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Chapter 1

Preface

In a course in signal processing it is easy to get lost in the details and lose
sight of the big picture. The main goals of this first course is to present
the most important ideas, to describe how they relate to one another, and
to illustrate their uses in applications. Our discussion here will involve
primarily functions of a single real variable, although most of the concepts
will have multi-dimensional versions. It is not our objective to treat each
topic with the utmost mathematical rigor, and we shall seek to avoid issues
that are primarily of mathematical concern.

The applications of interest to us here can be summarized as follows:
the data has been obtained through some form of sensing; physical models,
often simplified, describe how the data we have obtained relates to the
information we seek; there usually isn’t enough data and what we have
is corrupted by noise and other distortions. Although applications differ
from one another in their details they often make use of a common core
of mathematical ideas; for example, the Fourier transform and its variants
play an important role in many areas of signal and image processing, as
do the language and theory of matrix analysis, iterative optimization and
approximation techniques, and the basics of probability and statistics. This
common core provides the subject matter for this course. Applications of
the core material to tomographic medical imaging, optical imaging, and
acoustic signal processing are included.

In some signal and image processing applications the sensing is ac-
tive, meaning that we have initiated the process, by, say, sending an x-ray
through the body of a patient, injecting a patient with a radionuclide, trans-
mitting an acoustic signal through the ocean, as in sonar, or transmitting
a radio wave, as in radar. In such cases, we are interested in measuring
how the system, the patient, the quiet submarine, the ocean floor, the rain
cloud, will respond to our probing. In many other applications, the sensing
is passive, which means that the object of interest to us provides its own

5



6 CHAPTER 1. PREFACE

signal of some sort, which we then detect, analyze, image, or process in
some way. Certain sonar systems operate passively, listening for sounds
made by the object of interest. Optical and radio telescopes are passive,
relying on the object of interest to emit or reflect light, or other electromag-
netic radiation. Night-vision instruments are sensitive to lower-frequency,
infrared radiation.

Although acoustic and electromagnetic sensing are the most commonly
used methods, there are other modalities employed in remote sensing. The
presence of shielding around nuclear material in a cargo container can be
sensed by the characteristic scattering by it of muons from cosmic rays;
here neither we nor the object of interest is the source of the probing.
Gravity, or better, changes in the pull of gravity from one location to
another, was used in the discovery of the crater left behind by the asteroid
strike in the Yucatan that led to the extinction of the dinosaurs. The rocks
and other debris that eventually filled the crater differ in density from the
surrounding material, thereby exerting a slightly different gravitational pull
on other masses. This slight change in pull can be detected by sensitive
instruments placed in satellites in earth orbit. When the intensity of the
pull, as a function of position on the earth’s surface, is displayed as a
two-dimensional image, the presence of the crater is evident.

The term signal processing is used here in a somewhat restrictive sense
to describe the extraction of information from measured data. I believe
that to get information out we must put information in. How to do this is
one of the main topics of the course.

This text is designed to provide the necessary mathematical background
to understand and employ signal processing techniques in an applied en-
vironment. The emphasis is on a small number of fundamental problems
and essential tools, as well as on applications. Certain topics that are com-
monly included in textbooks are touched on only briefly or in exercises or
not mentioned at all. Other topics not usually considered to be part of
signal processing, but which are becoming increasingly important, such as
iterative optimization methods, are included.

The term signal is not meant to imply a restriction to functions of a
single variable; indeed, most of what we discuss in this text applies equally
to functions of one and several variables and therefore to image process-
ing. However, there are special problems that arise in image processing,
such as edge detection, and special techniques to deal with such prob-
lems; we shall not consider such techniques in this text. Topics discussed
include the following: Fourier series and transforms in one and several
variables; applications to acoustic and EM propagation models, transmis-
sion and emission tomography, and image reconstruction; sampling and the
limited data problem; matrix methods, singular value decomposition, and
data compression; optimization techniques in signal and image reconstruc-
tion from projections; autocorrelations and power spectra; high-resolution
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methods; detection and optimal filtering; eigenvector-based methods for
array processing and statistical filtering.

An important point to keep in mind when doing signal processing is
that, while the data is usually limited, the information we seek may not be
lost. Although processing the data in a reasonable way may suggest oth-
erwise, other processing methods may reveal that the desired information
is still available in the data. Figure 1.1 illustrates this point.

The original image on the upper right of Figure 1.1 is a discrete rect-
angular array of intensity values simulating a slice of a head. The data
was obtained by taking the two-dimensional discrete Fourier transform of
the original image, and then discarding, that is, setting to zero, all these
spatial frequency values, except for those in a smaller rectangular region
around the origin. The problem then is under-determined. A minimum-
norm solution would seem to be a reasonable reconstruction method.

The minimum-norm solution is shown on the lower right. It is calcu-
lated simply by performing an inverse discrete Fourier transform on the
array of modified discrete Fourier transform values. The original image
has relatively large values where the skull is located, but the minimum-
norm reconstruction does not want such high values; the norm involves the
sum of squares of intensities, and high values contribute disproportionately
to the norm. Consequently, the minimum-norm reconstruction chooses in-
stead to conform to the measured data by spreading what should be the
skull intensities throughout the interior of the skull. The minimum-norm
reconstruction does tell us something about the original; it tells us about
the existence of the skull itself, which, of course, is indeed a prominent
feature of the original. However, in all likelihood, we would already know
about the skull; it would be the interior that we want to know about.

Using our knowledge of the presence of a skull, which we might have ob-
tained from the minimum-norm reconstruction itself, we construct the prior
estimate shown in the upper left. Now we use the same data as before, and
calculate a minimum-weighted-norm reconstruction, using as the weight
vector the reciprocals of the values of the prior image. This minimum-
weighted-norm reconstruction is shown on the lower left; it is clearly almost
the same as the original image. The calculation of the minimum-weighted
norm solution can be done iteratively using the ART algorithm [193].

When we weight the skull area with the inverse of the prior image,
we allow the reconstruction to place higher values there without having
much of an affect on the overall weighted norm. In addition, the reciprocal
weighting in the interior makes spreading intensity into that region costly,
so the interior remains relatively clear, allowing us to see what is really
present there.

When we try to reconstruct an image from limited data, it is easy to
assume that the information we seek has been lost, particularly when a
reasonable reconstruction method fails to reveal what we want to know.
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As this example, and many others, show, the information we seek is often
still in the data, but needs to be brought out in a more subtle way.

Figure 1.1: Extracting information in image reconstruction.



Chapter 2

Urn Models in Remote
Sensing

Most of the signal processing that we shall discuss in this book is related
to the problem of remote sensing, which we might also call indirect mea-
surement. In such problems we do not have direct access to what we are
really interested in, and must be content to measure something else that
is related to, but not equal to, what interests us. For example, we want
to know what is in the suitcases of airline passengers, but, for practical
reasons, we cannot open every suitcase. Instead, we x-ray the suitcases. A
recent paper [187] describes progress in detecting nuclear material in cargo
containers by measuring the scattering, by the shielding, of cosmic rays;
you can’t get much more remote than that. Before we get into the mathe-
matics of signal processing, it is probably a good idea to consider a model
that, although quite simple, manages to capture many of the important
features of remote sensing applications. To convince the reader that this is
indeed a useful model, we relate it to the problem of image reconstruction
in single-photon computed emission tomography (SPECT).

2.1 The Urn Model

There seems to be a tradition in physics of using simple models or examples
involving urns and marbles to illustrate important principles. In keeping
with that tradition, we have here two examples, to illustrate various aspects
of remote sensing.

Suppose that we have J urns numbered j = 1, ..., J , each containing
marbles of various colors. Suppose that there are I colors, numbered i =
1, ..., I. Suppose also that there is a box containing a large number of small
pieces of paper, and on each piece is written the number of one of the J

9
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urns. Assume that I know the precise contents of each urn. My objective
is to determine the precise contents of the box, that is, to estimate the
relative number of pieces of paper corresponding to each of the numbers
j = 1, ..., J .

Out of my view, my assistant removes one piece of paper from the box,
takes one marble from the indicated urn, announces to me the color of the
marble, and then replaces both the piece of paper and the marble. This
action is repeated N times, at the end of which I have a long list of colors,
i = {i1, i2, ..., iN}, where in denotes the color of the nth marble drawn.
This list i is my data, from which I must determine the contents of the
box.

This is a form of remote sensing; what we have access to is related to,
but not equal to, what we are interested in. What I wish I had is the list of
urns used, j = {j1, j2, ..., jN}; instead I have i, the list of colors. Sometimes
data such as the list of colors is called “incomplete data” , in contrast to
the “complete data” , which would be the list j of the actual urn numbers
drawn from the box.

If all the marbles of one color are in a single urn, the problem is trivial;
when I hear a color, I know immediately which urn contained that marble.
My list of colors is then a list of urn numbers; I have the complete data
now. My estimate of the number of pieces of paper containing the urn
number j is then simply the proportion of draws that resulted in urn j
being selected.

At the other extreme, suppose two urns had identical contents. Then
I could not distinguish one urn from the other and would be unable to
estimate more than the total number of pieces of paper containing either
of the two urn numbers. If the two urns have nearly the same contents, we
can distinguish them only by using a very large N .

Generally, the more the contents of the urns differ, the easier the task
of estimating the contents of the box. In remote sensing applications, these
issues affect our ability to resolve individual components contributing to
the data.

2.2 Some Mathematical Notation

To introduce some mathematical notation, let us denote by xj the propor-
tion of the pieces of paper that have the number j written on them. Let Pij
be the proportion of the marbles in urn j that have the color i. Let yi be
the proportion of times the color i occurs on the list of colors. The expected
proportion of times i occurs on the list is E(yi) =

∑J
j=1 Pijxj = (Px)i,

where P is the I by J matrix with entries Pij and x is the J by 1 column
vector with entries xj . A reasonable way to estimate x is to replace E(yi)
with the actual yi and solve the system of linear equations yi =

∑J
j=1 Pijxj ,
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i = 1, ..., I. Of course, we require that the xj be nonnegative and sum to
one, so special algorithms may be needed to find such solutions. In a num-
ber of applications that fit this model, such as medical tomography, the
values xj are taken to be parameters, the data yi are statistics, and the xj
are estimated by adopting a probabilistic model and maximizing the likeli-
hood function. iterative algorithms, such as the expectation maximization
(EMML) algorithm are often used for such problems.

2.3 An Application to SPECT Imaging

In single-photon computed emission tomography (SPECT) the patient is
injected with a chemical to which a radioactive tracer has been attached.
Once the chemical reaches its destination within the body the photons
emitted by the radioactive tracer are detected by gamma cameras outside
the body. The objective is to use the information from the detected photons
to infer the relative concentrations of the radioactivity within the patient.

We discretize the problem and assume that the body of the patient
consists of J small volume elements, called voxels, analogous to pixels in
digitized images. We let xj ≥ 0 be the unknown proportion of the ra-
dioactivity that is present in the jth voxel, for j = 1, ..., J . There are I
detectors, denoted {i = 1, 2, ..., I}. For each i and j we let Pij be the
known probability that a photon that is emitted from voxel j is detected
at detector i. We denote by in the detector at which the nth emitted pho-
ton is detected. This photon was emitted at some voxel, denoted jn; we
wish that we had some way of learning what each jn is, but we must be
content with knowing only the in. After N photons have been emitted,
we have as our data the list i = {i1, i2, ..., iN}; this is our incomplete data.
We wish we had the complete data, that is, the list j = {j1, j2, ..., jN}, but
we do not. Our goal is to estimate the relative frequency with which each
voxel emitted a photon, which we assume, reasonably, to be equal to the
unknown xj , for j = 1, ..., J .

This problem is completely analogous to the urn problem previously
discussed. Any mathematical method that solves one of these problems
will solve the other one. In the urn problem, the colors were announced;
here the detector numbers are announced. There, I wanted to know the
urn numbers; here I want to know the voxel numbers. There, I wanted to
estimate the relative frequency with which the jth urn was used; here, I
want to estimate the relative frequency with which the jth voxel is the site
of an emission. In the urn model, two urns with nearly the same contents
are hard to distinguish unless N is very large; here, two neighboring voxels
will be very hard to distinguish (ie, to resolve) unlessN is very large. But in
the SPECT case, a large N means a high dosage, which will be prohibited
by safety considerations. Therefore, we have a built-in resolution problem
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in the SPECT case.
Later in the text, we shall consider algorithms for solving these prob-

lems. For now, we just note that both problems are examples of proba-
bilistic mixtures, in which the mixing probabilities are the xj that we seek.
The maximum likelihood (ML) method of statistical parameter estimation
can be used to solve such problems. The interested reader should consult
the chapter on ML methods in the appendix.

2.4 Hidden Markov Models

Hidden Markov models (HMM) are increasingly important in speech pro-
cessing, optical character recognition and DNA sequence analysis. In this
section we illustrate HMM using a modification of the urn model.

Suppose, once again, that we have J urns, indexed by j = 1, ..., J and
I colors of marbles, indexed by i = 1, ..., I. Associated with each of the
J urns is a box, containing a large number of pieces of paper, with the
number of one urn written on each piece. My assistant selects one box,
say the j0th box, to start the experiment. He draws a piece of paper from
that box, reads the number written on it, call it j1, goes to the urn with
the number j1 and draws out a marble. He then announces the color. He
then draws a piece of paper from box number j1, reads the next number,
say j2, proceeds to urn number j2, etc. After N marbles have been drawn,
the only data I have is a list of colors, i = {i1, i2, ..., iN}.

According to the hidden Markov model, the probability that my assis-
tant will proceed from the urn numbered k to the urn numbered j is bjk,
with

∑J
j=1 bjk = 1 for all k, and the probability that the color numbered i

will be drawn from the urn numbered j is aij , with
∑I
i=1 aij = 1. for all

j. The colors announced are the visible states, while the unannounced urn
numbers are the hidden states.

There are several distinct objectives one can have, when using HMM.
We assume that the data is the list of colors, i.

• Evaluation: For given probabilities aij and bjk, what is the proba-
bility that the list i was generated according to the HMM? Here, the
objective is to see if the model is a good description of the data.

• Decoding: Given the model, the probabilities and the list i, what
list j = {j1, j2, ..., jN} of potential visited urns is the most likely?
Now, we want to infer the hidden states from the visible ones.

• Learning: We are told that there are J urns and I colors, but are not
told the probabilities aij and bjk. We are given several data vectors
i generated by the HMM; these are the training sets. The objective
is to learn the probabilities.
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Once again, the ML approach can play a role in solving these problems
[96].
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Chapter 3

Undetermined-Parameter
Models

3.1 The Fundamental Problem

All of the techniques discussed in this book deal, in one way or another,
with one fundamental problem: estimate the values of a function f(x) from
finitely many (usually noisy) measurements related to f(x); here x can be
a multi-dimensional vector, so that f can be a function of more than one
variable. To keep the notation relatively simple here, we shall assume,
throughout this chapter, that x is a real variable, but all of what we shall
say applies to multi-variate functions as well.

Our measurements, call them dm, for m = 1, ...,M , can be actual values
of f(x) measured at several different values of x, or the measurements can
take the form of linear functional values:

dm =
∫
f(x)gm(x)dx,

for known functions gm(x). For example, we could have Fourier -transform
values of f(x):

dm =
∫ ∞

−∞
f(x)eiωmxdx,

where the ωm are known real constants, or Laplace-transform values

dm =
∫ ∞

0

f(x)e−smxdx,

where the sm > 0 are known constants. The point to keep in mind is
that the number of measurements is finite, so, even in the absence of mea-
surement error or noise, the data are not usually sufficient to single out
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precisely one function f(x). For this reason, we think of the problem as
approximating or estimating f(x), rather than finding f(x).

The process of approximating or estimating the function f(x) often
involves making simplifying assumptions about the algebraic form of f(x).
For example, we may assume that f(x) is a polynomial, or a finite sum of
trigonometric functions. In such cases, we are said to be adopting a model
for f(x). The models involve finitely many as yet unknown parameters,
which we can determine from the data by solving systems of equations.

In the next section we discuss briefly the polynomial model, and then
turn to a more detailed treatment of trigonometric models. In subsequent
chapters we focus on the important topic of complex exponential-function
models, which combine features of polynomial models and trigonometric
models.

3.2 A Polynomial Model

A fundamental problem in signal processing is to extract information about
a function f(x) from finitely many values of that function. One way to solve
the problem is to model the function f(x) as a member of a parametric
family of functions. For example, suppose we have the measurements f(xn),
for n = 1, ..., N , and we model f(x) as a polynomial of degree N − 1, so
that

f(x) = a0 + a1x+ a2x
2 + ...+ aN−1x

N−1 =
N−1∑
k=0

akx
k,

for some coefficients ak to be determined. Inserting the known values, we
find that we must solve the system of N equations in N unknowns given
by

f(xn) = a0 + a1xn + a2x
2
n + ...+ aN−1x

N−1
n =

N−1∑
k=0

akx
k
n,

for n = 1, ..., N . In theory, this is simple; all we need to do is to use MAT-
LAB or some similar software that includes routines to solve such systems.
In practice, the situation is usually more complicated, in that the system
may be ill-conditioned and the solution highly sensitive to errors in the
measurements f(xn); this will be the case if the xn are not well separated.
It is unwise, in such cases, to use as many parameters as we have data. For
example, if we have reason to suspect that the function f(x) is actually
linear, we can do linear regression. When there are fewer parameters than
measurements, we usually calculate a least-squares solution for the system
of equations.

At this stage in our discussion, however, we shall ignore these practical
problems and focus on the use of finite-parameter models.
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3.3 Linear Trigonometric Models

Another popular finite-parameter model is to consider f(x) as a finite sum
of trigonometric functions. For example, we may assume that f(x) is a
function of the form

f(x) =
1
2
a0 +

L∑
k=1

(
ak cos(ωkx) + bk sin(ωkx)

)
, (3.1)

where the ωk are known, but the ak and bk are not; the problem of deter-
mining the ωk from data will be discussed at the end of this chapter, when
we consider Prony’s method. Once again, we find the unknown ak and bk
by fitting the model to the data. We obtain data f(xn) corresponding to
the N points xn, for n = 0, 1, ..., N − 1, where N = 2L + 1, and we solve
the system

f(xn) =
1
2
a0 +

L∑
k=1

(
ak cos(ωkxn) + bk sin(ωkxn)

)
,

for n = 0, ..., N − 1, to find the ak and bk.
When L is large, calculating the coefficients can be time-consuming.

One particular choice for the xn and ωk reduces the computation time
significantly.

3.3.1 Equi-Spaced Frequencies

It is often the case in signal processing that the variable x is time, in which
case we usually replace the letter x with the letter t. The variables ωk are
then frequencies. When the variable x represents distance along its axis,
the ωk are called spatial frequencies. Here, for convenience, we shall refer to
the ωk as frequencies, without making any assumptions about the nature
of the variable x.

Unless we have determined the frequencies ωk from our data, or have
prior knowledge of which frequencies ωk are involved in the problem, it is
convenient to select the ωk equi-spaced within some interval. The simplest
choice, from an algebraic stand-point, is ωk = k, with appropriately chosen
units. Then our model becomes

f(x) =
1
2
a0 +

L∑
k=1

(
ak cos(kx) + bk sin(kx)

)
. (3.2)

The goal is still the same: calculate the coefficients from the values f(xn),
n = 0, 1, ..., N − 1, where N = 2L+ 1; this involves solving a system of N
linear equations in N unknowns, which is computationally expensive when
N is large. For particular choices of the xn the computational cost can be
considerably reduced.
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3.3.2 Equi-Spaced Sampling

It is often the case that we can choose the xn at which we evaluate the
function f(x). We suppose now that we have selected xn = n∆, for ∆ = 2π

N
and n = 0, ..., N − 1. In keeping with the common notation, we write
fn = f(n) for n = 0, ..., N − 1. Then we have to solve the system

fn =
1
2
a0 +

L∑
k=1

(
ak cos(

2π
N
kn) + bk sin(

2π
N
kn)
)
, (3.3)

for n = 0, ..., N − 1, to find the N coefficients a0 and ak and bk, for k =
1, ..., L.

3.3.3 Recalling Fourier Series

In the study of Fourier series we encounter models having the form in
Equation (3.2). The function f(x) in that equation is 2π-periodic, and
when we want to determine the coefficients, we integrate:

ak =
1
π

∫ 2π

0

f(x) cos(kx)dx, (3.4)

and

bk =
1
π

∫ 2π

0

f(x) sin(kx)dx. (3.5)

It is the mutual orthogonality of the functions cos(kx) and sin(kx) over the
interval [0, 2π] that enables us to write the values of the coefficients in such
a simple way.

To determine the coefficients this way, we need to know the function
f(x) ahead of time, since we have to be able to calculate the integrals, or
these integrals must be among the measurements we have taken. When
all we know about f(x) are its values at finitely many values of x, we
cannot find the coefficients this way. As we shall see shortly, we can still
exploit a type of orthogonality to obtain a relatively simple expression for
the coefficients in terms of the sampled values of f(x).

3.3.4 Simplifying the Calculations

As we shall see in this subsection, choosing ωk = k and ∆ = 2π
N leads

to a form of orthogonality that will allow us to calculate the parameters
in a relatively simple manner. Because the function in Equation (3.2) is
2π-periodic, the measurements f(n∆), n = 0, 1, ..., N − 1 will be repeated
if we continue to sample f(x) at points n∆, for n > N − 1.

We seek formulas for the coefficients that are similar to those given by
Equations (3.4) and (3.5), but with sums replacing integrals.
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For fixed j = 1, ..., L consider the sums

N−1∑
n=0

fn cos(
2π
N
jn)

and
N−1∑
n=0

fn sin(
2π
N
jn).

