥ 0.

k = 1, 2, ...

Gk(x) = f(x) +
1

2γ
‖x− xk−1‖22 −Df2(x, xk−1),

Df2(x, xk−1) = f2(x)− f2(xk−1)− 〈∇f2(xk−1), x− xk−1〉.

Df2(x, y)f2

gk(x) =
1

2γ
‖x− xk−1‖22 −Df2(x, xk−1)

gk(x) = Dh(x, xk−1),

h(x) =
1

2γ
‖x‖22 − f2(x).

gk(x) ≥ 0h(x)h(x)
〈∇h(x)−∇h(y), x− y〉 ≥ 0,

xy
1

γ
‖x− y‖22 − 〈∇f2(x)−∇f2(y), x− y〉 ≥ 0.

∇f2L0 < γ ≤ 1/L
xkGk(x)x

xk = proxγf1

(
xk−1 − γ∇f2(xk−1)

)
.

xkGk(x)

0 ∈ ∇f2(xk) +
1

γ
(xk − xk−1)−∇f2(xk) +∇f2(xk−1) + ∂f1(xk),(

xk−1 − γ∇f2(xk−1)
)
− xk ∈ ∂(γf1)(xk).

xk = proxγf1(xk−1 − γ∇f2(xk−1)).

{xk}f(x)
Gk(x)−Gk(xk) = 1

2γ ‖x− x
k‖22 + (

f1(x)− f1(xk)− 1

γ
〈(xk−1 − γ∇f2(xk−1))− xk, x− xk〉

)
.

(xk−1 − γ∇f2(xk−1))− xk ∈ ∂(γf1)(xk),(
f1(x)− f1(xk)− 1

γ
〈(xk−1 − γ∇f2(xk−1))− xk, x− xk〉

)
≥ 0.

Gk(x)−Gk(xk) ≥ 1

2γ
‖x− xk‖22 ≥ gk+1(x),

x̂f(x)x
Gk(x̂)−Gk(xk) = f(x̂) + gk(x̂)− f(xk)− gk(xk)

≤ f(x̂) +Gk−1(x̂)−Gk−1(xk−1)− f(xk)− gk(xk),(
Gk−1(x̂)−Gk−1(xk−1)

)
−
(
Gk(x̂)−Gk(xk)

)
≥ f(xk)− f(x̂) + gk(xk) ≥ 0.

{Gk(x̂)−Gk(xk)}{gk(xk)}{f(xk)− f(x̂)}
Gk(x̂)−Gk(xk) ≥ 1

2γ
‖x̂− xk‖22,

{xk}{xkn}x∗∗{xkn−1}x∗f(x∗) = f(x∗∗) = f(x̂)x̂x∗∗{Gk(x∗∗)−Gk(xk)}{‖x∗ − xk‖22}{xk}x∗

f(x)C
5