Replacing fn with the right side of Equation (3.3), we get

N−1∑
n=0

fn cos(
2π
N
jn) =

1
2
a0

N−1∑
n=0

cos(
2π
N
jn)

+
L∑
k=1

(
ak

(N−1∑
n=0

cos(
2π
N
kn) cos(

2π
N
jn)
)

+bk
(N−1∑
n=0

sin(
2π
N
kn) cos(

2π
N
jn)
))

, (3.6)

and

N−1∑
n=0

fn sin(
2π
N
jn) =

1
2
a0

N−1∑
n=0

sin(
2π
N
jn)

+
L∑
k=1

(
ak

(N−1∑
n=0

cos(
2π
N
kn) sin(

2π
N
jn)
)

+bk
(N−1∑
n=0

sin(
2π
N
kn) sin(

2π
N
jn)
))

. (3.7)

We want to obtain the following:

Lemma 3.1 For N = 2L+ 1 and j, k = 0, 1, 2, ..., L, we have

N−1∑
n=0

sin(
2π
N
kn) cos(

2π
N
jn) = 0,

N−1∑
n=0

cos(
2π
N
kn) cos(

2π
N
jn) =

 0, if j 6= k;
N
2 , if j = k 6= 0;
N, if j = k = 0;

and
N−1∑
n=0

sin(
2π
N
kn) sin(

2π
N
jn) =

{
0, if j 6= k, or j = k = 0;
N
2 , if j = k 6= 0.
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Exercise 3.1 Using trigonometric identities, show that

cos(
2π
N
kn) cos(

2π
N
jn) =

1
2

(
cos(

2π
N

(k + j)n) + cos(
2π
N

(k − j)n)
)
,

sin(
2π
N
kn) cos(

2π
N
jn) =

1
2

(
sin(

2π
N

(k + j)n) + sin(
2π
N

(k − j)n)
)
,

and

sin(
2π
N
kn) sin(

2π
N
jn) = −1

2

(
cos(

2π
N

(k + j)n)− cos(
2π
N

(k − j)n)
)
.

Exercise 3.2 Use trigonometric identities to show that

sin((n+
1
2
)x)− sin((n− 1

2
)x) = 2 sin(

x

2
) cos(nx),

and
cos((n+

1
2
)x)− cos((n− 1

2
)x) = −2 sin(

x

2
) sin(nx).

Exercise 3.3 Use the previous exercise to show that

2 sin(
x

2
)
N−1∑
n=0

cos(nx) = sin((N − 1
2
)x) + sin(

x

2
),

and

2 sin(
x

2
)
N−1∑
n=0

sin(nx) = cos(
x

2
)− cos((N − 1

2
)x).

Hints: sum over n = 0, 1, ..., N − 1 on both sides and note that

sin(
x

2
) = − sin(−x

2
).

Exercise 3.4 Use trigonometric identities to show that

sin((N − 1
2
)x) + sin(

x

2
) = 2 cos(

N − 1
2

x) sin(
N

2
x),

and
cos

x

2
− cos((N − 1

2
)x) = 2 sin(

N

2
x) sin(

N − 1
2

x).

Hints: Use
N − 1

2
=
N

2
+
N − 1

2
,

and
1
2

=
N

2
− N − 1

2
.
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Exercise 3.5 Use the previous exercises to show that

sin(
x

2
)
N−1∑
n=0

cos(nx) = sin(
N

2
x) cos(

N − 1
2

x),

and

sin(
x

2
)
N−1∑
n=0

sin(nx) = sin(
N

2
x) sin(

N − 1
2

x).

Let m be any integer. Substituting x = 2πm
N in the equations in the

previous exercise, we obtain

sin(
π

N
m)

N−1∑
n=0

cos(
2πmn
N

) = sin(πm) cos(
N − 1
N

πm), (3.8)

and

sin(
π

N
m)

N−1∑
n=0

sin(
2πmn
N

) = sin(πm) sin(
N − 1
N

πm). (3.9)

With m = k + j, we have

sin(
π

N
(k + j))

N−1∑
n=0

cos(
2π(k + j)n

N
) = sin(π(k + j)) cos(

N − 1
N

π(k + j)),(3.10)

and

sin(
π

N
(k + j))

N−1∑
n=0

sin(
2π(k + j)n

N
) = sin(π(k + j)) sin(

N − 1
N

π(k + j)).(3.11)

Similarly, with m = k − j, we obtain

sin(
π

N
(k − j))

N−1∑
n=0

cos(
2π(k − j)n

N
) = sin(π(k − j)) cos(

N − 1
N

π(k − j)),(3.12)

and

sin(
π

N
(k − j))

N−1∑
n=0

sin(
2π(k − j)n

N
) = sin(π(k − j)) sin(

N − 1
N

π(k − j)).(3.13)

Exercise 3.6 Prove Lemma 3.1.
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It follows immediately from Lemma 3.1 that

N−1∑
n=0

fn = Na0,

and that
N−1∑
n=0

fn cos(
2π
N
nj) =

N

2
aj ,

and
N−1∑
n=0

fn sin(
2π
N
nj) =

N

2
bj ,

for j = 1, ..., L.

3.3.5 More Computational Issues

In many applications of signal processing N , the number of measurements
of the function f(x), can be quite large. In the previous subsection, we
found a relatively inexpensive way to find the undetermined parameters
of the trigonometric model, but even this way poses computational prob-
lems when N is large. The computation of a single aj or bj requires N
multiplications and we have to calculate N − 1 of these parameters. Thus,
the complexity of the problem is on the order of N squared. Fortunately,
there is a fast algorithm, known as the fast Fourier transform (FFT), that
enables us to perform these calculations in far fewer multiplications. We
shall investigate the FFT in a later chapter, after we have discussed the
complex exponential functions.

3.4 Undetermined Exponential Models

In our previous discussion, we assumed that the frequencies were known
and only the coefficients needed to be determined. The problem was then
a linear one. It is sometimes the case that we also want to estimate the
frequencies from the data. This is computationally more difficult and is a
nonlinear problem. Prony’s method is one approach to this problem.

The date of publication of [180] is often taken by editors to be a typo-
graphical error and is replaced by 1995; or, since it is not written in English,
perhaps 1895. But the 1795 date is the correct one. The mathematical
problem Prony solved arises also in signal processing, and his method for
solving it is still used today. Prony’s method is also the inspiration for the
eigenvector methods described in a later chapter.
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3.4.1 Prony’s Problem

Prony considers a function of the form

f(x) =
N∑
n=1

ane
γnx, (3.14)

where we allow the an and the γn to be complex. If we take the γn = iωn
to be imaginary, f(x) becomes the sum of complex exponentials, which
we discuss later; if we take γn to be real, then f(x) is the sum of real
exponentials, either increasing or decreasing. The problem is to determine
from samples of f(x) the number N , the γn, and the an.

3.4.2 Prony’s Method

Suppose that we have data fm = f(m∆), for some ∆ > 0 and for m =
1, ...,M , where we assume that M = 2N . We seek a vector c with entries
cj , j = 0, ..., N such that

c0fk+1 + c1fk+2 + c2fk+3 + ...+ cNfk+N+1 = 0, (3.15)

for k = 0, 1, ...,M − N − 1. So, we want a complex vector c in CN+1

orthogonal to M −N = N other vectors. In matrix-vector notation we are
solving the linear system

f1 f2 ... fN+1

f2 f3 ... fN+2

.

.

.
fN fN+1 ... fM




c0
c1
.
.
.
cN

 =


0
0
.
.
.
0

 ,

which we write as Fc = 0. Since F †Fc = 0 also, we see that c is an
eigenvector associated with the eigenvalue zero of the hermitian nonnega-
tive definite matrix F †F ; here F † denotes the conjugate transpose of the
matrix F .

Fix a value of k and replace each of the fk+j in Equation (3.15) with
the value given by Equation (3.14) to get

0 =
N∑
n=0

an[
N∑
j=0

cje
γn(k+j+1)∆]

=
N∑
n=0

ane
γn(k+1)∆[

N∑
j=0

cj(eγn∆)j ].
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Since this is true for each of the N fixed values of k, we conclude that the
inner sum is zero for each n; that is,

N∑
j=0

cj(eγn∆)j = 0,

for each n. Therefore, the polynomial

C(z) =
N∑
j=0

cjz
j

has for its roots the N values z = eγn∆. Once we find the roots of this
polynomial we have the values of eγn∆. If the γn are real, they are uniquely
determined from the values eγn∆, whereas, for non-real γn, this is not the
case, as we shall see when we study the complex exponential functions.

Then, we obtain the an by solving a linear system of equations. In prac-
tice we would not know N so would overestimate N somewhat in selecting
M . As a result, some of the an would be zero.

If we believe that the number N is considerably smaller than M , we do
not assume that 2N = M . Instead, we select L somewhat larger than we
believe N is and then solve the linear system

f1 f2 ... fL+1

f2 f3 ... fL+2

.

.

.

.
fM−L fM−L+1 ... fM




c0
c1
.
.
.
cL

 =



0
0
.
.
.
0
0


.

This system has M − L equations and L + 1 unknowns, so is quite over-
determined. We would then use the least-squares approach to obtain the
vector c. Again writing the system as Fc = 0, we note that the matrix
F †F is L+1 by L+1 and has λ = 0 for its lowest eigenvalue; therefore, it is
not invertible. When there is noise in the measurements, this matrix may
become invertible, but will still have at least one very small eigenvalue.

Finding the vector c in either case can be tricky because we are look-
ing for a nonzero solution of a homogeneous system of linear equations.
For a discussion of the numerical issues involved in these calculations, the
interested reader should consult the book by Therrien [200].

3.5 From Real to Complex

Throughout this chapter we have limited the discussion to real data and
models involving only real coefficients and real-valued functions. Beginning



3.5. FROM REAL TO COMPLEX 27

with the next chapter, we shall turn to complex data and complex-valued
models. Limiting the discussion to the real numbers comes at a price.
Although complex variables may not be as familiar to the reader as real
variables, there is some advantage in allowing the data and the models to
be complex, as is the common practice in signal processing. The algebra
is a bit simpler, in that we will no longer need to involve trigonometric
identities at every turn, and the results that we shall obtain are, in some
respects, better than those we obtained in this chapter.
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Chapter 4

Complex Numbers

It is standard practice in signal processing to employ complex numbers
whenever possible. One of the main reasons for doing this is that it en-
ables us to represent the important sine and cosine functions in terms of
complex exponential functions and to replace trigonometric identities with
the somewhat simpler rules for the manipulation of exponents.

4.1 Definition and Basics

The complex numbers are the points in the x, y-plane: the complex number
z = (a, b) is identified with the point in the plane having a = Re(z), the
real part of z, for its x-coordinate and b = Im(z), the imaginary part of
z, for its y-coordinate. We call (a, b) the rectangular form of the complex
number z. The conjugate of the complex number z is z = (a,−b). We
can also represent z in its polar form: let the magnitude of z be |z| =√
a2 + b2 and the phase angle of z, denoted θ(z), be the angle in [0, 2π)

with cos θ(z) = a/|z|. Then the polar form for z is

z = (|z| cos θ(z), |z| sin θ(z)).

Any complex number z = (a, b) for which the imaginary part Im(z) = b
is zero is identified with (treated the same as) its real part Re(z) = a;
that is, we identify a and z = (a, 0). These real complex numbers lie
along the x-axis in the plane, the so-called real line. If this were the whole
story complex numbers would be unimportant; but they are not. It is the
arithmetic associated with complex numbers that makes them important.

We add two complex numbers using their rectangular representations:

(a, b) + (c, d) = (a+ c, b+ d).

This is the same formula used to add two-dimensional vectors. We multiply
complex numbers more easily when they are in their polar representations:

29
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the product of z and w has |z||w| for its magnitude and θ(z)+θ(w) modulo
2π for its phase angle. Notice that the complex number z = (0, 1) has
θ(z) = π/2 and |z| = 1, so z2 = (−1, 0), which we identify with the real
number −1. This tells us that within the realm of complex numbers the
real number −1 has a square root, i = (0, 1); note that −i = (0,−1) is also
a square root of −1.

To multiply z = (a, b) = a + ib by w = (c, d) = c + id in rectangular
form, we simply multiply the binomials

(a+ ib)(c+ id) = ac+ ibc+ iad+ i2bd

and recall that i2 = −1 to get

zw = (ac− bd, bc+ ad).

If (a, b) is real, that is, if b = 0, then (a, b)(c, d) = (a, 0)(c, d) = (ac, ad),
which we also write as a(c, d). Therefore, we can rewrite the polar form for
z as

z = |z|(cos θ(z), sin θ(z)) = |z|(cos θ(z) + i sin θ(z)).

We will have yet another way to write the polar form of z when we consider
the complex exponential function.

Exercise 4.1 Derive the formula for dividing one complex number in rect-
angular form by another (nonzero) one.

Exercise 4.2 Show that for any two complex numbers z and w we have

|zw| ≥ 1
2
(zw + zw). (4.1)

Hint: Write |zw| as |zw| and zw as zw.

Exercise 4.3 Show that, for any constant a with |a| 6= 1, the function

G(z) =
z − a

1− az

has |G(z)| = 1 whenever |z| = 1.



4.2. COMPLEX NUMBERS AS MATRICES 31

4.2 Complex Numbers as Matrices

The rules for multiplying and dividing two complex numbers may seem
a bit ad hoc; everything works out in the end, but there seems to be a
lack of motivation for the definitions. In this section we take a differ-
ent approach to complex numbers, thinking of them as special two-by-two
matrices. From this perspective, multiplication and division of complex
numbers become the usual matrix multiplication and multiplication by the
inverse, respectively.

Let K be the set of all two-by-two real matrices having the form

Z =
[
a −b
b a

]
, (4.2)

where a and b are any real numbers. Let R be the subset of K consisting of
those matrices for which b = 0. Clearly, if we make the natural association
between the real numbers a and c and the matrices

A =
[
a 0
0 a

]
and

C =
[
c 0
0 c

]
,

respectively, then the product AC of the two matrices is in R and is nat-
urally associated with the real number ac. In fact, the set R, with the
usual matrix operations, is isomorphic to the set of real numbers, which
means that any differences between the two sets are merely superficial. In
the exercises that follow, we shall study the isomorphism between the set
K and the set of complex numbers.

Exercise 4.4 (a:) Show that multiplying a matrix Z by a matrix of the
form

A =
[
a 0
0 a

]
gives the matrix aZ. (b:) Let z = a + bi be the complex number naturally
associated with the matrix Z, and w = c+di the complex number associated
with the matrix

W =
[
c −d
d c

]
.

Show that the matrix ZW is a member of K and is associated with the
complex number zw.
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Exercise 4.5 The matrix naturally associated with the real number 1 is
the identity matrix

I =
[

1 0
0 1

]
,

since a = 1 and b = 0. Show that the matrix naturally associated with the
purely imaginary number i = 0 + 1i, the matrix

E =
[

0 −1
1 0

]
,

has the property that E2 = −I, so E is the square root of the matrix −I,
just as i is the square root of −1.

Exercise 4.6 Relate the formula for the inverse of Z to the formula for
dividing a non-zero complex number by z. Note that the non-zero z are
naturally associated with the invertible matrices Z in K.

Exercise 4.7 Show that multiplying a two-dimensional column vector (x, y)T

by the matrix

Rθ =
[

cos θ − sin θ
sin θ cos θ

]
rotates the vector (x, y)T counter-clockwise through an angle θ, so that
multiplying a complex number z = a+bi by the complex number cos θ+i sin θ
rotates z the same way.



Chapter 5

Complex Exponential
Functions

In signal processing, we are concerned with extracting information from
measured data. Often, the data are values of some underlying function of
one or several real variables. This function of interest may be the sum of
several simpler component functions from parameterized families and the
information we seek pertains to the number of these components and the
values of their parameters. For example, the function may be the sum of
trigonometric functions, each with an amplitude, a frequency and a phase.
For reasons of notational and computational convenience, such trigonomet-
ric functions are often replaced by complex exponential functions, the main
topic of this chapter.

5.1 The Complex Exponential Function

The most important function in signal processing is the complex-valued
function of the real variable x defined by

h(x) = cos(x) + i sin(x). (5.1)

For reasons that will become clear shortly, this function is called the com-
plex exponential function. Notice that the magnitude of the complex num-
ber h(x) is always equal to one, since cos2(x) + sin2(x) = 1 for all real x.
Since the functions cos(x) and sin(x) are 2π-periodic, that is, cos(x+2π) =
cos(x) and sin(x+2π) = sin(x) for all x, the complex exponential function
h(x) is also 2π-periodic.

33
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5.1.1 Real Exponential Functions

In calculus we encounter functions of the form g(x) = ax, where a > 0 is
an arbitrary constant. These functions are the exponential functions, the
most well-known of which is the function g(x) = ex. Exponential functions
are those with the property

g(u+ v) = g(u)g(v) (5.2)

for every u and v. Recall from calculus that for exponential functions
g(x) = ax with a > 0 the derivative g′(x) is

g′(x) = ax ln(a) = g(x) ln(a). (5.3)

Now we consider the function h(x) in light of these ideas.

5.1.2 Why is h(x) an Exponential Function?

We show now that the function h(x) in Equation (5.1) has the property
given in Equation (5.2), so we have a right to call it an exponential function;
that is, h(x) = cx for some constant c. Since h(x) has complex values, the
constant c cannot be a real number, however.

Calculating h(u)h(v), we find

h(u)h(v) = (cos(u) cos(v)− sin(u) sin(v)) + i(cos(u) sin(v) + sin(u) cos(v))

= cos(u+ v) + i sin(u+ v) = h(u+ v).

So h(x) is an exponential function; h(x) = cx for some complex constant
c. Inserting x = 1, we find that c is

c = cos(1) + i sin(1).

Let’s find another way to express c, using Equation (5.3). Since

h′(x) = − sin(x) + i cos(x) = i(cos(x) + i sin(x)) = ih(x),

we conjecture that ln(c) = i; but what does this mean?
For a > 0 we know that b = ln(a) means that a = eb. Therefore, we

say that ln(c) = i means c = ei; but what does it mean to take e to a
complex power? To define ei we turn to the Taylor series representation
for the exponential function g(x) = ex, defined for real x:

ex = 1 + x+ x2/2! + x3/3! + ....

Inserting i in place of x and using the fact that i2 = −1, we find that

ei = (1− 1/2! + 1/4!− ...) + i(1− 1/3! + 1/5!− ...);
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note that the two series are the Taylor series for cos(1) and sin(1), respec-
tively, so ei = cos(1) + i sin(1). Then the complex exponential function in
Equation (5.1) is

h(x) = (ei)x = eix.

Inserting x = π, we get

h(π) = eiπ = cos(π) + i sin(π) = −1

or
eiπ + 1 = 0,

which is the remarkable relation discovered by Euler that combines the five
most important constants in mathematics, e, π, i, 1, and 0, in a single
equation.

Note that e2πi = e0i = e0 = 1, so

e(2π+x)i = e2πieix = eix

for all x.

5.1.3 What is ez, for z complex?

We know from calculus what ex means for real x, and now we also know
what eix means. Using these we can define ez for any complex number
z = a+ ib by ez = ea+ib = eaeib.

We know from calculus how to define ln(x) for x > 0, and we have just
defined ln(c) = i to mean c = ei. But we could also say that ln(c) = i(1 +
2πk) for any integer k; that is, the periodicity of the complex exponential
function forces the function ln(x) to be multi-valued.

For any nonzero complex number z = |z|eiθ(z), we have

ln(z) = ln(|z|) + ln(eiθ(z)) = ln(|z|) + i(θ(z) + 2πk),

for any integer k. If z = a > 0 then θ(z) = 0 and ln(z) = ln(a) + i(kπ)
for any even integer k; in calculus class we just take the value associated
with k = 0. If z = a < 0 then θ(z) = π and ln(z) = ln(−a) + i(kπ) for
any odd integer k. So we can define the logarithm of a negative number; it
just turns out not to be a real number. If z = ib with b > 0, then θ(z) = π

2
and ln(z) = ln(b) + i(π2 + 2πk) for any integer k; if z = ib with b < 0, then
θ(z) = 3π

2 and ln(z) = ln(−b) + i( 3π
2 + 2πk) for any integer k.

Adding e−ix = cos(x)− i sin(x) to eix given by Equation (5.1), we get

cos(x) =
1
2
(eix + e−ix);

subtracting, we obtain

sin(x) =
1
2i

(eix − e−ix).
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These formulas allow us to extend the definition of cos and sin to complex
arguments z:

cos(z) =
1
2
(eiz + e−iz)

and
sin(z) =

1
2i

(eiz − e−iz).

In signal processing the complex exponential function is often used to de-
scribe functions of time that exhibit periodic behavior:

h(ωt+ θ) = ei(ωt+θ) = cos(ωt+ θ) + i sin(ωt+ θ),

where the frequency ω and phase angle θ are real constants and t denotes
time. We can alter the magnitude by multiplying h(ωt + θ) by a positive
constant |A|, called the amplitude, to get |A|h(ωt+ θ). More generally, we
can combine the amplitude and the phase, writing

|A|h(ωt+ θ) = |A|eiθeiωt = Aeiωt,

where A is the complex amplitude A = |A|eiθ. Many of the functions
encountered in signal processing can be modeled as linear combinations of
such complex exponential functions or sinusoids, as they are often called.

5.2 Complex Exponential Signal Models

In a previous chapter we considered signal models f(x) that are sums of
trigonometric functions;

f(x) =
1
2
a0 +

L∑
k=1

(
ak cos(ωkx) + bk sin(ωkx)

)
, (5.4)

where the ωk are known, but the ak and bk are not. Now that we see how
to convert sines and cosines to complex exponential functions, using

cos(ωkx) =
1
2

(
exp(ωkx) + exp(−ωkx)

)
(5.5)

and

sin(ωkx) =
1
2i

(
exp(ωkx)− exp(−ωkx)

)
, (5.6)

we can write f(x) as

f(x) =
L∑

m=−L
cm exp(ωmx), (5.7)
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where c0 = 1
2a0,

ck =
1
2
(ak − ibk), (5.8)

and

c−k =
1
2
(ak + ibk), (5.9)

for k = 1, ..., L. Note that if the original coefficients ak and bk are real
numbers, then c−m = cm.

5.3 Coherent and Incoherent Summation

We begin this section with an exercise.

Exercise 5.1 On a blank sheet of paper, draw a horizontal and vertical
axis. Starting at the origin, draw a vector with length one unit (a unit can
be, say, one inch), in an arbitrary direction. Now, from the tip of the first
vector, draw another vector of length one, again in an arbitrary direction.
Repeat this process several times, using M vectors in all. Now measure the
distance from the origin to the tip of the last vector drawn. Compare this
length with the number M , which would be the distance from the origin to
the tip of the last vector, if all the vectors had had the same direction.

This exercise reveals the important difference between coherent and
incoherent summation, or, if you will, between constructive and destructive
interference. Each of the unit vectors drawn can be thought of as a complex
number eiθm , where θm is its arbitrary angle. The distance from the origin
to the tip of the last vector drawn is then

|eiθ1 + eiθ2 + ...+ eiθM |. (5.10)

If all the angles θm are equal, then this distance is M ; in all other cases
the distance is quite a bit less than M . The distinction between coherent
and incoherent summation plays a central role in signal processing.

5.4 Using Coherence and Incoherence

Suppose we are given as data the M complex numbers dm = eimγ , for
m = 1, ...,M , and we are asked to find the real number γ. We can exploit
the ideas of the previous section to get our answer.

First of all, from the data we have been given, we cannot distinguish γ
from γ + 2π, since, for all integers m

eim(γ+2π) = eimγe2mπi = eimγ(1) = eimγ .
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Therefore, we assume, from the beginning, that the γ we want to find lies
in the interval [−π, π). Note that we could have selected any interval of
length 2π, not necessarily [−π, π); if we have no prior knowledge of where
γ is located, the intervals [−π, π) or [0, 2π) are the most obvious choices.

5.4.1 The Discrete Fourier Transform

Now we take any value ω in the interval [−π, π), multiply each of the
numbers dm by e−imω, and sum over m to get

DFTd(ω) =
M∑
m=1

dme
−imω. (5.11)

The sum we denote by DFTd will be called the discrete Fourier transform
(DFT) of the data (column) vector d = (d1, ..., dM )T . We define the column
vector eω to be

eω = (eiω, e2iω, ..., eiMω)T , (5.12)

which allows us to write DFTd = e†ωd, where the dagger denotes conjugate
transformation of a matrix or vector.

Rewriting the exponential terms in the sum in Equation (5.11), we
obtain

DFTd(ω) =
M∑
m=1

dme
−imω =

M∑
m=1

eim(γ−ω). (5.13)

Performing this calculation for each ω in the interval [−π, π), we obtain the
function DFTd(ω). For each ω, the complex number DFTd(ω) is the sum
of M complex numbers, each having length one, and angle θm = m(γ−ω).
So long as ω is not equal to γ, these θm are all different, and DFTd(ω)
is an incoherent sum; consequently, |DFTd(ω)| will be smaller than M .
However, when ω = γ, each θm equals zero, and DFTd(ω) = |DFTd(ω)| =
M ; the reason for putting the minus sign in the exponent e−imω is so that
we get the term γ − ω, which is zero when γ = ω. We find the true γ
by computing the value |DFTd(ω)| for finitely many values of ω, plot the
result and look for the highest value. Of course, it may well happen that
the true value ω = γ is not exactly one of the points we choose to plot;
it may happen that the true γ is half way between two of the plot’s grid
points, for example. Nevertheless, if we know in advance that there is only
one true γ, this approach will give us a good idea of its value.

In many applications, the number M will be quite large, as will be the
number of grid points we wish to use for the plot. This means that the
number DFTd(ω) is a sum of a large number of terms, and that we must
calculate this sum for many values of ω. Fortunately, these is a wonderful
algorithm, called the fast Fourier transform (FFT), that we can use for
this purpose.
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5.5 Some Exercises on Coherent Summation

The exercises in this section are designed to make a bit more quantitative
the ideas of the previous sections pertaining to coherent and incoherent
summation. The formulas obtained in these exercises will be used repeat-
edly throughout the text.

Exercise 5.2 Show that if sin x
2 6= 0 then

EM (x) =
M∑
m=1

eimx = eix(
M+1

2 ) sin(Mx/2)
sin(x/2)

. (5.14)

Hint: Note that EM (x) is the sum of terms in a geometric progression;

EM (x) = eix + (eix)2 + (eix)3 + ...+ (eix)M = eix(1− eiMx)/(1− eix).

Now use the fact that, for any t, we have

1− eit = eit/2(e−it/2 − eit/2) = eit/2(−2i) sin(t/2).

Exercise 5.3 The Dirichlet kernel of size M is defined as

DM (x) =
∑M

m=−M
eimx.

Use Equation (5.14) to obtain the closed-form expression

DM (x) =
sin((M + 1

2 )x)
sin(x2 )

;

note that DM (x) is real-valued.

Hint: Reduce the problem to that of Exercise 5.2 by factoring appropri-
ately.

Exercise 5.4 Use the result in Equation (5.14) to obtain the closed-form
expressions

M∑
m=N

cosmx = cos(
M +N

2
x)

sin(M−N+1
2 x)

sin x
2

and
M∑

m=N

sinmx = sin(
M +N

2
x)

sin(M−N+1
2 x)

sin x
2

.
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Hint: Recall that cosmx and sinmx are the real and imaginary parts of
eimx.

Exercise 5.5 Graph the function EM (x) for various values of M .

We note in passing that the function EM (x) equals M for x = 0 and
equals zero for the first time at x = 2π/M . This means that the main
lobe of EM (x), the inverted parabola-like portion of the graph centered at
x = 0, crosses the x-axis at x = 2π/M and x = −2π/M , so its height is M
and its width is 4π/M . As M grows larger the main lobe of EM (x) gets
higher and thinner.

In the exercise that follows we examine the resolving ability of the DFT.
Suppose we have M equi-spaced samples of a function f(x) having the form
For f(x) have the form

f(x) = eixγ1 + eixγ2 ,

where γ1 and γ2 are in the interval (−π, π). If M is sufficiently large, the
DFT should show two peaks, at roughly the values ω = γ1 and ω = γ2. As
the distance |γ2 − γ1| grows smaller, it will require a larger value of M for
the DFT to show two peaks.

Exercise 5.6 For this exercise, we take γ1 = −α and γ2 = α, for some
α in the interval (0, π). Select a value of M that is greater than two and
calculate the values f(m) for m = 1, ...,M . Plot the graph of the function
|DFTd(ω)| on (−π, π). Repeat the exercise for various values of M and
values of α closer to zero. Notice how DFTd(0) behaves as α goes to zero.
For each fixed value of M there will be a critical value of α such that, for
any smaller values of α, DFTd(0) will be larger than DFTd(α). This is
loss of resolution.

5.6 Complications

In the real world, of course, things are not so simple. In most applications,
the data comes from measurements, and so contains errors, also called
noise. The noise terms that appear in each dm are usually viewed as
random variables, and they may or may not be independent. If the noise
terms are not independent, we say that we have correlated noise. If we know
something about the statistics of the noises, we may wish to process the
data using statistical estimation methods, such as the best linear unbiased
estimator (BLUE).
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5.6.1 Multiple Signal Components

It sometimes happens that there are two or more distinct values of ω that
we seek. For example, suppose the data is

dm = eimα + eimβ ,

for m = 1, ...,M , where α and β are two distinct numbers in the interval
[0, 2π), and we need to find both α and β. Now the function DFTd(ω) will
be

DFTd(ω) =
M∑
m=1

(eimα + eimβ)e−imω =
M∑
m=1

eimαe−imω +
M∑
m=1

eimβe−imω,

so that

DFTd(ω) =
M∑
m=1

eim(α−ω) +
M∑
m=1

eim(β−ω).

So the function DFTd(ω) is the sum of the DFTd(ω) that we would have
obtained separately if we had had only α and only β.

5.6.2 Resolution

If the numbers α and β are well separated in the interval [0, 2π) or M
is very large, the plot of |DFTd(ω)| will show two high values, one near
ω = α and one near ω = β. However, if the M is smaller or the α and β
are too close together, the plot of |DFTd(ω)| may show only one broader
high bump, centered between α and β; this is loss of resolution. How close
is close will depend on the value of M and where loss of resolution occurs
will depend on the M

5.6.3 Unequal Amplitudes and Complex Amplitudes

It is also often the case that two two signal components, the one from α
and the one from β, are not equally strong. We could have

dm = Aeimα +Beimβ ,

where A > B > 0. In fact, both A and B could be complex numbers, that
is, A = |A|eiθ1 and B = |B|eiθ2 , so that

dm = |A|eimα+θ1 + |B|eimβ+θ2 .

In stochastic signal processing, the A and B are viewed as random variables;
A and B may or may not be mutually independent.
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5.6.4 Phase Errors

It sometimes happens that the hardware that provides the measured data
is imperfect and instead of giving us the values dm = eimα, we get dm =
eimα+φm . Now each phase error φm depends on m, which makes matters
worse than when we had θ1 and θ2 previously, neither depending on the
index m.
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Chapter 6

Transmission and Remote
Sensing

6.1 Chapter Summary

In this chapter we illustrate the roles played by Fourier series and Fourier
coefficients in the analysis of signal transmission and remote sensing, and
use these examples to motivate several of the problems we shall consider
in detail later in the text.

6.2 Fourier Series and Fourier Coefficients

We suppose that f(x) is defined for −L ≤ x ≤ L, with Fourier series
representation

f(x) =
1
2
a0 +

∞∑
n=1

an cos(
nπ

L
x) + bn sin(

nπ

L
x). (6.1)

The Fourier coefficients are

an =
1

2L

∫ L

−L
f(x) cos(

nπ

L
x)dx, (6.2)

and

bn =
1

2L

∫ L

−L
f(x) sin(

nπ

L
x)dx. (6.3)

In the examples in this chapter, we shall see how Fourier coefficients
can arise as data obtained through measurements. However, we shall be

45
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able to measure only a finite number of the Fourier coefficients. One issue
that will concern us is the effect on the representation of f(x) if we use
some, but not all, of its Fourier coefficients.

Suppose that we have an and bn for n = 1, 2, ..., N . It is not unrea-
sonable to try to estimate the function f(x) using the discrete Fourier
transform (DFT) estimate, which is

fDFT (x) =
1
2
a0 +

N∑
n=1

an cos(
nπ

L
x) + bn sin(

nπ

L
x). (6.4)

In Figure 6.1 below, the function f(x) is the solid-line figure in both graphs.
In the bottom graph, we see the true f(x) and a DFT estimate. The top
graph is the result of band-limited extrapolation, a technique for predicting
missing Fourier coefficients that we shall discuss later.

Figure 6.1: The non-iterative band-limited extrapolation method (MDFT)
(top) and the DFT (bottom) for M = 129, ∆ = 1 and Ω = π/30.
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6.3 The Unknown Strength Problem

In this example, we imagine that each point x in the interval [−L,L] is
sending a sine function signal at the frequency ω, each with its own strength
f(x); that is, the signal sent by the point x is

f(x) sin(ωt). (6.5)

In our first example, we imagine that the strength function f(x) is unknown
and we want to determine it. It could be the case that the signals originate
at the points x, as with light or radio waves from the sun, or are simply
reflected from the points x, as is sunlight from the moon or radio waves
in radar. Later in this chapter, we shall investigate a related example, in
which the points x transmit known signals and we want to determine what
is received elsewhere.

6.3.1 Measurement in the Far-Field

Now let us consider what is received by a point P on the circumference
of a circle centered at the origin and having large radius D. The point P
corresponds to the angle θ as shown in Figure 6.2; we use θ in the interval
[0, π]. It takes a finite time for the signal sent from x at time t to reach P ,
so there is a delay.

We assume that c is the speed at which the signal propagates. Because
D is large relative to L, we make the far-field assumption, which allows us
to approximate the distance from x to P by D− x cos(θ). Therefore, what
P receives at time t is what was sent from x at time t− 1

c (D − x cos(θ)).
At time t, the point P receives from x the signal

f(x)
(

sin(ω(t− D

c
)) cos(

ω cos(θ)
c

x) + cos(ω(t− D

c
)) sin(

ω cos(θ)
c

x)
)
,(6.6)

and the point Q corresponding to the angle θ + π receives

f(x)
(

sin(ω(t− D

c
)) cos(

ω cos(θ)
c

x)− cos(ω(t− D

c
)) sin(

ω cos(θ)
c

x)
)
.(6.7)

Adding the quantities in (6.6) and (6.7), we obtain

2
(
f(x) cos(

ω cos(θ)
c

x)
)

sin(ω(t− D

c
)), (6.8)

while subtracting the latter from the former, we get

2
(
f(x) sin(

ω cos(θ)
c

x)
)

cos(ω(t− D

c
)). (6.9)
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Evaluating the signal in Equation (6.8) at the time when

ω(t− D

c
) =

π

2
,

and dividing by 2, we get

f(x) cos(
ω cos(θ)

c
x),

while evaluating the signal in Equation (6.9) at the time when

ω(t− D

c
) = 2π

and dividing by 2 gives us

f(x) sin(
ω cos(θ)

c
x).

Because P and Q receive signals from all the x, not just from one x, what
P and Q receive at time t involves integrating over all x. Therefore, from
our measurements at P and Q we obtain the quantities∫ L

−L
f(x) cos(

ω cos(θ)
c

x)dx, (6.10)

and ∫ L

−L
f(x) sin(

ω cos(θ)
c

x)dx. (6.11)

If we can select an angle θ for which

ω cos(θ)
c

=
nπ

L
, (6.12)

then we have an and bn.

6.3.2 Limited Data

Note that we will be able to solve Equation (6.12) for θ only if we have

n ≤ Lω

πc
. (6.13)

This tells us that we can measure only finitely many of the Fourier coeffi-
cients of f(x). It is common in signal processing to speak of the wavelength
of a sinusoidal signal; the wavelength associated with a given ω and c is

λ =
2πc
ω
. (6.14)
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Therefore the numberN of Fourier coefficients we can measure is the largest
integer not greater than 2L

λ , which is the length of the interval [−L,L],
measured in units of wavelength λ. We get more Fourier coefficients when
the product Lω is larger; this means that when L is small, we want ω to be
large, so that λ is small and N is large. As we saw previously, using these
finitely many Fourier coefficients to calculate the DFT reconstruction of
f(x) can lead to a poor estimate of f(x), particularly when N is small.

6.3.3 Can We Get More Data?

As we just saw, we can make measurements at any points P and Q in the
far-field; perhaps we do not need to limit ourselves to just those angles that
lead to the an and bn. It may come as somewhat of a surprise, but from
the theory of complex analytic functions we can prove that there is enough
data available to us here to reconstruct f(x) perfectly, at least in principle.
The drawback, in practice, is that the measurements would have to be free
of noise and impossibly accurate. All is not lost, however.

Suppose, for the sake of illustration, that we measure the far-field signals
at points P and Q corresponding to angles θ that satisfy

ω cos(θ)
c

=
nπ

2L
. (6.15)

Now we have twice as many data points: we now have

An =
∫ 2L

−2L

f(x) cos(
nπ

2L
)dx =

∫ L

−L
f(x) cos(

nπ

2L
)dx, (6.16)

and

Bn =
∫ 2L

−2L

f(x) sin(
nπ

2L
)dx =

∫ L

−L
f(x) sin(

nπ

2L
)dx, (6.17)

for n = 0, 1, ..., 2N . We say now that our data is twice over-sampled.
Notice, however, that we have implicitly assumed that the interval of x

values from which signals are coming is now [−2L, 2L], not the true [−L,L];
values of x beyond [−L,L] send no signals, so f(x) = 0 for those x. The
data values we now have allow us to get Fourier coefficients An and Bn
for the function f(x) throughout [−2L, 2L]. We have twice the number
of Fourier coefficients, but must reconstruct f(x) over an interval that is
twice as long. Over half of this interval f(x) = 0, so we waste effort if we
use the An and Bn in the DFT, which will now reconstruct f(x) over the
interval [−2L, 2L], on half of which f(x) is known to be zero. But what
else can we do?

Later, we shall describe in detail the use of prior knowledge about f(x)
to obtain reconstructions that are better than the DFT. In the example
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we are now considering, we have prior knowledge that f(x) = 0 for L <
|x| ≤ 2L. We can use this prior knowledge to improve our reconstruction.
Suppose that we take as our reconstruction the modified DFT (MDFT),
which is a function defined only for |x| ≤ L and having the form

fMDFT (x) =
1
2
c0 +

2N∑
n=1

cn cos(
nπ

2L
x) + dn sin(

nπ

2L
x), (6.18)

where the cn and dn are not yet determined. Then we determine the cn and
dn by requiring that the function fMDFT (x) could be the correct answer;
that is, we require that fMDFT (x) be consistent with the measured data.
Therefore, we must have∫ L

−L
fMDFT (x) cos(

nπ

2L
)dx = An, (6.19)

and ∫ L

−L
fMDFT (x) sin(

nπ

2L
)dx = Bn, (6.20)

for n = 0, 1, ..., 2N . It is important to note now that the cn and dn are
not the An and Bn; this is because we no longer have orthogonality. For
example, when we calculate the integral∫ L

−L
cos(

nπ

2L
) cos(

mπ

2L
)dx, (6.21)

for m 6= n, we do not get zero. To find the cn and dn we need to solve a
system of linear equations in these unknowns.

The top graph in Figure (6.1) illustrates the improvement over the DFT
that can be had using the MDFT. In that figure, we took data that was
thirty times over-sampled, not just twice over-sampled, as in our previous
discussion. Consequently, we had thirty times the number of Fourier coeffi-
cients we would have had otherwise, but for an interval thirty times longer.
To get the top graph, we used the MDFT, with the prior knowledge that
f(x) was non-zero only within the central thirtieth of the long interval. The
bottom graph shows the DFT reconstruction using the larger data set, but
only for the central thirtieth of the full period, which is where the original
f(x) is non-zero.

6.3.4 Other Forms of Prior Knowledge

As we just showed, knowing that we have over-sampled in our measure-
ments can help us improve the resolution in our estimate of f(x). We
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may have other forms of prior knowledge about f(x) that we can use. If
we know something about large-scale features of f(x), but not about finer
details, we can use the PDFT estimate, which is a generalization of the
MDFT. In an earlier chapter, the PDFT was compared to the DFT in a
two-dimensional example of simulated head slices. There are other things
we may know about f(x).

For example, we may know that f(x) is non-negative, which we have
not assumed explicitly previously in this chapter. Or, we may know that
f(x) is approximately zero for most x, but contains very sharp peaks at
a few places. In more formal language, we may be willing to assume that
f(x) contains a few Dirac delta functions in a flat background. There are
non-linear methods, such as the maximum entropy method, the indirect
PDFT (IPDFT), and eigenvector methods that can be used to advantage
in such cases; these methods are often called high-resolution methods.

6.4 The Transmission Problem

6.4.1 Directionality

Now we turn the table around and suppose that we are designing a broad-
casting system, using transmitters at each x in the interval [−L,L]. At
each x we will transmit f(x) sin(ωt), where both f(x) and ω are chosen by
us. We now want to calculate what will be received at each point P in the
far-field. We may wish to design the system so that the strengths of the
signals received at the various P are not all the same. For example, if we
are broadcasting from Los Angeles, we may well want a strong signal in the
north and south directions, but weak signals east and west, where there are
fewer people to receive the signal. Clearly, our model of a single-frequency
signal is too simple, but it does allow us to illustrate several important
points about directionality in array processing.

6.4.2 The Case of Uniform Strength

For concreteness, we investigate the case in which f(x) = 1 for |x| ≤
L. Since this function is even, we need only the an. In this case, the
measurement of the signal at the point P gives us

2c
ω cos(θ)

sin(
ω cos(θ)

c
), (6.22)

whose absolute value is then the strength of the signal at P . Is it possible
that the strength of the signal at some P is zero?
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To have zero signal strength, we need

sin(
Lω cos(θ)

c
) = 0,

without
cos(θ) = 0.

Therefore, we need

Lω cos(θ)
c

= nπ, (6.23)

for some positive integers n ≥ 1. Notice that this can happen only if

n ≤ Lωπ

c
=

2L
λ
. (6.24)

Therefore, if 2L < λ, there can be no P with signal strength zero. The
larger 2L is, with respect to the wavelength λ, the more angles at which
the signal strength is zero.

We have assumed here that each x in the interval [−L,L] is transmit-
ting, but we can get a similar result using finitely many transmitters in
[−L,L]. The graphs in Figures 6.3, 6.4, and 6.5 illustrate the sort of trans-
mission patterns that can be designed by varying ω. The figure captions
refer to parameters used in a later discussion, but the pictures are still
instructive.

6.5 Remote Sensing

A basic problem in remote sensing is to determine the nature of a distant
object by measuring signals transmitted by or reflected from that object.
If the object of interest is sufficiently remote, that is, is in the farfield, the
data we obtain by sampling the propagating spatio-temporal field is related,
approximately, to what we want by Fourier transformation. The problem
is then to estimate a function from finitely many (usually noisy) values
of its Fourier transform. The application we consider here is a common
one of remote-sensing of transmitted or reflected waves propagating from
distant sources. Examples include optical imaging of planets and asteroids
using reflected sunlight, radio-astronomy imaging of distant sources of radio
waves, active and passive sonar, radar imaging using micro-waves, and
infra-red (IR) imaging to monitor the ocean temperature .

6.6 One-Dimensional Arrays

Now we imagine that the points P are the sources of the signals and we
are able to measure the transmissions at points x in [−L,L]. The P cor-
responding to the angle θ sends F (θ) sin(ωt), where the absolute value of
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F (θ) is the strength of the signal coming from P . In narrow-band pas-
sive sonar, for example, we may have hydrophone sensors placed at various
points x and our goal is to determine how much acoustic energy at a spec-
ified frequency is coming from different directions. There may be only a
few directions contributing significant energy at the frequency of interest.

6.6.1 Measuring Fourier Coefficients

To simplify notation, we shall introduce the variable u = cos(θ). We then
have

du

dθ
= − sin(θ) = −

√
1− u2,

so that
dθ = − 1√

1− u2
du.

Now let G(u) be the function

G(u) =
F (arccos(u))√

1− u2
,

defined for u in the interval [−1, 1].
Measuring the signals received at x and −x, we can obtain the integrals∫ 1

−1

G(u) cos(
xω

c
u)du, (6.25)

and ∫ 1

−1

G(u) sin(
xω

c
u)du. (6.26)

The Fourier coefficients of G(u) are

1
2

∫ 1

−1

G(u) cos(nπu)du, (6.27)

and

1
2

∫ 1

−1

G(u) sin(nπu)du. (6.28)

Therefore, in order to have our measurements match Fourier coefficients of
G(u) we need

xω

c
= nπ, (6.29)
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for some positive integer n. Therefore, we need to take measurements at
the points x and −x, where

x = n
πc

ω
= n

λ

2
= n∆, (6.30)

where ∆ = λ
2 is the Nyquist spacing. Since x is restricted to [−L,L], there

is an upper limit to the n we can use; we must have

n ≤ L

λ/2
=

2L
λ
. (6.31)

The upper bound 2L
λ , which is the length of our array of sensors, in units

of wavelength, is often called the aperture of the array.
Once we have some of the Fourier coefficients of the function G(u), we

can estimate G(u) for |u| ≤ 1 and, from that estimate, obtain an estimate
of the original F (θ).

As we just saw, the number of Fourier coefficients of G(u) that we
can measure, and therefore the resolution of the resulting reconstruction
of F (θ), is limited by the aperture, that is, the length 2L of the array of
sensors, divided by the wavelength λ. One way to improve resolution is
to make the array of sensors longer, which is more easily said than done.
However, synthetic-aperture radar (SAR) effectively does this. The idea of
SAR is to mount the array of sensors on a moving airplane. As the plane
moves, it effectively creates a longer array of sensors, a virtual array if you
will. The one drawback is that the sensors in this virtual array are not
all present at the same time, as in a normal array. Consequently, the data
must be modified to approximate what would have been received at other
times.

As in the examples discussed previously, we do have more measurements
we can take, if we use values of x other than those described by Equation
(6.30). The issue will be what to do with these over-sampled measurements.

6.6.2 Over-sampling

One situation in which over-sampling arises naturally occurs in sonar array
processing. Suppose that an array of sensors has been built to operate at
a design frequency of ω0, which means that we have placed sensors at the
points x in [−L,L] that satisfy the equation

x = n
πc

ω0
= n

λ0

2
= n∆0, (6.32)

where λ0 is the wavelength corresponding to the frequency ω0 and ∆0 = λ0
2

is the Nyquist spacing for frequency ω0. Now suppose that we want to
operate the sensing at another frequency, say ω. The sensors cannot be
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moved, so we must make due with sensors at the points x determined by
the design frequency.

Consider, first, the case in which the second frequency ω is less than
the design frequency ω0. Then its wavelength λ is larger than λ0, and the
Nyquist spacing ∆ = λ

2 for ω is larger than ∆0. So we have over-sampled.
The measurements taken at the sensors provide us with the integrals

1
2K

∫ 1

−1

G(u) cos(
nπ

K
u)du, (6.33)

and

1
2K

∫ 1

−1

G(u) sin(
nπ

K
u)du, (6.34)

where K = ω0
ω > 1. These are Fourier coefficients of the function G(u),

viewed as defined on the interval [−K,K], which is larger than [−1, 1], and
taking the value zero outside [−1, 1]. If we then use the DFT estimate of
G(u), it will estimate G(u) for the values of u within [−1, 1], which is what
we want, as well as for the values of u outside [−1, 1], where we already
know G(u) to be zero. Once again, we can use the modified DFT, the
MDFT, to include the prior knowledge that G(u) = 0 for u outside [−1, 1]
to improve our reconstruction of G(u) and F (θ). In the over-sampled case
the interval [−1, 1] is called the visible region (although audible region seems
more appropriate for sonar), since it contains all the values of u that can
correspond to actual angles of arrival of acoustic energy.

6.6.3 Under-sampling

Now suppose that the frequency ω that we want to consider is greater than
the design frequency ω0. This means that the spacing between the sensors
is too large; we have under-sampled. Once again, however, we cannot move
the sensors and must make due with what we have.

Now the measurements at the sensors provide us with the integrals

1
2K

∫ 1

−1

G(u) cos(
nπ

K
u)du, (6.35)

and

1
2K

∫ 1

−1

G(u) sin(
nπ

K
u)du, (6.36)

where K = ω0
ω < 1. These are Fourier coefficients of the function G(u),

viewed as defined on the interval [−K,K], which is smaller than [−1, 1],
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and taking the value zero outside [−K,K]. Since G(u) is not necessarily
zero outside [−K,K], treating it as if it were zero there results in a type
of error known as aliasing, in which energy corresponding to angles whose
u lies outside [−K,K] is mistakenly assigned to values of u that lie within
[−K,K]. Aliasing is a common phenomenon; the strobe-light effect is
aliasing, as is the apparent backward motion of the wheels of stage-coaches
in cowboy movies. In the case of the strobe light, we are permitted to view
the scene at times too far apart for us to sense continuous, smooth motion.
In the case of the wagon wheels, the frames of the film capture instants of
time too far apart for us to see the true rotation of the wheels.

6.7 Higher Dimensional Arrays

Up to now, we have considered sensors placed within a one-dimensional
interval [−L,L] and signals propagating within a plane containing [−L,L].
In such an arrangement there is a bit of ambiguity; we cannot tell if a
signal is coming from the angle θ or the angle θ + π. When propagating
signals can come to the array from any direction in three-dimensional space,
there is greater ambiguity. To resolve the ambiguities, we can employ two-
and three-dimensional arrays of sensors. To analyze the higher-dimensional
cases, it is helpful to use the wave equation.

6.7.1 The Wave Equation

In many areas of remote sensing, what we measure are the fluctuations
in time of an electromagnetic or acoustic field. Such fields are described
mathematically as solutions of certain partial differential equations, such
as the wave equation. A function u(x, y, z, t) is said to satisfy the three-
dimensional wave equation if

utt = c2(uxx + uyy + uzz) = c2∇2u, (6.37)

where utt denotes the second partial derivative of u with respect to the time
variable t twice and c > 0 is the (constant) speed of propagation. More
complicated versions of the wave equation permit the speed of propagation
c to vary with the spatial variables x, y, z, but we shall not consider that
here.

We use the method of separation of variables at this point, to get some
idea about the nature of solutions of the wave equation. Assume, for the
moment, that the solution u(t, x, y, z) has the simple form

u(t, x, y, z) = f(t)g(x, y, z). (6.38)

Inserting this separated form into the wave equation, we get

f ′′(t)g(x, y, z) = c2f(t)∇2g(x, y, z) (6.39)
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or

f ′′(t)/f(t) = c2∇2g(x, y, z)/g(x, y, z). (6.40)

The function on the left is independent of the spatial variables, while the
one on the right is independent of the time variable; consequently, they
must both equal the same constant, which we denote −ω2. From this we
have two separate equations,

f ′′(t) + ω2f(t) = 0, (6.41)

and

∇2g(x, y, z) +
ω2

c2
g(x, y, z) = 0. (6.42)

Equation (6.42) is the Helmholtz equation.
Equation (6.41) has for its solutions the functions f(t) = cos(ωt) and

sin(ωt). Functions u(t, x, y, z) = f(t)g(x, y, z) with such time dependence
are called time-harmonic solutions.

6.7.2 Planewave Solutions

Suppose that, beginning at time t = 0, there is a localized disturbance.
As time passes, that disturbance spreads out spherically. When the radius
of the sphere is very large, the surface of the sphere appears planar, to
an observer on that surface, who is said then to be in the far field. This
motivates the study of solutions of the wave equation that are constant on
planes; the so-called planewave solutions.

Let s = (x, y, z) and u(s, t) = u(x, y, z, t) = eiωteik·s. Then we can show
that u satisfies the wave equation utt = c2∇2u for any real vector k, so long
as ||k||2 = ω2/c2. This solution is a planewave associated with frequency
ω and wavevector k; at any fixed time the function u(s, t) is constant on
any plane in three-dimensional space having k as a normal vector.

In radar and sonar, the field u(s, t) being sampled is usually viewed as
a discrete or continuous superposition of planewave solutions with various
amplitudes, frequencies, and wavevectors. We sample the field at various
spatial locations s, for various times t. Here we simplify the situation a
bit by assuming that all the planewave solutions are associated with the
same frequency, ω. If not, we can perform an FFT on the functions of time
received at each sensor location s and keep only the value associated with
the desired frequency ω.

6.7.3 Superposition and the Fourier Transform

It is notationally convenient now to use the complex exponential functions

eiωt = cos(ωt) + i sin(ωt)
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instead of cos(ωt) and sin(ωt).
In the continuous superposition model, the field is

u(s, t) = eiωt
∫
F (k)eik·sdk. (6.43)

Our measurements at the sensor locations s give us the values

f(s) =
∫
F (k)eik·sdk. (6.44)

The data are then Fourier transform values of the complex function F (k);
F (k) is defined for all three-dimensional real vectors k, but is zero, in
theory, at least, for those k whose squared length ||k||2 is not equal to
ω2/c2. Our goal is then to estimate F (k) from measured values of its
Fourier transform. Since each k is a normal vector for its planewave field
component, determining the value of F (k) will tell us the strength of the
planewave component coming from the direction k.

6.7.4 The Spherical Model

We can imagine that the sources of the planewave fields are the points P
that lie on the surface of a large sphere centered at the origin. For each
P , the ray from the origin to P is parallel to some wavevector k. The
function F (k) can then be viewed as a function F (P ) of the points P . Our
measurements will be taken at points s inside this sphere. The radius of
the sphere is assumed to be orders of magnitude larger than the distance
between sensors. The situation is that of astronomical observation of the
heavens using ground-based antennas. The sources of the optical or electro-
magnetic signals reaching the antennas are viewed as lying on a large sphere
surrounding the earth. Distance to the sources is not considered now, and
all we are interested in are the amplitudes F (k) of the fields associated
with each direction k.

6.7.5 The Two-Dimensional Array

In some applications the sensor locations are essentially arbitrary, while
in others their locations are carefully chosen. Sometimes, the sensors are
collinear, as in sonar towed arrays. Figure 22.1 illustrates a line array.

Suppose now that the sensors are in locations s = (x, y, 0), for various
x and y; then we have a planar array of sensors. Then the dot product s ·k
that occurs in Equation (6.44) is

s · k = xk1 + yk2; (6.45)

we cannot see the third component, k3. However, since we know the size
of the vector k, we can determine |k3|. The only ambiguity that remains
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is that we cannot distinguish sources on the upper hemisphere from those
on the lower one. In most cases, such as astronomy, it is obvious in which
hemisphere the sources lie, so the ambiguity is resolved.

The function F (k) can then be viewed as F (k1, k2), a function of the
two variables k1 and k2. Our measurements give us values of f(x, y), the
two-dimensional Fourier transform of F (k1, k2). Because of the limitation
||k|| = ω

c , the function F (k1, k2) has bounded support. Consequently, its
Fourier transform cannot have bounded support. As a result, we can never
have all the values of f(x, y), and so cannot hope to reconstruct F (k1, k2)
exactly, even for noise-free data.

6.7.6 The One-Dimensional Array

If the sensors are located at points s having the form s = (x, 0, 0), then we
have a line array of sensors, as we discussed previously. The dot product
in Equation (6.44) becomes

s · k = xk1. (6.46)

Now the ambiguity is greater than in the planar array case. Once we have
k1, we know that

k2
2 + k2

3 = (
ω

c
)2 − k2

1, (6.47)

which describes points P lying on a circle on the surface of the distant
sphere, with the vector (k1, 0, 0) pointing at the center of the circle. It
is said then that we have a cone of ambiguity. One way to resolve the
situation is to assume k3 = 0; then |k2| can be determined and we have
remaining only the ambiguity involving the sign of k2. Once again, in many
applications, this remaining ambiguity can be resolved by other means.

Once we have resolved any ambiguity, we can view the function F (k)
as F (k1), a function of the single variable k1. Our measurements give us
values of f(x), the Fourier transform of F (k1). As in the two-dimensional
case, the restriction on the size of the vectors k means that the function
F (k1) has bounded support. Consequently, its Fourier transform, f(x),
cannot have bounded support. Therefore, we shall never have all of f(x),
and so cannot hope to reconstruct F (k1) exactly, even for noise-free data.

6.7.7 Limited Aperture

In both the one- and two-dimensional problems, the sensors will be placed
within some bounded region, such as |x| ≤ A, |y| ≤ B for the two-
dimensional problem, or |x| ≤ L for the one-dimensional case. The size
of these bounded regions, in units of wavelength, are the apertures of the
arrays. The larger these apertures are, the better the resolution of the



60 CHAPTER 6. TRANSMISSION AND REMOTE SENSING

reconstructions. In digital array processing there are only finitely many
sensors, which then places added limitations on our ability to reconstruc-
tion the field amplitude function F (k).

6.7.8 Other Limitations on Resolution

In imaging regions of the earth from satellites in orbit there is a trade-off
between resolution and the time available to image a given site. A satellite
in geostationary orbit, such as weather and TV satellites, remain stationary,
relative to a fixed position on the earth’s surface, but to do so requires that
they be in orbit 22, 000 miles above the earth. If we tried to image the
earth from that height, a telescope like the on on the Hubble would have a
resolution of about 21 feet, due to the unavoidable blurring caused by the
optics of the lens itself. Instead, spy satellites operate in low Earth orbit
(LEO), about 200 miles above the earth, and achieve a resolution of about
2 or 3 inches, at the cost of spending only about 1 or 2 minutes over their
target. The satellites used in the GPS system maintain a medium Earth
orbit (MEO) at a height of about 12, 000 miles, high enough to be seen over
the horizon most of the time, but no so high as to require great power to
send their signals.

6.8 An Example: The Solar-Emission Prob-
lem

In [21] Bracewell discusses the solar-emission problem. In 1942, it was
observed that radio-wave emissions in the one-meter wavelength range were
arriving from the sun. Were they coming from the entire disk of the sun
or were the sources more localized, in sunspots, for example? The problem
then was to view each location on the sun’s surface as a potential source of
these radio waves and to determine the intensity of emission corresponding
to each location.

For electromagnetic waves the propagation speed is the speed of light
in a vacuum, which we shall take here to be c = 3× 108 meters per second.
The wavelength λ for gamma rays is around one Angstrom, which is 10−10

meters; for x-rays it is about one millimicron, or 10−9 meters. The visible
spectrum has wavelengths that are a little less than one micron, that is,
10−6 meters, while infrared radiation (IR), predominantly associated with
heat, has a wavelength somewhat longer. Infrared radiation with a wave-
length around 6 or 7 microns can be used to detect water vapor; we use
near IR, with a wavelength near that of visible light, to change the channels
on our TV sets. Shortwave radio has a wavelength around one millimeter.
Microwaves have wavelengths between one centimeter and one meter; those
used in radar imaging have a wavelength about one inch and can penetrate
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clouds and thin layers of leaves. Broadcast radio has a λ running from
about 10 meters to 1000 meters. The so-called long radio waves can have
wavelengths several thousand meters long, prompting clever methods of
large-antenna design for radio astronomy.

The sun has an angular diameter of 30 min. of arc, or one-half of a
degree, when viewed from earth, but the needed resolution was more like
3 min. of arc. Such resolution requires a radio telescope 1000 wavelengths
across, which means a diameter of 1km at a wavelength of 1 meter; in
1942 the largest military radar antennas were less than 5 meters across.
A solution was found, using the method of reconstructing an object from
line-integral data, a technique that surfaced again in tomography.
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Figure 6.2: Farfield Measurements.
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Figure 6.3: Transmission Pattern A(θ): m = 1, 2, 4, 8 and N = 5.
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Figure 6.4: Transmission Pattern A(θ): m = 1, 2, 4, 8 and N = 21.
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Figure 6.5: Transmission Pattern A(θ): m = 0.9, 0.5, 0.25, 0.125 and N =
21.
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Chapter 7

Fourier Analysis

The Fourier transform and Fourier series play major roles in signal and
image processing. They are useful in understanding the workings of a broad
class of linear systems. In transmission tomography, magnetic-resonance
imaging, radar, sonar and array processing in general, what we are able to
measure is related by the Fourier transform to what we are interested in.

7.1 The Fourier Transform

Let f(x) be a complex-valued function of the real variable x. The Fourier
transform (FT) of f(x) is the function F (ω) defined for all real ω by

F (ω) =
∫ ∞

−∞
f(x)eixω. (7.1)

If we know F (ω), we can recapture f(x) using the formula for the Inverse
Fourier Transform (IFT)

f(x) =
1
2π

∫ ∞

−∞
F (ω)e−ixωdω. (7.2)

The Fourier transform is related to Fourier series, a topic that may be more
familiar.

As an example, consider the function F (ω) = χΩ(ω) that is one for
|ω| ≤ Ω, and zero otherwise. Inserting this function into Equation (7.2),
we get

f(x) =
1
2π

∫ Ω

−Ω

e−ixωdω =
1
2π

∫ Ω

−Ω

cos(xω)dω,

since the sine function is odd and its integral is therefore zero. We can see
easily that

f(0) =
Ω
π
.

67
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For x 6= 0, we perform the integration, and obtain

f(x) =
1
2π

1
x

(
sin(Ωx)− sin(−Ωx)

)
=

sin(Ωx)
πx

. (7.3)

7.2 Fourier Series and Fourier Transforms

When the function F (ω) is zero outside of some finite interval, there is a
useful relationship between the Fourier coefficients of F (ω) and its inverse
Fourier transform, f(x).

7.2.1 Support-Limited F (ω)

Suppose now that F (ω) is zero, except for ω in the interval [−Ω,Ω]. We
then say that F (ω) is support-limited to the band [−Ω,Ω]. Then F (ω) has
a Fourier series expansion

F (ω) =
+∞∑

n=−∞
ane

i π
Ωnω, (7.4)

where the Fourier coefficients an are given by

an =
1

2Ω

∫ Ω

−Ω

F (ω)e−i
π
Ωnωdω. (7.5)

Comparing Equations (7.2) and (7.5), we see that an = π
Ωf(n πΩ ). With

∆ = π
Ω , we can write

F (ω) = ∆
+∞∑

n=−∞
f(n∆)eiωn∆. (7.6)

7.2.2 Shannon’s Sampling Theorem

This tells us that if F (ω) is zero outside the interval [−Ω,Ω], then F (ω) can
be completely determined by the values of its inverse Fourier transform f(x)
at the infinite discrete set of points x = n πΩ . Once we have determined F (ω)
from these discrete samples, as they are called, we can also determine all
of the function f(x), by applying the inversion formula in Equation (7.2).
Inserting F (ω) as given in Equation (7.6) into the integral in Equation
(7.2), and using Equation (7.3), we get

f(x) =
+∞∑

n=−∞
f(n∆)

sin(Ω(n∆− x))
Ω(n∆− x)

. (7.7)

This result is known as Shannon’s Sampling Theorem.
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7.2.3 Sampling Terminology

In electrical engineering it is common to consider frequency in units of
cycles per second, or Hertz, and to denote frequency by the variable f, not
to be confused with the function f(x), where 2πf= ω. When we say that
ω lies in the interval [−Ω,Ω], we are also saying that f lies in the interval
[− Ω

2π ,
Ω
2π ]. Then

∆ =
π

Ω
=

1
2fmax

,

where fmax is the largest value of f involved. For this reason, we sometimes
speak of the sampling rate as

1
∆

= 2fmax,

and say that the appropriate sampling rate is twice the highest frequency
involved.

7.2.4 What Shannon Does Not Say

It is important to remember that Shannon’s Sampling Theorem tells us that
the doubly infinite sequence of values {f(n∆)}∞n=−∞ is sufficient to recover
exactly the function F (ω) and, thereby, the function f(x). Therefore, sam-
pling at the rate of twice the highest frequency (in Hertz) is sufficient only
when we have the complete doubly infinite sequence of samples. Of course,
in practice, we never have an infinite number of values of anything, so
the rule of thumb expressed by Shannon’s Sampling Theorem is not valid.
Since we know that we will end up with only finitely many samples, each
additional data value is additional information. There is no reason to stick
to the sampling rate of twice the highest frequency.

7.2.5 Sampling from a Limited Interval

It is often the case that we have the opportunity to extract as many values
of f(x) as we desire, provided we take x within some fixed interval. If x = t
is time, for example, the signal f(t) may die out rapidly, so that we can
take measurements of f(t) only for t in an interval [0, T ], say. Do we limit
ourselves to a sampling rate of twice the highest frequency, if by doing that
we obtain only a small number of values of f(t)? No! We should over-
sample, and take data at a faster rate, to get more values of f(t). How we
then process this over-sampled data becomes an important issue, and noise
is ultimately the limiting factor in how much information we can extract
from over-sampled data.

In the next section we take a closer look at the problems presented by
the finiteness of the data.
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7.3 The Problem of Finite Data

In practice, of course, we never have infinite sequences; we have finitely
many data points. In a number of important applications, such as sonar,
radar, and medical tomography, the object of interest will be represented
by the function F (ω), or a multi-dimensional version, and the data will be
finitely many values of f(x). Our goal is then to estimate F (ω) from the
data.

Suppose, for example, that F (ω) = 0, for |ω| > Ω, ∆ = π
Ω , and we

have the values f(n∆), for n = 0, 1, ..., N − 1. Motivated by Equation
(7.6), we may take as an estimate of the function F (ω) the discrete Fourier
transform (DFT) of the data from the function f(x), which is the finite
sum

DFT (ω) = ∆
N−1∑
n=0

f(n∆)ein∆ω, (7.8)

defined for |ω| ≤ Ω. It is good to note that the DFT is consistent with
the data, meaning that, if we insert DFT (ω) into the integral in Equation
(7.2) and set x = n∆, for any n = 0, 1, ..., N − 1 the result is exactly the
data value f(n∆).

We can view the DFT as a best approximation of the function F (ω)
over the interval [−Ω,Ω], in the following sense. Consider all functions of
the form

B(ω) = ∆
N−1∑
n=0

bne
in∆ω, (7.9)

where the coefficients bn are to be determined. Now select those bn for
which the approximation error∫ Ω

−Ω

|F (ω)−B(ω)|2dω (7.10)

is minimized. Then it is easily shown that these optimal bn are precisely

bn = f(n∆),

for n = 0, 1, ..., N − 1.

Exercise 7.1 Show that the optimal bn are bn = f(n∆), for n = 0, 1, ..., N−
1.

The DFT estimate is reasonably accurate when N is large, but when
N is not large there are usually better ways to estimate F (ω), as we shall
see.

We turn now to the vector DFT, which may appear, initially, to be
unrelated to the Fourier transform and Fourier series.
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7.4 The Vector DFT

Let f = (f0, f1, ..., fN−1)T be a column vector with complex entries; here
the superscript T denotes transposition. For k = 0, 1, ..., N − 1, define the
complex number Fk by

Fk =
N−1∑
n=0

fne
i 2π

N kn, (7.11)

and let F = (F0, F1, ..., FN−1)T . We shall call the vector F the vector DFT
(vDFT) of the vector f . For the moment we attach no specific significance
to the entries of f or F.

Exercise 7.2 Let G be the N by N matrix with entries

Gjm = ei
2π
N (j−1)(m−1).

Show that

F = Gf .

Exercise 7.3 Show that the inverse of G is 1
NG

†, where the superscript †
denotes conjugate transposition. Therefore,

f =
1
N
G†F.

Exercise 7.4 Suppose that the function f(x) of interest is known to have
the form

f(x) =
N−1∑
k=0

ake
i 2π

N kx,

for some coefficients ak, and suppose also that we have sampled f(x) to
obtain the values f(n), for n = 0, 1, ..., N−1. Use the results of the previous
exercises to show that ak = 1

N FN−k, for k = 0, 1, ..., N−1. If, once we have
found the ak, we insert these values into the sum above and set x = n, for
each n = 0, 1, ..., N − 1, do we get back the original values f(n)? Compare
these results with those obtained previously for the function given by the
trigonometric polynomial in Equation (3.2).

Later, we shall study the fast Fourier transform (FFT) algorithm, which
provides an efficient way to calculate F from f . Now, we relate the vector
DFT to the DFT.
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7.5 Using the Vector DFT

Suppose now that the function we want to estimate is F (ω) and that
F (ω) = 0 for |ω| > Ω. We take ∆ = π

Ω and sample the function f(x)
to get our data f(n∆), for n = 0, 1, ..., N − 1. Note that we could have
used any N sample points with spacing ∆ and our choice here is simply for
notational convenience.

Let us take N equi-spaced values of ω in the interval [−Ω,Ω), with
ω0 = −Ω, ω1 = −Ω + 2Ω

N , and so on, that is, with

ωk = −Ω +
2Ω
N
k,

for k = 0, 1, ..., N − 1. Now we evaluate the function

DFT (ω) = ∆
N−1∑
n=0

f(n∆)ein∆ω

at the points ω = ωk. We get

DFT (ωk) = ∆
N−1∑
n=0

f(n∆)ein∆(−Ω+ 2Ω
N k),

or

DFT (ωk) = ∆
N−1∑
n=0

f(n∆)e−inπei
2π
N kn.

If we let fn = ∆f(n∆)e−inπ in the definition of the vector DFT, we find
that

DFT (ωk) = Fk =
N−1∑
n=0

fne
i 2π

N kn,

for k = 0, 1, ..., N − 1.
What we have just seen is that the vector DFT, applied to the fn

obtained from the sampled data f(n∆), has for its entries the values of
the DFT (ω) at the N points ωk. So, when the vector DFT is used on
data consisting of sampled values of the function f(x), what we get are
not values of F (ω) itself, but rather values of the DFT estimate of F (ω).
How useful or accurate the vector DFT is in such cases depends entirely
on how useful or accurate the DFT is as an estimator of the true F (ω) in
each case.

There is one case, which we shall discuss in the next section, in which
the vector DFT gives us more than merely an approximation. This case,
although highly unrealistic, is frequently employed to motivate the use of
the vector DFT.
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7.6 A Special Case of the Vector DFT

For concreteness, in this section we shall replace the variable x with the
time variable t and speak of the variable ω as frequency.

Suppose that we have sampled the function f(t) at the times t = n∆,
and that F (ω) = 0 for |ω| > Ω = π

∆ . In addition, we assume that f(t) has
the special form

f(t) =
N−1∑
k=0

cke
−i(−Ω+ 2Ω

N k)t, (7.12)

for some coefficients ck. Inserting t = n∆, we get

f(n∆) =
N−1∑
k=0

cke
−i(−Ω+ 2Ω

N k)n∆ =
N−1∑
k=0

cke
inπe−i

2π
N kn.

Therefore, we can write

f(n∆)e−inπ =
N−1∑
k=0

cke
−i 2π

N kn.

It follows that
ck =

1
N
Fk,

for
fn = f(n∆)e−inπ.

So, in this special case, the vector DFT formed by using fn = f(n∆)
provides us with exact values of ck, and so allows us to recapture f(t)
completely. However, this special case is not at all realistic and gives a
misleading impression of what the vector DFT is doing.

First of all, the complex exponential functions e−i(−Ω+ 2Ω
N k)t are peri-

odic, with periodN∆. This means that, if we were to observe more values of
the function f(t), at the spacing ∆, we would see merely an endless string
of the N values already observed. How convenient that we stopped our
measurements of f(t) precisely when taking more of them would have been
unnecessary anyway. Besides, how would we ever know that a real-world
function of time was actually periodic? Second, the number of periodic
components in f(t) happens to be N , precisely the number of data values
we have taken. Third, the frequency of each component is an integer mul-
tiple of the fundamental frequency 2Ω

N , which just happens to involve N ,
the number of data points. It should be obvious by now that this special
case serves no practical purpose and only misleads us into thinking that the
vector DFT is doing more than it really is. In general, the vector DFT is
simply giving us N values of the DFT estimate of the true function F (ω).
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7.7 Plotting the DFT

Once we have decided to use the DFT as an estimate of the function F (ω),
we may wish to plot it. Then we need to evaluate the DFT at some finite
number of ω points. There is no particular reason why we must let the
number of grid points be N ; we can take any number.

As we noted previously, the FFT is a fast algorithm for calculating
the vector DFT of any vector f . When we have as our data f(n∆), for
n = 0, 1, ..., N − 1, we can use the FFT to evaluate the DFT of the data
at N equi-spaced values of ω. The FFT is most efficient when the number
of entries in f is a power of two. Therefore, it is common to augment the
data by including some number of zero values, to make a vector with the
number of its entries a power of two. For example, suppose we have six
data points, f(0), f(∆), ..., f(5∆). We form the vector

f = (∆f(0),∆f(∆),∆f(2∆), ...,∆f(5∆), 0, 0)T ,

which has eight entries. The vector DFT has for its entries eight equi-
spaced values of the DFT estimator in the interval [−Ω,Ω).

Appending zero values to make the vector f longer is called zero-padding.
We can also use it to obtain the values of the DFT on a grid with any
number of points. Suppose, for example, that we have 400 samples of f(t),
that is, f(n∆), for n = 0, 1, ..., 399. If we want to evaluate the DFT at, say,
512 grid points, for the purpose of graphing, we make the first 400 entries
of f the data, and make the remaining 112 entries all zero. The DFT, as a
function of ω, is unchanged by this zero-padding, but the vector DFT now
produces 512 evaluations.

In a later chapter we consider how we can use prior knowledge to im-
prove the DFT estimate.



Chapter 8

Properties of the Fourier
Transform

In this chapter we review the basic properties of the Fourier transform.

8.1 Fourier-Transform Pairs

Let f(x) be defined for the real variable x in (−∞,∞). The Fourier trans-
form (FT) of f(x) is the function of the real variable ω given by

F (ω) =
∫ ∞

−∞
f(x)eiωxdx. (8.1)

Precisely how we interpret the infinite integrals that arise in the discussion
of the Fourier transform will depend on the properties of the function f(x).
A detailed treatment of this issue, which is beyond the scope of this book,
can be found in almost any text on the Fourier transform (see, for example,
[108]).

8.1.1 Reconstructing from Fourier-Transform Data

Our goal is often to reconstruct the function f(x) from measurements of
its Fourier transform F (ω). But, how?

If we have F (ω) for all real ω, then we can recover the function f(x)
using the Fourier Inversion Formula:

f(x) =
1
2π

∫ ∞

−∞
F (ω)e−iωxdω. (8.2)

The functions f(x) and F (ω) are called a Fourier-transform pair, and f(x)
is sometimes called the inverse Fourier transform (IFT) of F (ω). Once
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again, the proper interpretation of Equation (8.2) will depend on the prop-
erties of the functions involved. It may happen that one or both of these
integrals will fail to be defined in the usual way and will be interpreted as
the principal value of the integral [108].

Note that the definitions of the FT and IFT just given may differ slightly
from the ones found elsewhere; our definitions are those of Bochner and
Chandrasekharan [19] and Twomey [203]. The differences are minor and
involve only the placement of the quantity 2π and of the minus sign in
the exponent. One sometimes sees the Fourier transform of the function f
denoted f̂ ; here we shall reserve the symbol f̂ for estimates of the function
f .

8.1.2 Decomposing f(x)

One way to view Equation (8.2) is that it shows us the function f(x)
as a superposition of complex exponential functions e−iωx, where ω runs
over the entire real line. The use of the minus sign here is simply for
notational convenience later. For each fixed value of ω, the complex number
F (ω) = |F (ω)|eiθ(ω) tells us that the amount of eiωx in f(x) is |F (ω)|, and
that eiωx involves a phase shift by θ(ω).

8.1.3 The Issue of Units

When we write cosπ = −1, it is with the understanding that π is a mea-
sure of angle, in radians; the function cos will always have an independent
variable in units of radians. By extension, the same is true of the complex
exponential functions. Therefore, when we write eixω, we understand the
product xω to be in units of radians. If x is measured in seconds, then ω
is in units of radians per second; if x is in meters, then ω is in units of
radians per meter. When x is in seconds, we sometimes use the variable
ω
2π ; since 2π is then in units of radians per cycle, the variable ω

2π is in units
of cycles per second, or Hertz. When we sample f(x) at values of x spaced
∆ apart, the ∆ is in units of x-units per sample, and the reciprocal, 1

∆ ,
which is called the sampling frequency, is in units of samples per x-units.
If x is in seconds, then ∆ is in units of seconds per sample, and 1

∆ is in
units of samples per second.

8.2 Basic Properties of the Fourier Trans-
form

In this section we present the basic properties of the Fourier transform.
Proofs of these assertions are left as exercises.
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Exercise 8.1 Let F (ω) be the FT of the function f(x). Use the definitions
of the FT and IFT given in Equations (8.1) and (8.2) to establish the
following basic properties of the Fourier transform operation:

• Symmetry: The FT of the function F (x) is 2πf(−ω). For example,
the FT of the function f(x) = sin(Ωx)

πx is χΩ(ω), so the FT of g(x) =
χΩ(x) is G(ω) = 2π sin(Ωω)

πω .

• Conjugation: The FT of f(x) is F (−ω).

• Scaling: The FT of f(ax) is 1
|a|F (ωa ) for any nonzero constant a.

• Shifting: The FT of f(x− a) is eiaωF (ω).

• Modulation: The FT of f(x) cos(ω0x) is 1
2 [F (ω+ω0)+F (ω−ω0)].

• Differentiation: The FT of the nth derivative, f (n)(x) is (−iω)nF (ω).
The IFT of F (n)(ω) is (ix)nf(x).

• Convolution in x: Let f, F , g,G and h,H be FT pairs, with

h(x) =
∫
f(y)g(x− y)dy,

so that h(x) = (f ∗ g)(x) is the convolution of f(x) and g(x). Then
H(ω) = F (ω)G(ω). For example, if we take g(x) = f(−x), then

h(x) =
∫
f(x+ y)f(y)dy =

∫
f(y)f(y − x)dy = rf (x)

is the autocorrelation function associated with f(x) and

H(ω) = |F (ω)|2 = Rf (ω) ≥ 0

is the power spectrum of f(x).

• Convolution in ω: Let f, F , g,G and h,H be FT pairs, with h(x) =
f(x)g(x). Then H(ω) = 1

2π (F ∗G)(ω).

8.3 Some Fourier-Transform Pairs

In this section we present several Fourier-transform pairs.

Exercise 8.2 Show that the Fourier transform of f(x) = e−α
2x2

is F (ω) =√
π
α e−( ω

2α )2 .
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Hint: Calculate the derivative F ′(ω) by differentiating under the integral
sign in the definition of F and integrating by parts. Then solve the resulting
differential equation. Alternatively, perform the integration by completing
the square.

Let u(x) be the Heaviside function that is +1 if x ≥ 0 and 0 otherwise.
Let χA(x) be the characteristic function of the interval [−A,A] that is +1
for x in [−A,A] and 0 otherwise. Let sgn(x) be the sign function that is
+1 if x > 0, −1 if x < 0 and zero for x = 0.

Exercise 8.3 Show that the FT of the function f(x) = u(x)e−ax is F (ω) =
1

a−iω , for every positive constant a, where u(x) is the Heaviside function.

Exercise 8.4 Show that the FT of f(x) = χA(x) is F (ω) = 2 sin(Aω)
ω .

Exercise 8.5 Show that the IFT of the function F (ω) = 2i/ω is f(x) =
sgn(x).

Hints: Write the formula for the inverse Fourier transform of F (ω) as

f(x) =
1
2π

∫ +∞

−∞

2i
ω

cosωxdω − i

2π

∫ +∞

−∞

2i
ω

sinωxdω,

which reduces to

f(x) =
1
π

∫ +∞

−∞

1
ω

sinωxdω,

since the integrand of the first integral is odd. For x > 0 consider the
Fourier transform of the function χx(t). For x < 0 perform the change of
variables u = −x.

Generally, the functions f(x) and F (ω) are complex-valued, so that we
may speak about their real and imaginary parts. The next exercise explores
the connections that hold among these real-valued functions.

Exercise 8.6 Let f(x) be arbitrary and F (ω) its Fourier transform. Let
F (ω) = R(ω) + iX(ω), where R and X are real-valued functions, and
similarly, let f(x) = f1(x) + if2(x), where f1 and f2 are real-valued. Find
relationships between the pairs R,X and f1,f2.
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Exercise 8.7 We define the even part of f(x) to be the function

fe(x) =
f(x) + f(−x)

2
,

and the odd part of f(x) to be

fo(x) =
f(x)− f(−x)

2
;

define Fe and Fo similarly for F the FT of f . Let F (ω) = R(ω)+ iX(ω) be
the decomposition of F into its real and imaginary parts. We say that f is
a causal function if f(x) = 0 for all x < 0. Show that, if f is causal, then
R and X are related; specifically, show that X is the Hilbert transform of
R, that is,

X(ω) =
1
π

∫ ∞

−∞

R(α)
ω − α

dα.

Hint: If f(x) = 0 for x < 0 then f(x)sgn(x) = f(x). Apply the convolution
theorem, then compare real and imaginary parts.

8.4 Dirac Deltas

We saw earlier that the F (ω) = χΩ(ω) has for its inverse Fourier transform
the function f(x) = sin Ωx

πx ; note that f(0) = Ω
π and f(x) = 0 for the first

time when Ωx = π or x = π
Ω . For any Ω-band-limited function g(x) we

have G(ω) = G(ω)χΩ(ω), so that, for any x0, we have

g(x0) =
∫ ∞

−∞
g(x)

sinΩ(x− x0)
π(x− x0)

dx.

We describe this by saying that the function f(x) = sin Ωx
πx has the sifting

property for all Ω-band-limited functions g(x).
As Ω grows larger, f(0) approaches +∞, while f(x) goes to zero for

x 6= 0. The limit is therefore not a function; it is a generalized function
called the Dirac delta function at zero, denoted δ(x). For this reason the
function f(x) = sin Ωx

πx is called an approximate delta function. The FT
of δ(x) is the function F (ω) = 1 for all ω. The Dirac delta function δ(x)
enjoys the sifting property for all g(x); that is,

g(x0) =
∫ ∞

−∞
g(x)δ(x− x0)dx.

It follows from the sifting and shifting properties that the FT of δ(x− x0)
is the function eix0ω.
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The formula for the inverse FT now says

δ(x) =
1
2π

∫ ∞

−∞
e−ixωdω. (8.3)

If we try to make sense of this integral according to the rules of calculus we
get stuck quickly. The problem is that the integral formula doesn’t mean
quite what it does ordinarily and the δ(x) is not really a function, but
an operator on functions; it is sometimes called a distribution. The Dirac
deltas are mathematical fictions, not in the bad sense of being lies or fakes,
but in the sense of being made up for some purpose. They provide helpful
descriptions of impulsive forces, probability densities in which a discrete
point has nonzero probability, or, in array processing, objects far enough
away to be viewed as occupying a discrete point in space.

We shall treat the relationship expressed by Equation (8.3) as a formal
statement, rather than attempt to explain the use of the integral in what
is surely an unconventional manner.

If we move the discussion into the ω domain and define the Dirac delta
function δ(ω) to be the FT of the function that has the value 1

2π for all
x, then the FT of the complex exponential function 1

2π e
−iω0x is δ(ω−ω0),

visualized as a ”spike” at ω0, that is, a generalized function that has the
value +∞ at ω = ω0 and zero elsewhere. This is a useful result, in that
it provides the motivation for considering the Fourier transform of a signal
s(t) containing hidden periodicities. If s(t) is a sum of complex exponentials
with frequencies −ωn, then its Fourier transform will consist of Dirac delta
functions δ(ω−ωn). If we then estimate the Fourier transform of s(t) from
sampled data, we are looking for the peaks in the Fourier transform that
approximate the infinitely high spikes of these delta functions.

Exercise 8.8 Use the fact that sgn(x) = 2u(x)− 1 and the previous exer-
cise to show that f(x) = u(x) has the FT F (ω) = i/ω + πδ(ω).

Exercise 8.9 Let f, F be a FT pair. Let g(x) =
∫ x
−∞ f(y)dy. Show that

the FT of g(x) is G(ω) = πF (0)δ(ω) + iF (ω)
ω .

Hint: For u(x) the Heaviside function we have∫ x

−∞
f(y)dy =

∫ ∞

−∞
f(y)u(x− y)dy.
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8.5 More Properties of the Fourier Trans-
form

We can use properties of the Dirac delta functions to extend the Parseval
Equation in Fourier series to Fourier transforms, where it is usually called
the Parseval-Plancherel Equation.

Exercise 8.10 Let f(x), F (ω) and g(x), G(ω) be Fourier transform pairs.
Use Equation (8.3) to establish the Parseval-Plancherel equation

〈f, g〉 =
∫
f(x)g(x)dx =

1
2π

∫
F (ω)G(ω)dω,

from which it follows that

||f ||2 = 〈f, f〉 =
∫
|f(x)|2dx =

1
2π

∫
|F (ω)|2dω.

Exercise 8.11 The one-sided Laplace transform (LT) of f is F given by

F(z) =
∫ ∞

0

f(x)e−zxdx.

Compute F(z) for f(x) = u(x), the Heaviside function. Compare F(−iω)
with the FT of u.

8.6 Convolution Filters

Let h(x) and H(ω) be a Fourier-transform pair. We have mentioned several
times the basic problem of estimating the function H(ω) from finitely many
values of h(x); for convenience now we use the symbols h and H, rather
than f and F , as we did previously. Sometimes it is H(ω) that we really
want. Other times it is the unmeasured values of h(x) that we want, and
we try to estimate them by first estimating H(ω). Sometimes, neither
of these functions is our main interest; it may be the case that what we
want is another function, f(x), and h(x) is a distorted version of f(x).
For example, suppose that x is time and f(x) represents what a speaker
says into a telephone. The phone line distorts the signal somewhat, often
diminishing the higher frequencies. What the person at the other end
hears is not f(x), but a related signal function, h(x). For another example,
suppose that f(x, y) is a two-dimensional picture viewed by someone with
poor eyesight. What that person sees is not f(x, y) but a related function,
h(x, y), that is a distorted version of the true f(x, y). In both examples,
our goal is to recover the original undistorted signal or image. To do this,
it helps to model the distortion. Convolution filters are commonly used for
this purpose.
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8.6.1 Blurring and Convolution Filtering

We suppose that what we measure are not values of f(x), but values of
h(x), where the Fourier transform of h(x) is

H(ω) = F (ω)G(ω).

The function G(ω) describes the effects of the system, the telephone line in
our first example, or the weak eyes in the second example, or the refraction
of light as it passes through the atmosphere, in optical imaging. If we
can use our measurements of h(x) to estimate H(ω) and if we have some
knowledge of the system distortion function, that is, some knowledge of
G(ω) itself, then there is a chance that we can estimate F (ω), and thereby
estimate f(x).

If we apply the Fourier Inversion Formula to H(ω) = F (ω)G(ω), we get

h(x) =
1
2π

∫
F (ω)G(ω)e−iωxdx. (8.4)

The function h(x) that results is h(x) = (f ∗ g)(x), the convolution of the
functions f(x) and g(x), with the latter given by

g(x) =
1
2π

∫
G(ω)e−iωxdx. (8.5)

Note that, if f(x) = δ(x), then h(x) = g(x). In the image processing
example, this says that if the true picture f is a single bright spot, the
blurred image h is g itself. For that reason, the function g is called the
point-spread function of the distorting system.

Convolution filtering refers to the process of converting any given func-
tion, say f(x), into a different function, say h(x), by convolving f(x) with a
fixed function g(x). Since this process can be achieved by multiplying F (ω)
by G(ω) and then inverse Fourier transforming, such convolution filters are
studied in terms of the properties of the function G(ω), known in this con-
text as the system transfer function, or the optical transfer function (OTF);
when ω is a frequency, rather than a spatial frequency, G(ω) is called the
frequency-response function of the filter. The magnitude of G(ω), |G(ω)|,
is called the modulation transfer function (MTF). The study of convolu-
tion filters is a major part of signal processing. Such filters provide both
reasonable models for the degradation signals undergo, and useful tools for
reconstruction.

Let us rewrite Equation (8.4), replacing F (ω) with its definition, as
given by Equation (8.1). Then we have

h(x) =
∫

(
1
2π

∫
f(t)eiωtdt)G(ω)e−iωxdω. (8.6)
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Interchanging the order of integration, we get

h(x) =
∫ ∫

f(t)(
1
2π

∫
G(ω)eiω(t−x)dω)dt. (8.7)

The inner integral is g(x− t), so we have

h(x) =
∫
f(t)g(x− t)dt; (8.8)

this is the definition of the convolution of the functions f and g.

8.6.2 Low-Pass Filtering

If we know the nature of the blurring, then we know G(ω), at least to some
degree of precision. We can try to remove the blurring by taking mea-
surements of h(x), then estimating H(ω) = F (ω)G(ω), then dividing these
numbers by the value of G(ω), and then inverse Fourier transforming. The
problem is that our measurements are always noisy, and typical functions
G(ω) have many zeros and small values, making division by G(ω) danger-
ous, except where the values of G(ω) are not too small. These values of ω
tend to be the smaller ones, centered around zero, so that we end up with
estimates of F (ω) itself only for the smaller values of ω. The result is a
low-pass filtering of the object f(x).

To investigate such low-pass filtering, we suppose that G(ω) = 1, for
|ω| ≤ Ω, and is zero, otherwise. Then the filter is called the ideal Ω-low-
pass filter. In the farfield propagation model, the variable x is spatial,
and the variable ω is spatial frequency, related to how the function f(x)
changes spatially, as we move x. Rapid changes in f(x) are associated with
values of F (ω) for large ω. For the case in which the variable x is time, the
variable ω becomes frequency, and the effect of the low-pass filter on f(x)
is to remove its higher-frequency components.

One effect of low-pass filtering in image processing is to smooth out
the more rapidly changing features of an image. This can be useful if
these features are simply unwanted oscillations, but if they are important
detail, such as edges, the smoothing presents a problem. Restoring such
wanted detail is often viewed as removing the unwanted effects of the low-
pass filtering; in other words, we try to recapture the missing high-spatial-
frequency values that have been zeroed out. Such an approach to image
restoration is called frequency-domain extrapolation . How can we hope
to recover these missing spatial frequencies, when they could have been
anything? To have some chance of estimating these missing values we need
to have some prior information about the image being reconstructed.
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8.7 Two-Dimensional Fourier Transforms

More generally, we consider a function f(x, y) of two real variables. Its
Fourier transformation is

F (α, β) =
∫ ∫

f(x, y)ei(xα+yβ)dxdz. (8.9)

For example, suppose that f(x, y) = 1 for
√
x2 + y2 ≤ R, and zero,

otherwise. Then we have

F (α, β) =
∫ π

−π

∫ R

0

e−i(αr cos θ+βr sin θ)rdrdθ. (8.10)

In polar coordinates, with α = ρ cosφ and β = ρ sinφ, we have

F (ρ, φ) =
∫ R

0

∫ π

−π
eirρ cos(θ−φ)dθrdr. (8.11)

The inner integral is well known;∫ π

−π
eirρ cos(θ−φ)dθ = 2πJ0(rρ), (8.12)

where J0 denotes the 0th order Bessel function. Using the identity∫ z

0

tnJn−1(t)dt = znJn(z), (8.13)

we have

F (ρ, φ) =
2πR
ρ

J1(ρR). (8.14)

Notice that, since f(x, z) is a radial function, that is, dependent only on
the distance from (0, 0) to (x, y), its Fourier transform is also radial.

The first positive zero of J1(t) is around t = 4, so when we measure
F at various locations and find F (ρ, φ) = 0 for a particular (ρ, φ), we can
estimate R ≈ 4/ρ. So, even when a distant spherical object, like a star,
is too far away to be imaged well, we can sometimes estimate its size by
finding where the intensity of the received signal is zero [142].

8.7.1 Two-Dimensional Fourier Inversion

Just as in the one-dimensional case, the Fourier transformation that pro-
duced F (α, β) can be inverted to recover the original f(x, y). The Fourier
Inversion Formula in this case is

f(x, y) =
1

4π2

∫ ∫
F (α, β)e−i(αx+βy)dαdβ. (8.15)
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It is important to note that this procedure can be viewed as two one-
dimensional Fourier inversions: first, we invert F (α, β), as a function of,
say, β only, to get the function of α and y

g(α, y) =
1
2π

∫
F (α, β)e−iβydβ; (8.16)

second, we invert g(α, y), as a function of α, to get

f(x, y) =
1
2π

∫
g(α, y)e−iαxdα. (8.17)

If we write the functions f(x, y) and F (α, β) in polar coordinates, we obtain
alternative ways to implement the two-dimensional Fourier inversion. We
shall consider these other ways when we discuss the tomography problem
of reconstructing a function f(x, y) from line-integral data.

8.8 Functions in the Schwartz Class

As we noted previously, the integrals in Equations (8.1) and (8.2) may have
to be interpreted carefully if they are to be applied to fairly general classes
of functions f(x) and F (ω). In this section we describe a class of functions
for which these integrals can be defined. This section may be skipped with
no great loss.

If both f(x) and F (ω) are measurable and absolutely integrable then
both functions are continuous. To illustrate some of the issues involved, we
consider the functions in the Schwartz class [108]

8.8.1 The Schwartz Class

A function f(x) is said to be in the Schwartz class, or to be a Schwartz
function, if f(x) is infinitely differentiable and

|x|mf (n)(x) → 0 (8.18)

as x goes to −∞ and +∞. Here f (n)(x) denotes the nth derivative of f(x).
An example of a Schwartz function is f(x) = e−x

2
, with Fourier transform

F (ω) =
√
πe−ω

2/4. The following proposition tells us that Schwartz func-
tions are absolutely integrable on the real line, and so the Fourier transform
is well defined.

Proposition 8.1 If f(x) is a Schwartz function, then∫ ∞

−∞
|f(x)|dx < +∞.
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Proof: There is a constant M > 0 such that |x|2|f(x)| ≤ 1, for |x| ≥ M .
Then ∫ ∞

−∞
|f(x)|dx ≤

∫ M

−M
|f(x)|dx+

∫
|x|≥M

|x|−2dx < +∞.

If f(x) is a Schwartz function, then so is its Fourier transform. To prove
the Fourier Inversion Formula it is sufficient to show that

f(0) =
∫ ∞

−∞
F (ω)dω/2π. (8.19)

Write

f(x) = f(0)e−x
2
+ (f(x)− f(0)e−x

2
) = f(0)e−x

2
+ g(x). (8.20)

Then g(0) = 0, so g(x) = xh(x), where h(x) = g(x)/x is also a Schwartz
function. Then the Fourier transform of g(x) is the derivative of the Fourier
transform of h(x); that is,

G(ω) = H ′(ω). (8.21)

The function H(ω) is a Schwartz function, so it goes to zero at the infini-
ties. Computing the Fourier transform of both sides of Equation (8.20), we
obtain

F (ω) = f(0)
√
πe−ω

2/4 +H ′(ω). (8.22)

Therefore,∫ ∞

−∞
F (ω)dω = 2πf(0) +H(+∞)−H(−∞) = 2πf(0). (8.23)

To prove the Fourier Inversion Formula, we let K(ω) = F (ω)e−ix0ω, for
fixed x0. Then the inverse Fourier transform of K(ω) is k(x) = f(x+ x0),
and therefore ∫ ∞

−∞
K(ω)dω = 2πk(0) = 2πf(x0). (8.24)

In the next subsection we consider a discontinuous f(x).

8.8.2 A Discontinuous Function

Consider the function f(x) = 1
2A , for |x| ≤ A, and f(x) = 0, otherwise.

The Fourier transform of this f(x) is

F (ω) =
sin(Aω)
Aω

, (8.25)
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for all real ω 6= 0, and F (0) = 1. Note that F (ω) is nonzero throughout
the real line, except for isolated zeros, but that it goes to zero as we go
to the infinities. This is typical behavior. Notice also that the smaller the
A, the slower F (ω) dies out; the first zeros of F (ω) are at |ω| = π

A , so the
main lobe widens as A goes to zero. The function f(x) is not continuous,
so its Fourier transform cannot be absolutely integrable. In this case, the
Fourier Inversion Formula must be interpreted as involving convergence in
the L2 norm.
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Chapter 9

The Fourier Transform
and Convolution Filtering

A major application of the Fourier transform is in the study of systems.
We may think of a system as a device that accepts functions as input
and produces functions as output. For example, the differentiation system
accepts a differentiable function f(x) as input and produces its derivative
function f ′(x) as output. If the input is the function f(x) = 5f1(x)+3f2(x),
then the output is 5f ′1(x) + 3f ′2(x); the differentiation system is linear.
We shall describe systems algebraically by h = Tf , where f is any input
function, h is the resulting output function from the system, and T denotes
the operator induced by the system itself. For the differentiation system
we would write the differentiation operator as Tf = f ′.

9.1 Linear Filters

The system operator T is linear if

T (af1 + bf2) = aT (f1) + bT (f2),

for any scalars a and b and functions f1 and f2. We shall be interested
only in linear systems.

9.2 Shift-Invariant Filters

We denote by Sa the system that shifts an input function by a; that is,
if f(x) is the input to system Sa, then f(x − a) is the output. A system
operator T is said to be shift-invariant if

T (Sa(f)) = Sa(T (f)),

89
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which means that, if input f(x) leads to output h(x), then input f(x− a)
leads to output h(x − a); shifting the input just shifts the output. When
the variable x is time, we speak of time-invariant systems. When T is a
shift-invariant linear system operator we say that T is a SILO.

9.3 Some Properties of SILO

Suppose that h(x) = (Tf)(x). Then we also

f(x+ ∆x) = (S−∆xf)(x)

and

(TS−∆xf)(x) = (S−∆xTf)(x) = (S−∆xh)(x) = h(x+ ∆x),

so that if the input to the system is

1
∆x

(
f(x+ ∆x)− f(x)

)
,

the output is
1

∆x

(
h(x+ ∆x)− h(x)

)
.

Now we take limits, as ∆x → 0, so that, assuming continuity, we can
conclude that Tf ′ = h′. We apply this now to the case in which f(x) =
e−ixω for some real constant ω.

Since f ′(x) = −iωf(x) and f(x) = i
ωf

′(x) in this case, we have

h(x) = (Tf)(x) =
i

ω
(Tf ′)(x) =

i

ω
h′(x),

so that
h′(x) = −iωh(x).

Solving this differential equation, we obtain

h(x) = ce−ixω,

for some constant c. Note that since the c may vary when we vary the
selected ω, we must write c = c(ω). The main point here is that, when T is
a SILO and the input function is a complex exponential with frequency ω,
then the output is again a complex exponential with the same frequency
ω, multiplied by a complex number c(ω). This multiplication by c(ω) only
modifies the amplitude and phase of the exponential function; it does not
alter its frequency. So SILO operators do not change the input frequencies,
but only modify their strengths and phases.
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Exercise 9.1 Let T be a SILO. Show that T is a convolution operator by
showing that, for each input function f , the output function h = Tf is the
convolution of f with g, where g(x) is the inverse FT of the function c(ω)
obtained above. Hint: write the input function f(x) as

f(x) =
1
2π

∫ ∞

−∞
F (ω)e−ixωdω,

and assume that

(Tf)(x) =
1
2π

∫ ∞

−∞
F (ω)(Te−ixω)dω.

Now that we know that a SILO is a convolution filter, the obvious
question to ask is What is g(x)? This is the system identification problem.
One way to solve this problem is to consider what the output is when the
input is the Heaviside function u(x). In that case, we have

h(x) =
∫ ∞

−∞
u(y)g(x− y)dy =

∫ ∞

0

g(x− y)dy =
∫ x

−∞
g(t)dt.

Therefore, h′(x) = g(x).

9.4 The Dirac Delta

The Dirac delta, denoted δ(x), is not truly a function. Its job is best
described by its sifting property: for any fixed value of x,

f(x) =
∫
f(y)δ(x− y)dy.

In order for the Dirac delta to perform the sifting operator on any f(x) it
would have to be zero, except at x = 0, where it would have to be infinitely
large. It is possible to give a rigorous treatment of the Dirac delta, using
generalized functions, but that is beyond the scope of this course. The
Dirac delta is useful in our discussion of filters, which is why it is used.

9.5 The Impulse Response Function

We can solve the system identification problem by seeing what the output
is when the input is the Dirac delta. Since the SILO T is a convolution
operator, we know that

h(x) =
∫ ∞

−∞
δ(y)g(x− y)dy = g(x).

For this reason, the function g(x) is called the impulse-response function
of the system.
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9.6 Using the Impulse-Response Function

Suppose now that we take as our input the function f(x), but write it as

f(x) =
∫
f(y)δ(x− y)dy.

Then, since T is linear, and the integral is more or less a big sum, we have

T (f)(x) =
∫
f(y)T (δ(x− y))dy =

∫
f(y)g(x− y)dy.

The function on the right side of this equation is the convolution of the
functions f and g, written f ∗ g. This shows, as we have seen, that T
does its job by convolving any input function f with its impulse-response
function g, to get the output function h = Tf = f ∗ g. It is useful to
remember that order does not matter in convolution:∫

f(y)g(x− y)dy =
∫
g(y)f(x− y)dy.

9.7 The Filter Transfer Function

Now let us take as input the complex exponential f(x) = e−ixω, where ω
is fixed. Then the output is

h(x) = T (f)(x) =
∫
e−iyωg(x− y)dy =

∫
g(y)e−i(x−y)ωdy = e−ixωG(ω),

where G(ω) is the Fourier transform of the impulse-response function g(x);
note that G(ω) = cω from Exercise 9.1. This tells us that when the input
to T is a complex exponential function with “frequency” ω, the output is
the same complex exponential function, the “frequency” is unchanged, but
multiplied by a complex number G(ω). This multiplication by G(ω) can
change both the amplitude and phase of the complex exponential, but the
“frequency” ω does not change. In filtering, this function G(ω) is called the
transfer function of the filter, or sometimes the frequency-response function.

9.8 The Multiplication Theorem for Convo-
lution

Now let’s take as input a function f(x), but now write it using Equation
(7.2),

f(x) =
1
2π

∫
F (ω)e−ixωdω.
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Then, taking the operator inside the integral, we find that the output is

h(x) = T (f)(x) =
1
2π

∫
F (ω)T (e−ixω)dω =

1
2π

∫
e−ixωF (ω)G(ω)dω.

But, from Equation (7.2), we know that

h(x) =
1
2π

∫
e−ixωH(ω)dω.

This tells us that the Fourier transform H(ω) of the function h = f ∗ g is
the simply product of F (ω) and G(ω); this is the most important property
of convolution.

Project: In the previous paragraph, we allowed the operator T to move
inside the integral. We know, however, that this is not always permissible.
The differentiation operator T = D, with D(f) = f ′, cannot always be
moved inside the integral; as we learn in advanced calculus, we cannot
always differentiate under the integral sign. This raises the interesting
issue of how to represent the differentiation operator as a shift-invariant
linear filter. In particular, what is the impulse-response function? The
exercise is to investigate this issue. Pay some attention to the problem
of differentiating the delta function, to the Green’s Function method for
representing the inversion of linear differential operators, and to generalized
functions or distributions.

9.9 Band-Limiting

Suppose that G(ω) = χΩ(ω). Then if F (ω) is the Fourier transform of the
input function, the Fourier transform of the output function h(t) will be

H(ω) =
{
F (ω), if |ω| ≤ Ω ;

0, if |ω| > Ω .

The effect of the filter is to leave values F (ω) unchanged, if |ω| ≤ Ω, and
to replace F (ω) with zero, if |ω| > Ω. This is called band-limiting. Since
the inverse Fourier transform of G(ω) is

g(t) =
sin(Ωt)
πt

,

the band-limiting system can be described using convolution:

h(t) =
∫
f(s)

sin(Ω(t− s))
π(t− s)

ds.
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Chapter 10

Infinite Sequences and
Discrete Filters

Many textbooks on signal processing present filters in the context of infinite
sequences. Although infinite sequences are no more realistic than functions
f(t) defined for all times t, they do simplify somewhat the discussion of
filtering, particularly when it comes to the impulse response and to random
signals. Systems that have as input and output infinite sequences are called
discrete systems.

10.1 Shifting

We denote by f = {fn}∞n=−∞ an infinite sequence. For a fixed integer
k, the system that accepts f as input and produces as output the shifted
sequence h = {hn = fn−k} is denoted Sk; therefore, we write h = Skf .

10.2 Shift-Invariant Discrete Linear Systems

A discrete system T is linear if

T (af1 + bf2) = aT (f1) + bT (f2),

for any infinite sequences f1 and f2 and scalars a and b. As previously,
a system T is shift-invariant if TSk = SkT . This means that if input f
has output h, then input Skf has output Skh; shifting the input by k just
shifts the output by k.
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10.3 The Delta Sequence

The delta sequence δ = {δn} has δ0 = 1 and δn = 0, for n not equal to zero.
Then Sk(δ) is the sequence Sk(δ) = {δn−k}. For any sequence f we have

fn =
∞∑

m=−∞
fmδn−m =

∞∑
m=−∞

δmfn−m. (10.1)

This means that we can write the sequence f as an infinite sum of the
sequences Smδ:

f =
∞∑

m=−∞
fmSm(δ). (10.2)

As in the continuous case, we use the delta sequence to understand better
how a shift-invariant discrete linear system T works.

10.4 The Discrete Impulse Response

We let δ be the input to the shift-invariant discrete linear system T , and
denote the output sequence by g = T (δ). Now, for any input sequence f
with h = T (f), we write f using Equation (10.2), so that

h = T (f) = T (
∞∑

m=−∞
fmSmδ) =

∞∑
m=−∞

fmTSm(δ)

=
∞∑

m=−∞
fmSmT (δ) =

∞∑
m=−∞

fmSm(g).

Therefore, we have

hn =
∞∑

m=−∞
fmgn−m, (10.3)

for each n. Equation (10.3) is the definition of discrete convolution or the
convolution of sequences. This tells us that the output sequence h = T (f) is
the convolution of the input sequence f with the impulse-response sequence
g; that is, h = T (f) = f ∗ g.

10.5 The Discrete Transfer Function

Associated with each ω in the interval [0, 2π) we have the sequence eω =
{e−inω}∞n=−∞; the minus sign in the exponent is just for notational conve-
nience later. What happens when we let f = eω be the input to the system
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T? The output sequence h will be the convolution of the sequence eω with
the sequence g; that is,

hn =
∞∑

m=−∞
e−imωgn−m =

∞∑
m=−∞

gme
−i(n−m)ω = e−inω

∞∑
m=−∞

gme
imω.

Defining

G(ω) =
∞∑

m=−∞
gme

imω (10.4)

for 0 ≤ ω < 2π, we can write

hn = e−inωG(ω),

or
h = T (eω) = G(ω)eω.

This tells us that when eω is the input, the output is a multiple of the
input; the “frequency” ω has not changed, but the multiplication by G(ω)
can alter the amplitude and phase of the complex-exponential sequence.

Notice that Equation (10.4) is the definition of the Fourier series asso-
ciated with the sequence g viewed as a sequence of Fourier coefficients. It
follows that, once we have the function G(ω), we can recapture the original
gn from the formula for Fourier coefficients:

gn =
1
2π

∫ 2π

0

G(ω)e−inωdω. (10.5)

10.6 Using Fourier Series

For any sequence f = {fn}, we can define the function

F (ω) =
∞∑

n=−∞
fne

inω, (10.6)

for ω in the interval [0, 2π). Then each fn is a Fourier coefficient of F (ω)
and we have

fn =
1
2π

∫ 2π

0

F (ω)e−inωdω. (10.7)

It follows that we can write

f =
1
2π

∫ 2π

0

F (ω)eωdω. (10.8)

We interpret this as saying that the sequence f is a superposition of the
individual sequences eω, with coefficients F (ω).
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10.7 The Multiplication Theorem for Convo-
lution

Now consider f as the input to the system T , with h = T (f) as output.
Using Equation (10.8), we can write

h = T (f) = T
( 1

2π

∫ 2π

0

F (ω)eωdω
)

=
1
2π

∫ 2π

0

F (ω)T (eω)dω =
1
2π

∫ 2π

0

F (ω)G(ω)eωdω.

But, applying Equation (10.8) to h, we have

h =
1
2π

∫ 2π

0

H(ω)eωdω.

It follows that H(ω) = F (ω)G(ω), which is analogous to what we found
in the case of continuous systems. This tells us that the system T works
by multiplying the function F (ω) associated with the input by the transfer
function G(ω), to get the function H(ω) associated with the output h =
T (f). In the next section we give an example.

10.8 The Three-Point Moving Average

We consider now the linear, shift-invariant system T that performs the
three-point moving average operation on any input sequence. Let f be any
input sequence. Then the output sequence is h with

hn =
1
3
(fn−1 + fn + fn+1).

The impulse-response sequence is g with g−1 = g0 = g1 = 1
3 , and gn = 0,

otherwise.
To illustrate, for the input sequence with fn = 1 for all n, the output

is hn = 1 for all n. For the input sequence

f = {..., 3, 0, 0, 3, 0, 0, ...},

the output h is again the sequence hn = 1 for all n. If our input is
the difference of the previous two input sequences, that is, the input is
{..., 2,−1,−1, 2,−1,−1, ...}, then the output is the sequence with all en-
tries equal to zero.

The transfer function G(ω) is

G(ω) =
1
3
(eiω + 1 + e−iω) =

1
3
(1 + 2 cosω).
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The function G(ω) has a zero when cosω = − 1
2 , or when ω = 2π

3 or ω = 4π
3 .

Notice that the sequence given by

fn =
(
ei

2π
3 n + e−i

2π
3 n
)

= 2 cos
2π
3
n

is the sequence {..., 2,−1,−1, 2,−1,−1, ...}, which, as we have just seen,
has as its output the zero sequence. We can say that the reason the output
is zero is that the transfer function has a zero at ω = 2π

3 and at ω = 4π
3 =

−2π
3 . Those complex-exponential components of the input sequence that

correspond to values of ω where G(ω) = 0 will be removed in the output.
This is a useful role that filtering can play; we can null out undesired
complex-exponential components of an input signal by designing G(ω) to
have a root at those values of ω.

10.9 Autocorrelation

If we take the input sequence to our convolution filter to be f related to
the impulse-response sequence according to the sequence

fn = g−n,

then the output sequence is h with entries

hn =
+∞∑

k=−∞

gkgk−n

and H(ω) = |G(ω)|2. The sequence h is called the autocorrelation sequence
for g and |G(ω)|2 is the power spectrum of g.

Autocorrelation sequences have special properties not shared with or-
dinary sequences, as the exercise below shows. The Cauchy inequality is
valid for infinite sequences: with the length of g defined by

‖g‖ =
( +∞∑
n=−∞

|gn|2
)1/2

and the inner product of any sequences f and g given by

〈f, g〉 =
+∞∑

n=−∞
fngn,

we have
|〈f, g〉| ≤ ‖f‖ ‖g‖,

with equality if and only if g is a constant multiple of f .

Exercise 10.1 Let h be the autocorrelation sequence for g. Show that
h−n = hn and h0 ≥ |hn| for all n.
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10.10 Stable Systems

An infinite sequence f = {fn} is called bounded if there is a constant
A > 0 such that |fn| ≤ A, for all n. The shift-invariant linear system with
impulse-response sequence g = T (δ) is said to be stable [169] if the output
sequence h = {hn} is bounded whenever the input sequence f = {fn} is.
In Exercise 10.2 below we ask the reader to prove that, in order for the
system to be stable, it is both necessary and sufficient that

∞∑
n=−∞

|gn| < +∞.

Given a doubly infinite sequence, g = {gn}+∞n=−∞, we associate with g its
z-transform, the function of the complex variable z given by

G(z) =
+∞∑

n=−∞
gnz

−n.

Doubly infinite series of this form are called Laurent series and occur in
the representation of functions analytic in an annulus. Note that if we take
z = e−iω then G(z) becomes G(ω) as defined by Equation (10.4). The
z-transform is a somewhat more flexible tool in that we are not restricted
to those sequences g for which the z-transform is defined for z = e−iω.

Exercise 10.2 Show that the shift-invariant linear system with impulse-
response sequence g is stable if and only if

+∞∑
n=−∞

|gn| < +∞.

Hint: If, on the contrary,
+∞∑

n=−∞
|gn| = +∞,

consider as input the bounded sequence f with

fn = g−n/|gn|

and show that h0 = +∞.

Exercise 10.3 Consider the linear system determined by the sequence g0 =
2, gn = ( 1

2 )|n|, for n 6= 0. Show that this system is stable. Calculate the
z-transform of {gn} and determine its region of convergence.
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10.11 Causal Filters

The shift-invariant linear system with impulse-response sequence g is said
to be a causal system if the sequence {gn} is itself causal; that is, gn = 0
for n < 0.

Exercise 10.4 Show that the function G(z) = (z−z0)−1 is the z-transform
of a causal sequence g, where z0 is a fixed complex number. What is the
region of convergence? Show that the resulting linear system is stable if
and only if |z0| < 1.
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Chapter 11

Convolution and the
Vector DFT

Convolution is an important concept in signal processing and occurs in sev-
eral distinct contexts. In previous chapters, we considered the convolution
of functions of a continuous variable and of infinite sequences. The reader
may also recall an earlier encounter with convolution in a course on differ-
ential equations. In this chapter we shall discuss non-periodic convolution
and periodic convolution of vectors.

The simplest example of convolution is the non-periodic convolution of
finite vectors, which is what we do to the coefficients when we multiply two
polynomials together.

11.1 Non-periodic Convolution

Recall the algebra problem of multiplying one polynomial by another. Sup-
pose

A(x) = a0 + a1x+ ...+ aMx
M

and
B(x) = b0 + b1x+ ...+ bNx

N .

Let C(x) = A(x)B(x). With

C(x) = c0 + c1x+ ...+ cM+Nx
M+N ,

each of the coefficients cj , j = 0, ...,M+N, can be expressed in terms of the
am and bn (an easy exercise!). The vector c = (c0, ..., cM+N ) is called the
non-periodic convolution of the vectors a = (a0, ..., aM ) and b = (b0, ..., bN ).
Non-periodic convolution can be viewed as a particular case of periodic
convolution, as we shall see.
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11.2 The DFT as a Polynomial

Given the complex numbers f0, f1, ..., fN−1, we form the vector f = (f0, f1, ..., fN−1)T .
The DFT of the vector f is the function

DFTf (ω) =
N−1∑
n=0

fne
inω,

defined for ω in the interval [0, 2π). Because einω = (eiω)n, we can write
the DFT as a polynomial

DFT f(ω) =
N−1∑
n=0

fn(eiω)n.

If we have a second vector, say d = (d + 0, d1, ..., dN−1)T , then we define
DFTd(ω) similarly. When we multiply DFTf (ω) by DFTd(ω), we are
multiplying two polynomials together, so the result is a sum of powers of
the form

c0 + c1e
iω + c2(eiω)2 + ...+ c2N−2(eiω)2N−2, (11.1)

for
cj = f0dj + f1dj−1 + ...+ fjd0.

This is non-periodic convolution again. In the next section, we consider
what happens when, instead of using arbitrary values of ω, we consider
only the N special values ωk = 2π

N k, k = 0, 1, ..., N − 1. Because of the
periodicity of the complex exponential function, we have

(eiωk)N+j = (eiωk)j ,

for each k. As a result, all the powers higher than N − 1 that showed
up in the previous multiplication in Equation (11.1) now become equal
to lower powers, and the product now only has N terms, instead of the
2N − 1 terms we got previously. When we calculate the coefficients of
these powers, we find that we get more than we got when we did the non-
periodic convolution. Now what we get is called periodic convolution.

11.3 The Vector DFT and Periodic Convolu-
tion

As we just discussed, non-periodic convolution is another way of looking
at the multiplication of two polynomials. This relationship between con-
volution on the one hand and multiplication on the other is a fundamental
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aspect of convolution. Whenever we have a convolution we should ask what
related mathematical objects are being multiplied. We ask this question
now with regard to periodic convolution; the answer turns out to be the
vector discrete Fourier transform (vDFT).

11.3.1 The Vector DFT

Let f = (f0, f1, ..., fN−1)T be a column vector whose entries are N arbitrary
complex numbers. For k = 0, 1, ..., N − 1, we let

Fk =
N−1∑
n=0

fne
2πikn/N = DFTf (ωk). (11.2)

Then we let F = (F0, F1, ..., FN−1)T be the column vector with the N
complex entries Fk. The vector F is called the vector discrete Fourier
transform of the vector f , and therefore, we denote it by F = vDFTf .

As we can see from Equation (11.2), there are N multiplications in-
volved in the calculation of each Fk, and there are N values of k, so it
would seem that, in order to calculate the vector DFT of f , we need N2

multiplications. In many applications, N is quite large and calculating the
vector F using the definition would be unrealistically time-consuming. The
fast Fourier transform algorithm (FFT), to be discussed later, gives a quick
way to calculate the vector F from the vector f . The FFT, usually credited
to Cooley and Tukey, was discovered in the mid-1960’s and revolutionized
signal and image processing.

11.3.2 Periodic Convolution

Given the N by 1 vectors f and d with complex entries fn and dn, respec-
tively, we define a third N by 1 vector f ∗ d, the periodic convolution of f
and d, to have the entries

(f ∗ d)n = f0dn + f1dn−1 + ...+ fnd0 + fn+1dN−1 + ...+ fN−1dn+1,(11.3)

for n = 0, 1, ..., N − 1.
Notice that the term on the right side of Equation (11.3) is the sum of

all products of entries, one from f and one from d, where the sum of their
respective indices is either n or n+N .

Periodic convolution is illustrated in Figure 11.1. The first exercise
relates the periodic convolution to the vector DFT.

In the exercises that follow we investigate properties of the vector DFT
and relate it to periodic convolution. It is not an exaggeration to say that
these two exercises are the most important ones in this book. The first
exercise establishes for finite vectors and periodic convolution a version
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of the multiplication theorems we saw earlier for continuous and discrete
convolution.

Exercise 11.1 Let F = vDFTf and D = vDFTd. Define a third vector
E having for its kth entry Ek = FkDk, for k = 0, ..., N − 1. Show that E
is the vDFT of the vector f ∗ d.

The vector vDFTf can be obtained from the vector f by means of
matrix multiplication by a certain matrix G, called the DFT matrix. The
matrix G has an inverse that is easily computed and can be used to go
from F = vDFTf back to the original f . The details are in Exercise 11.2.

Exercise 11.2 Let G be the N by N matrix whose entries are Gjk =
ei(j−1)(k−1)2π/N . The matrix G is sometimes called the DFT matrix. Show
that the inverse of G is G−1 = 1

NG
†, where G† is the conjugate transpose

of the matrix G. Then f ∗ d = G−1E = 1
NG

†E.

11.4 The vDFT of Sampled Data

For a doubly infinite sequence {fn| − ∞ < n < ∞}, the function of F (γ)
given by the infinite series

F (γ) =
∞∑

n=−∞
fne

inγ (11.4)

is sometimes called the discrete-time Fourier transform (DTFT) of the
sequence, and the fn are called its Fourier coefficients. The function F (γ)
is 2π-periodic, so we restrict our attention to the interval 0 ≤ γ ≤ 2π. If
we start with a function F (γ), for 0 ≤ γ ≤ 2π, we can find the Fourier
coefficients by

fn =
1
2π

∫ 2π

0

F (γ)e−iγndγ. (11.5)

11.4.1 Superposition of Sinusoids

This equation suggests a model for a function of a continuous variable x:

f(x) =
1
2π

∫ 2π

0

F (γ)e−iγxdγ. (11.6)

The values fn then can be viewed as fn = f(n), that is, the fn are sampled
values of the function f(x), sampled at the points x = n. The function
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F (γ) is now said to be the spectrum of the function f(x). The function
f(x) is then viewed as a superposition of infinitely many simple functions,
namely the complex exponentials or sinusoidal functions e−iγx, for values
of γ that lie in the interval [0, 2π]. The relative contribution of each e−iγx

to f(x) is given by the complex number 1
2πF (γ).

11.4.2 Rescaling

In the model just discussed, we sampled the function f(x) at the points x =
n. In applications, the variable x can have many meanings. In particular, x
is often time, denoted by the variable t. Then the variable γ will be related
to frequency. Depending on the application, the frequencies involved in
the function f(t) may be quite large numbers, or quite small ones; there is
no reason to assume that they will all be in the interval [0, 2π]. For this
reason, we have to modify our formulas.

Suppose that the function g(t) is known to involve only frequencies in
the interval [0, 2π

∆ ]. Define f(x) = g(x∆), so that

g(t) = f(t/∆) =
1
2π

∫ 2π

0

F (γ)e−iγt/∆dγ. (11.7)

Introducing the variable ω = γ/∆, and writing G(ω) = ∆F (ω∆), we get

g(t) =
1
2π

∫ 2π
∆

0

G(ω)e−iωtdω. (11.8)

Now the typical problem is to estimate G(ω) from measurements of g(t).
Note that, using Equation (11.4), the function G(ω) can be written as
follows:

G(ω) = ∆F (ω∆) = ∆
∞∑

n=−∞
fne

inω∆,

so that

G(ω) = ∆
∞∑

n=−∞
g(n∆)ei(n∆)ω. (11.9)

Note that this is the same result as in Equation (7.6) and shows that
the functions G(ω) and g(t) can be completely recovered from the infinite
sequence of samples {gn∆)}, whenever G(ω) is zero outside an interval of
total length 2π

∆ .

11.4.3 The Aliasing Problem

In the previous subsection, we assumed that we knew that the only fre-
quencies involved in g(t) were in the interval [0, 2π

∆ ], and that ∆ was our
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sampling spacing. Notice that, given our data g(n∆), it is impossible for
us to distinguish a frequency ω from ω + 2πk

∆ , for any integer k: for any
integers k and n we have

ei(ω+ 2πk
∆ )n∆ = eiωn∆e2πikn.

11.4.4 The Discrete Fourier Transform

In practice, we will have only finitely measurements g(n∆); even these will
typically be noisy, but we shall overlook this for now. Suppose our data is
g(n∆), for n = 0, 1, ..., N −1. For notational simplicity, we let fn = g(n∆).
It seems reasonable, in this case, to base our estimate Ĝ(ω) of G(ω) on
Equation (11.9) and write

Ĝ(ω) = ∆
N−1∑
n=0

g(n∆)ei(n∆)ω. (11.10)

We shall call Ĝ(ω) the DFT estimate of the function G(ω) and write

DFT (ω) = Ĝ(ω);

it will be clear from the context that the DFT uses samples of g(t) and
estimates G(ω).

11.4.5 Calculating Values of the DFT

Suppose that we want to evaluate this estimate of G(ω) at the N−1 points
ωk = 2πk

N∆ , for k = 0, 1, ..., N − 1. Then we have

Ĝ(ωk) = ∆
N−1∑
n=0

g(n∆)ei(n∆) 2πk
N∆ =

N−1∑
n=0

∆g(n∆)e2πikn/N . (11.11)

Notice that this is the vector DFT entry Fk for the choices fn = ∆g(n∆).
To summarize, given the samples g(n∆), for n = 0, 1, ..., N − 1, we

can get the N values Ĝ( 2πk
N∆ ) by taking the vector DFT of the vector

f = (∆g(0),∆g(∆), ...,∆g((N − 1)∆))T . We would normally use the FFT
algorithm to perform these calculations.

11.4.6 Zero-Padding

Suppose we simply want to graph the DFT estimate DFT (ω) = Ĝ(ω) on
some uniform grid in the interval [0, 2π

∆ ], but want to use more than N
points in the grid. The FFT algorithm always gives us back a vector with
the same number of entries as the one we begin with, so if we want to get,
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say, M > N points in the grid, we need to give the FFT algorithm a vector
with M entries. We do this by zero-padding, that is, by taking as our input
to the FFT algorithm the M by 1 column vector

f = (∆g(0),∆g(∆), ...,∆g((N − 1)∆), 0, 0, ..., 0)T .

The resulting vector DFT F then has the entries

Fk = ∆
N−1∑
n=0

g(n∆)e2πikn/M ,

for k = 0, 1, ...,M − 1; therefore, we have Fk = Ĝ(2πk/M).

11.4.7 What the vDFT Achieves

It is important to note that the values Fk we calculate by applying the
FFT algorithm to the sampled data g(n∆) are not values of the function
G(ω), but of the estimate, Ĝ(ω). Zero-padding allows us to use the FFT to
see more of the values of Ĝ(ω). It does not improve resolution, but simply
shows us what is already present in the function Ĝ(ω), which we may not
have seen without the zero-padding. The FFT algorithm is most efficient
when N is a power of two, so it is common practice to zero-pad f using as
M the smallest power of two not less than N .

11.4.8 Terminology

In the signal processing literature no special name is given to what we call
here DFT (ω), and the vector DFT of the data vector is called the DFT
of the data. This is unfortunate, because the function of the continuous
variable given in Equation (11.10) is the more fundamental entity, the
vector DFT being merely the evaluation of that function at N equi-spaced
points. If we should wish to evaluate the DFT (ω) at M > N equi-spaced
points, say, for example, for the purpose of graphing the function, we would
zero-pad the data vector, as we just discussed. The resulting vector DFT
is not the same vector as the one obtained prior to zero-padding; it is not
even the same size. But both of these vectors have, as their entries, values
of the same function, DFT (ω).

11.5 Understanding the Vector DFT

Let g(t) be the signal we are interested in. We sample the signal at the
points t = m∆, for n = 0, 1, ..., N − 1, to get our data values, which we
label fn = g(n∆). To illustrate the significance of the vector DFT, we
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consider the simplest case, in which the signal g(t) we are sampling is a
single sinusoid.

Suppose that g(t) is a complex exponential function with frequency the
negative of ωm = 2πm/N∆; the reason for the negative is a technical one
that we can safely ignore at this stage. Then

g(t) = e−i(2πm/N∆)t, (11.12)

for some non-negative integer 0 ≤ m ≤ N − 1. Our data is then

fn = ∆g(n∆) = ∆e−i(2πm/N∆)n∆ = e−2πimn/N .

Now we calculate the components Fk of the vector DFT. We have

Fk =
N−1∑
n=0

fne
2πikn/N = ∆

N−1∑
n=0

e2πi(k−m)/N .

If k = m, then Fm = N∆, while, according to Exercise 5.14, Fk = 0, for k
not equal to m. Let’s try this on a more complicated signal.

Suppose now that our signal has the form

f(t) =
N−1∑
m=0

Ame
−2πimt/N∆. (11.13)

The data vector is now

fn = ∆
N−1∑
m=0

Ame
−2πimn/N .

The entry Fm of the vector DFT is now the sum of the values it would have
if the signal had consisted only of the single sinusoid e−i(2πm/N∆)t. As we
just saw, all but one of these values would be zero, and so Fm = N∆Am,
and this holds for each m = 0, 1, ..., N − 1.

Summarizing, when the signal f(t) is a sum of N sinusoids, with the
frequencies ωk = 2πk/N∆, for k = 0, 1, ..., N−1, and we sample at t = n∆,
for n = 0, 1, ..., N − 1, the entries Fk of the vector DFT are precisely N∆
times the corresponding amplitudes Ak. For this particular situation, cal-
culating the vector DFT gives us the amplitudes of the different sinusoidal
components of f(t). We must remember, however, that this applies only
to the case in which f(t) has the form in Equation (11.13). In general, the
entries of the vector DFT are to be understood as approximations, in the
sense discussed above.

As mentioned previously, non-periodic convolution is really a special
case of periodic convolution. Extend theM+1 by 1 vector a to anM+N+1
by 1 vector by appending N zero entries; similarly, extend the vector b to
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an M + N + 1 by 1 vector by appending zeros. The vector c is now the
periodic convolution of these extended vectors. Therefore, since we have
an efficient algorithm for performing periodic convolution, namely the Fast
Fourier Transform algorithm (FFT), we have a fast way to do the periodic
(and thereby non-periodic) convolution and polynomial multiplication.
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Figure 11.1: Periodic convolution of vectors a = (a(0), a(1), a(2), a(3)) and
b = (b(0), b(1), b(2), b(3)).



Chapter 12

The Fast Fourier
Transform (FFT)

A fundamental problem in signal processing is to estimate finitely many
values of the function F (ω) from finitely many values of its (inverse) Fourier
transform, f(t). As we have seen, the DFT arises in several ways in that
estimation effort. The fast Fourier transform (FFT), discovered in 1965 by
Cooley and Tukey, is an important and efficient algorithm for calculating
the vector DFT [81]. John Tukey has been quoted as saying that his main
contribution to this discovery was the firm and often voiced belief that such
an algorithm must exist.

12.1 Evaluating a Polynomial

To illustrate the main idea underlying the FFT, consider the problem of
evaluating a real polynomial P (x) at a point, say x = c. Let the polynomial
be

P (x) = a0 + a1x+ a2x
2 + ...+ a2Kx

2K ,

where a2K might be zero. Performing the evaluation efficiently by Horner’s
method,

P (c) = (((a2Kc+ a2K−1)c+ a2K−2)c+ a2K−3)c+ ...,

requires 2K multiplications, so the complexity is on the order of the degree
of the polynomial being evaluated. But suppose we also want P (−c). We
can write

P (x) = (a0 + a2x
2 + ...+ a2Kx

2K) + x(a1 + a3x
2 + ...+ a2K−1x

2K−2)

113
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or
P (x) = Q(x2) + xR(x2).

Therefore, we have P (c) = Q(c2) + cR(c2) and P (−c) = Q(c2) − cR(c2).
If we evaluate P (c) by evaluating Q(c2) and R(c2) separately, one more
multiplication gives us P (−c) as well. The FFT is based on repeated use
of this idea, which turns out to be more powerful when we are using complex
exponentials, because of their periodicity.

12.2 The DFT and Vector DFT

Suppose that the data are the samples are {f(n∆), n = 1, ..., N}, where
∆ > 0 is the sampling increment or sampling spacing.

The DFT estimate of F (ω) is the function FDFT (ω), defined for ω in
[−π/∆, π/∆], and given by

FDFT (ω) = ∆
N∑
n=1

f(n∆)ein∆ω.

The DFT estimate FDFT (ω) is data consistent; its inverse Fourier-transform
value at t = n∆ is f(n∆) for n = 1, ..., N . The DFT is sometimes used in
a slightly more general context in which the coefficients are not necessarily
viewed as samples of a function f(t).

Given the complexN -dimensional column vector f = (f0, f1, ..., fN−1)T ,
define the DFT of vector f to be the function DFTf (ω), defined for ω in
[0, 2π), given by

DFTf (ω) =
N−1∑
n=0

fne
inω.

Let F be the complex N -dimensional vector F = (F0, F1, ..., FN−1)T , where
Fk = DFTf (2πk/N), k = 0, 1, ..., N−1. So the vector F consists ofN values
of the function DFTf , taken at N equispaced points 2π/N apart in [0, 2π).

From the formula for DFTf we have, for k = 0, 1, ..., N − 1,

Fk = F (2πk/N) =
N−1∑
n=0

fne
2πink/N . (12.1)

To calculate a single Fk requires N multiplications; it would seem that to
calculate all N of them would require N2 multiplications. However, using
the FFT algorithm, we can calculate vector F in approximately N log2(N)
multiplications.



12.3. EXPLOITING REDUNDANCY 115

12.3 Exploiting Redundancy

Suppose that N = 2M is even. We can rewrite Equation (12.1) as follows:

Fk =
M−1∑
m=0

f2me
2πi(2m)k/N +

M−1∑
m=0

f2m+1e
2πi(2m+1)k/N ,

or, equivalently,

Fk =
M−1∑
m=0

f2me
2πimk/M + e2πik/N

M−1∑
m=0

f2m+1e
2πimk/M . (12.2)

Note that if 0 ≤ k ≤M − 1 then

Fk+M =
M−1∑
m=0

f2me
2πimk/M − e2πik/N

M−1∑
m=0

f2m+1e
2πimk/M , (12.3)

so there is no additional computational cost in calculating the second half
of the entries of F, once we have calculated the first half. The FFT is the
algorithm that results when we take full advantage of the savings obtainable
by splitting a DFT calculating into two similar calculations of half the size.

We assume now that N = 2L. Notice that if we use Equations (12.2)
and (12.3) to calculate vector F, the problem reduces to the calculation of
two similar DFT evaluations, both involving half as many entries, followed
by one multiplication for each of the k between 0 and M − 1. We can split
these in half as well. The FFT algorithm involves repeated splitting of the
calculations of DFTs at each step into two similar DFTs, but with half the
number of entries, followed by as many multiplications as there are entries
in either one of these smaller DFTs. We use recursion to calculate the cost
C(N) of computing F using this FFT method. From Equation (12.2) we
see that C(N) = 2C(N/2) + (N/2). Applying the same reasoning to get
C(N/2) = 2C(N/4) + (N/4), we obtain

C(N) = 2C(N/2) + (N/2) = 4C(N/4) + 2(N/2) = ...

= 2LC(N/2L) + L(N/2) = N + L(N/2).

Therefore, the cost required to calculate F is approximately N log2N .
From our earlier discussion of discrete linear filters and convolution, we

see that the FFT can be used to calculate the periodic convolution (or even
the nonperiodic convolution) of finite length vectors.

Finally, let’s return to the original context of estimating the Fourier
transform F (ω) of function f(t) from finitely many samples of f(t). If we
have N equispaced samples, we can use them to form the vector f and
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perform the FFT algorithm to get vector F consisting of N values of the
DFT estimate of F (ω). It may happen that we wish to calculate more
than N values of the DFT estimate, perhaps to produce a smooth looking
graph. We can still use the FFT, but we must trick it into thinking we have
more data that the N samples we really have. We do this by zero-padding.
Instead of creating the N -dimensional vector f , we make a longer vector by
appending, say, J zeros to the data, to make a vector that has dimension
N + J . The DFT estimate is still the same function of ω, since we have
only included new zero coefficients as fake data; but, the FFT thinks we
have N + J data values, so it returns N + J values of the DFT, at N + J
equispaced values of ω in [0, 2π).

12.4 The Two-Dimensional Case

Suppose now that we have the data {f(m∆x, n∆y)}, for m = 1, ...,M and
n = 1, ..., N , where ∆x > 0 and ∆y > 0 are the sample spacings in the
x and y directions, respectively. The DFT of this data is the function
FDFT (α, β) defined by

FDFT (α, β) = ∆x∆y

M∑
m=1

N∑
n=1

f(m∆x, n∆y)ei(αm∆x+βn∆y),

for |α| ≤ π/∆x and |β| ≤ π/∆y. The two-dimensional FFT produces MN
values of FDFT (α, β) on a rectangular grid of M equi-spaced values of α
and N equi-spaced values of β. This calculation proceeds as follows. First,
for each fixed value of n, a FFT of the M data points {f(m∆x, n∆y)},m =
1, ...,M is calculated, producing a function, say G(αm, n∆y), of M equi-
spaced values of α and the N equispaced values n∆y. Then, for each
of the M equi-spaced values of α, the FFT is applied to the N values
G(αm, n∆y), n = 1, ..., N , to produce the final result.



Chapter 13

Using Prior Knowledge to
Estimate the Fourier
Transform

A basic problem in signal processing is the estimation of the function F (ω)
from finitely many values of its inverse Fourier transform f(x). The DFT
is one such estimator. As we shall see in this chapter, there are other
estimators that are able to make better use of prior information about
F (ω) and thereby provide a better estimate.

13.1 Over-sampling

In our discussions above, we assumed that F (ω) = 0 for |ω| > Ω and that
∆ = π

Ω . In Figure 13.1 below, we show the DFT estimate for F (ω) for a
case in which Ω = π

30 . This would tell us that the proper sampling spacing
is ∆ = 30. However, it is not uncommon to have situations in which x is
time and we can take as many samples of f(x) as we wish, but must take
the samples at points x within some limited time interval, say [0, A]. In the
case considered in the figure, A = 130. If we had used ∆ = 30, we would
have obtained only four data points, which is not sufficient information.
Instead, we used ∆ = 1 and took N = 129 data points; we over-sampled.
There is a price to be paid for over-sampling, however.

The DFT estimation procedure does not “know” about the true value
of Ω; it only “sees” ∆. It “assumes” incorrectly that Ω must be π, since
∆ = 1. Consequently, it “thinks” that we want it to estimate F (ω) on
the interval [−π, π]. It doesn’t “know” that we know that F (ω) is zero on
most of this interval. Therefore, the DFT spends a lot of its energy trying

117
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to describe the part of the graph of F (ω) where it is zero, and relatively
little of its energy describing what is happening within the interval [−Ω,Ω],
which is all that we are interested in. This is why the bottom graph in the
figure shows the DFT to be poor within [−Ω,Ω]. There is a second graph
in the figure. It looks quite a bit better. How was that graph obtained?

Figure 13.1: The non-iterative band-limited extrapolation method
(MDFT) (top) and the DFT (bottom) for N = 129, ∆ = 1 and Ω = π/30.

We know that F (ω) = 0 outside the interval [−Ω,Ω]. Can we somehow
let the estimation process know that we know this, so that it doesn’t waste
its energy outside this interval? Yes, we can.

The characteristic function of the interval [−Ω,Ω] is

χΩ(ω) =
{

1, if |ω| ≤ Ω ;
0, if |ω| > Ω .

We take as our estimator of F (ω) a function called the modified DFT,
(MDFT) having the form

MDFT (ω) = χΩ(ω)
N−1∑
m=0

ame
im∆ω. (13.1)
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We determine the coefficients am by making MDFT (ω) consistent with the
data. Inserting MDFT (ω) into the integral in Equation (7.2) and setting
x = n∆, for each n = 0, 1, ..., N − 1, in turn, we find that we must have

f(n∆) =
1
2π

N−1∑
m=0

am

∫ Ω

−Ω

ei(m−n)∆ωdω.

Performing the integration, we find that we need

f(n∆) =
N−1∑
m=0

am
sin(Ω(n−m)∆)
π(n−m)∆

, (13.2)

for n = 0, 1, ..., N −1. We solve for the am and insert these coefficients into
the formula for the MDFT. The graph of the MDFT is the top graph in
the figure.

The main idea in the MDFT is to use a form of the estimator that al-
ready includes whatever important features of F (ω) we may know a priori.
In the case of the MDFT, we knew that F (ω) = 0 outside the interval
[−Ω,Ω], so we introduced a factor of χΩ(ω) in the estimator. Now, what-
ever coefficients we use, any estimator of the form given in Equation (13.1)
will automatically be zero outside [−Ω,Ω]. We are then free to select the
coefficients so as to make the MDFT consistent with the data. This involves
solving the system of linear equations in (13.2).

13.2 Using Other Prior Information

The approach that led to the MDFT estimate suggests that we can intro-
duce other prior information besides the support of F (ω). For example,
if we have some idea of the overall shape of the function F (ω), we could
choose P (ω) > 0 to indicate this shape and use it instead of χΩ(ω) in our
estimator. This leads to the PDFT estimator, which has the form

PDFT (ω) = P (ω)
N−1∑
n=0

bme
im∆ω. (13.3)

Now we find the bm by forcing the right side of Equation (13.3) to be
consistent with the data. Inserting the function PDFT (ω) into the integral
in Equation (7.2), we find that we must have

f(n∆) =
1
2π

N−1∑
m=0

bm

∫ ∞

−∞
P (ω)ei(m−n)∆ωdω. (13.4)

Using p(x), the inverse Fourier transform of P (ω), given by

p(x) =
1
2π

∫ ∞

−∞
P (ω)e−ixωdω,
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we find that we must have

f(n∆) =
N−1∑
m=0

bmp((n−m)∆), (13.5)

for n = 0, 1, ..., N − 1. We solve this system of equations for the bm and
insert them into the PDFT estimator in Equation (13.3).

In Figure 13.2 we have the function F (ω) in the upper left corner. It
consists of one large bump in the center and one smaller bump toward the
right side. The DFT on the upper right side gives only slight indication
that the smaller bump exists. The data here is somewhat over-sampled, so
we can try the MDFT. The prior for the MDFT is P (ω) = χΩ(ω), which
is pictured in the center left frame; it is shown only over [−Ω,Ω], where
it is just one. The MDFT estimate is in the center right frame; it shows
only slight improvement over the DFT. Now, suppose we know that there
is a large bump in the center. Both the DFT and the MDFT tell us clearly
that this is the case, so even if we did not know it at the start, we know it
now. Let’s select as our prior a function P (ω) that includes the big bump
in the center, as shown in the lower left. The PDFT on the lower right now
shows the smaller bump more clearly.

A more dramatic illustration of the use of the PDFT is shown in Figure
13.3. The function F (ω) is a function of two variables simulating a slice of a
head. It has been approximated by a discrete image, called here the “orig-
inal” . The data was obtained by taking the two-dimensional vector DFT
of the discrete image and replacing most of its values with zeros. When
we formed the inverse vector DFT, we obtained the estimate in the lower
right. This is essentially the DFT estimate, and it tells us nothing about
the inside of the head. From prior information, or even from the DFT
estimate itself, we know that the true F (ω) includes a skull. We therefore
select as our prior the (discretized) function of two variables shown in the
upper left. The PDFT estimate is the image in the lower left. The impor-
tant point to remember here is that the same data was used to generate
both pictures.

We saw previously how the MDFT can improve the estimate of F (ω),
by incorporating the prior information about its support. Precisely why
the improvement occurs is the subject of the next section.

13.3 Analysis of the MDFT

Let our data be f(xm), m = 1, ...,M , where the xm are arbitrary values of
the variable x. If F (ω) is zero outside [−Ω,Ω], then minimizing the energy
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over [−Ω,Ω] subject to data consistency produces an estimate of the form

FΩ(ω) = χΩ(ω)
M∑
m=1

bm exp(ixmω),

with the bm satisfying the equations

f(xn) =
M∑
m=1

bm
sin(Ω(xm − xn))
π(xm − xn)

,

for n = 1, ...,M . The matrix SΩ with entries sin(Ω(xm−xn))
π(xm−xn) we call a sinc

matrix.

13.3.1 Eigenvector Analysis of the MDFT

Although it seems reasonable that incorporating the additional information
about the support of F (ω) should improve the estimation, it would be more
convincing if we had a more mathematical argument to make. For that we
turn to an analysis of the eigenvectors of the sinc matrix. Throughout this
subsection we make the simplification that xn = n.

Exercise 13.1 The purpose of this exercise is to show that, for an Her-
mitian nonnegative-definite M by M matrix Q, a norm-one eigenvector u1

of Q associated with its largest eigenvalue, λ1, maximizes the quadratic
form a†Qa over all vectors a with norm one. Let Q = ULU† be the
eigenvector decomposition of Q, where the columns of U are mutually or-
thogonal eigenvectors un with norms equal to one, so that U†U = I, and
L = diag{λ1, ..., λM} is the diagonal matrix with the eigenvalues of Q as
its entries along the main diagonal. Assume that λ1 ≥ λ2 ≥ ... ≥ λM .
Then maximize

a†Qa =
M∑
n=1

λn |a†un|2,

subject to the constraint

a†a = a†U†Ua =
M∑
n=1

|a†un|2 = 1.

Hint: Show a†Qa is a convex combination of the eigenvalues of Q.
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Exercise 13.2 Show that, for the sinc matrix Q = SΩ, the quadratic form
a†Qa in the previous exercise becomes

a†SΩa =
1
2π

∫ Ω

−Ω

|
M∑
n=1

ane
inω|2dω.

Show that the norm of the vector a is the integral

1
2π

∫ π

−π
|
M∑
n=1

ane
inω|2dω.

Exercise 13.3 For M = 30 compute the eigenvalues of the matrix SΩ for
various choices of Ω, such as Ω = π

k , for k = 2, 3, ..., 10. For each k arrange
the set of eigenvalues in decreasing order and note the proportion of them
that are not near zero. The set of eigenvalues of a matrix is sometimes
called its eigenspectrum and the nonnegative function χΩ(ω) is a power
spectrum; here is one time in which different notions of a spectrum are
related.

13.3.2 The Eigenfunctions of SΩ

Suppose that the vector u1 = (u1
1, ..., u

1
M )T is an eigenvector of SΩ corre-

sponding to the largest eigenvalue, λ1. Associate with u1 the eigenfunction

U1(ω) =
M∑
n=1

u1
ne
inω.

Then

λ1 =
∫ Ω

−Ω

|U1(ω)|2dω/
∫ π

−π
|U1(ω)|2dω

and U1(ω) is the function of its form that is most concentrated within the
interval [−Ω,Ω].

Similarly, if uM is an eigenvector of SΩ associated with the smallest
eigenvalue λM , then the corresponding eigenfunction UM (ω) is the function
of its form least concentrated in the interval [−Ω,Ω].

Exercise 13.4 Plot for |ω| ≤ π the functions |Um(ω)| corresponding to
each of the eigenvectors of the sinc matrix SΩ. Pay particular attention to
the places where each of these functions is zero.
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The eigenvectors of SΩ corresponding to different eigenvalues are orthog-
onal, that is (um)†un = 0 if m is not n. We can write this in terms of
integrals: ∫ π

−π
Un(ω)Um(ω)dω = 0

if m is not n. The mutual orthogonality of these eigenfunctions is related
to the locations of their roots, which were studied in the previous exercise.

Any Hermitian matrix Q is invertible if and only if none of its eigenval-
ues is zero. With λm and um, m = 1, ...,M , the eigenvalues and eigenvec-
tors of Q, the inverse of Q can then be written as

Q−1 = (1/λ1)u1(u1)† + ...+ (1/λM )uM (uM )†.

Exercise 13.5 Show that the MDFT estimator given by Equation (13.1)
FΩ(ω) can be written as

FΩ(ω) = χΩ(ω)
M∑
m=1

1
λm

(um)†dUm(ω),

where d = (f(1), f(2), ..., f(M))T is the data vector.

Exercise 13.6 Show that the DFT estimate of F (ω), restricted to the in-
terval [−Ω,Ω], is

FDFT (ω) = χΩ(ω)
M∑
m=1

(um)†dUm(ω).

From these two exercises we can learn why it is that the estimate FΩ(ω)
resolves better than the DFT. The former makes more use of the eigen-
functions Um(ω) for higher values of m, since these are the ones for which
λm is closer to zero. Since those eigenfunctions are the ones having most of
their roots within the interval [−Ω,Ω], they have the most flexibility within
that region and are better able to describe those features in F (ω) that are
not resolved by the DFT.
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Figure 13.2: The DFT, the MDFT, and the PDFT.
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Figure 13.3: The PDFT in image reconstruction.
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Chapter 14

Random Sequences

When we sample a function f(x) we usually make some error, and the
data we get is not precisely f(n∆), but contains additive noise, that is, our
data value is really f(n∆) + noise. Noise is best viewed as random, so it
becomes necessary to treat random sequences f = {fn} in which each fn
is a random variable. The random variables fn and fm may or may not be
statistically independent.

14.1 What is a Random Variable?

The simplest answer to the question What is a random variable? is A
random variable is a mathematical model. Imagine that we repeatedly
drop a baseball from eye-level to the floor. Each time, the baseball behaves
the same. If we were asked to describe this behavior with a mathematical
model, we probably would choose to use a differential equation as our
model. Ignoring everything except the force of gravity, we would write

h′′(t) = −32

as the equation describing the downward acceleration due to gravity. Inte-
grating, we have

h′(t) = −32t+ h′(0)

as the velocity of the baseball at time t ≥ 0, and integrating once more,

h(t) = −16t2 + h′(0)t+ h(0)

as the equation of position of the baseball at time t ≥ 0, up to the moment
when it hits the floor. Knowing h(0), the distance from eye-level to the
floor, and knowing that, since we dropped the ball, h′(0) = 0, we can
determine how long it will take the baseball to hit the floor, and the speed

129
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with which it will hit. This analysis will apply every time we drop the
baseball. There will, of course, be slight differences from one drop to the
next, depending, perhaps, on how the ball was held, but these will be so
small as to be insignificant.

Now imagine that, instead of a baseball, we drop a feather. A few
repetitions are all that is necessary to convince us that the model used
for the baseball no longer suffices. The factors such as air resistance, air
currents and how the object was held that we safely ignored with regard
to the baseball, now become important. The feather does not always land
in the same place, it doesn’t always take the same amount of time to reach
the floor, and doesn’t always land with the same velocity. It doesn’t even
fall in straight vertical line. How can we possibly model such behavior?
Must we try to describe accurately the air resistance encountered by the
feather? The answer is that we use random variables as our model.

While we cannot say precisely where the feather will land, and, of
course, we must be careful to specify how we are to determine “the place” ,
we can learn, from a number of trials, where it tends to land, and we can
postulate the probability that it will land within any given region of the
floor. In this way, the place where the feather will land becomes a random
variable with associated probability density function. Similarly, we can
postulate the probability that the time for the fall will lie within any inter-
val of elapsed time, making the elapsed time a random variable. Finally,
we can postulate the probability that its velocity vector upon hitting the
ground will lie within any given set of three-dimensional vectors, making
the velocity a random vector. On the basis of these probabilistic models
we can proceed to predict the outcome of the next drop.

It is important to remember that the random variable is the model that
we set up prior to the dropping of the feather, not the outcome of any
particular drop.

14.2 The Coin-Flip Random Sequence

The simplest example of a random sequence is the coin-flip sequence, which
we denote by c = {cn}∞n=−∞. We imagine that, at each “time” n, a coin is
flipped, and cn = 1 if the coin shows heads, and cn = −1 if the coin shows
tails. When we speak of this coin-flip sequence, we refer to this random
model, not to any specific sequence of ones and minus ones; the random
coin-flip sequence is not, therefore, a particular sequence, just as a random
variable is not actually a specific number. Any particular sequence of ones
and minus ones can be thought of as having resulted from such an infinite
number of flips of the coin, and is called a realization of the random coin-flip
sequence.

It will be convenient to allow for the coin to be biased, that is, for
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the probabilities of heads and tails to be unequal. We denote by p the
probability that heads occurs and 1− p the probability of tails; the coin is
called unbiased or fair if p = 1/2. To find the expected value of cn, written
E(cn), we multiply each possible value of cn by its probability and sum;
that is,

E(cn) = (+1)p+ (−1)(1− p) = 2p− 1.

If the coin is fair then E(cn) = 0. The variance of the random variable
cn, measuring its tendency to deviate from its expected value, is var(cn) =
E([cn − E(cn)]2). We have

var(cn) = [+1− (2p− 1)]2p+ [−1− (2p− 1)]2(1− p) = 4p− 4p2.

If the coin is fair then var(cn) = 1. It is important to note that we do not
change the coin at any time during the generation of a realization of the
random sequence c; in particular, the p does not depend on n. Also, we
assume that the random variables cn are statistically independent.

14.3 Correlation

Let u and v be (possibly complex-valued) random variables with expected
values E(u) and E(v), respectively. The covariance between u and v is
defined to be

cov(u, v) = E
(
(u− E(u))(v − E(v))

)
,

and the cross-correlation between u and v is

corr(u, v) = E(uv).

It is easily shown that cov(u, v) = corr(u, v) − E(u)E(v). When u = v
we get cov(u, u) = var(u) and corr(u, u) = E(|u|2). If E(u) = E(v) = 0
then cov(u, v) = corr(u, v). In statistics the “correlation coefficient” is the
quantity cov(u, v) divided by the standard deviations of u and v.

When u and v are independent, we have

E(uv) = E(u)E(v),

and

E
(
(u− E(u))(v − E(v))

)
= E(u− E(u))E((v − E(v))) = 0.

To illustrate, let u = cn and v = cn−m. Then, if the coin is fair,
E(cn) = E(cn−m) = 0 and

cov(cn, cn−m) = corr(cn, cn−m) = E(cncn−m).
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Because the cn are independent, E(cncn−m) = 0 for m not equal to 0, and
E(|cn|2) = var(cn) = 1. Therefore

cov(cn, cn−m) = corr(cn, cn−m) = 0, form 6= 0,

and
cov(cn, cn) = corr(cn, cn) = 1.

In the next subsection we shall use the random coin-flip sequence to
generate a wide class of random sequences, obtained by viewing c = {cn}
as the input into a shift-invariant discrete linear filter.

14.4 Filtering Random Sequences

Suppose, once again, that T is a shift-invariant discrete linear filter with
impulse-response sequence g. Now let us take as input, not a particular se-
quence, but the random coin-flip sequence c, with p = 0.5. The output will
therefore not be a particular sequence either, but will be another random
sequence, say d. Then, for each n the random variable dn is

dn =
∞∑

m=−∞
cmgn−m =

∞∑
m=−∞

gmcn−m. (14.1)

We compute the correlation corr(dn, dn−m) = E(dndn−m). Using the con-
volution formula Equation (14.1), we find that

corr(dn, dn−m) =
∞∑

k=−∞

∞∑
j=−∞

gkgjcorr(cn−k, cn−m−j).

Since
corr(cn−k, cn−m−j) = 0, for k 6= m+ j,

we have

corr(dn, dn−m) =
∞∑

k=−∞

gkgk−m. (14.2)

The expression of the right side of Equation (14.2) is the definition of the
autocorrelation of the non-random sequence g, denoted ρg = {ρg(m)}; that
is,

ρg(m) =
∞∑

k=−∞

gkgk−m. (14.3)
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It is important to note that the expected value of dn is

E(dn) =
∞∑

k=−∞

gkE(cn−k) = 0

and the correlation corr(dn, dn−m) depends only on m; neither quantity
depends on n and the sequence d is therefore called weak-sense stationary.
Let’s consider an example.

14.5 An Example

Take g0 = g1 = 0.5 and gk = 0 otherwise. Then the system is the two-point
moving-average, with

dn = 0.5cn + 0.5cn−1.

In the case of the random-coin-flip sequence c each cn is unrelated to all
other cm; the coin flips are independent. This is no longer the case for the
dn; one effect of the filter g is to introduce correlation into the output. To
illustrate, since d0 and d1 both depend, to some degree, on the value c0,
they are related. Using Equation (14.3) we have

corr(dn, dn) = ρg(0) = g0g0 + g1g1 = 0.25 + 0.25 = 0.5,

corr(dn, dn+1) = ρg(−1) = g0g1 = 0.25,

corr(dn, dn−1) = ρg(+1) = g1g0 = 0.25,

and
corr(dn, dn−m) = ρg(m) = 0, otherwise.

So we see that dn and dn−m are related, for m = −1, 0,+1, but not other-
wise.

14.6 Correlation Functions and Power Spec-
tra

As we have seen, any non-random sequence g = {gn} has its autocorrelation
function defined, for each integer m, by

ρg(m) =
∞∑

k=−∞

gkgk−m.

For a random sequence dn that is wide-sense stationary, its correlation
function is defined to be

ρd(m) = E(dndn−m).
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The power spectrum of g is defined for ω in [−π, π] by

Rg(ω) =
∞∑

m=−∞
ρg(m)eimω.

It is easy to see that
Rg(ω) = |G(ω)|2,

where

G(ω) =
∞∑

n=−∞
gne

inω,

so that Rg(ω) ≥ 0. The power spectrum of the random sequence d = {dn}
is defined as

Rd(ω) =
∞∑

m=−∞
ρd(m)eimω.

Although it is not immediately obvious, we also have Rd(ω) ≥ 0. One way
to see this is to consider

D(ω) =
∞∑

n=−∞
dne

inω

and to calculate

E(|D(ω)|2) =
∞∑

m=−∞
E(dndn−m)eimω = Rd(ω).

Given any power spectrum Rd(ω) ≥ 0 we can construct G(ω) by selecting
an arbitrary phase angle θ and letting

G(ω) =
√
Rd(ω)eiθ.

We then obtain the non-random sequence g associated with G(ω) using

gn =
1
2π

∫ π

−π
G(ω)e−inωdω.

It follows that ρg(m) = ρd(m) for each m and Rg(ω) = Rd(ω) for each ω.
What we have discovered is that, when the input to the system is the

random-coin-flip sequence c, the output sequence d has a correlation func-
tion ρd(m) that is equal to the autocorrelation of the sequence g. As we just
saw, for any weak-sense stationary random sequence d with expected value
E(dn) constant and correlation function corr(dn, dn−m) independent of n,
there is a shift-invariant discrete linear system T with impulse-response
sequence g, such that ρg(m) = ρd(m) for each m. Therefore, any weak-
sense stationary random sequence d can be viewed as the output of a shift-
invariant discrete linear system, when the input is the random-coin-flip
sequence c = {cn}.
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14.7 The Dirac Delta in Frequency Space

Consider the “function” defined by the infinite sum

δ(ω) =
1
2π

∞∑
n=−∞

einω =
1
2π

∞∑
n=−∞

e−inω. (14.4)

This is a Fourier series in which all the Fourier coefficients are one. The
series doesn’t converge in the usual sense, but still has some uses. In
particular, look what happens when we take

F (ω) =
∞∑

n=−∞
f(n)e−inω,

for π ≤ ω ≤ π, and calculate∫ π

−π
F (ω)δ(ω)dω =

∞∑
n=−∞

1
2π

∫ π

−π
F (ω)e−inωdω.

We have ∫ π

−π
F (ω)δ(ω)dω =

1
2π

∞∑
n=−∞

f(n) = F (0),

where the f(n) are the Fourier coefficients of F (ω). This means that δ(ω)
has the sifting property, just like we saw with the Dirac delta δ(x); that is
why we call it δ(ω). When we shift δ(ω) to get δ(ω − α), we find that∫ π

−π
F (ω)δ(ω − α)dω = F (α).

The “function” δ(ω) is the Dirac delta for ω space.

14.8 Random Sinusoidal Sequences

Consider A = |A|eiθ, with amplitude |A| a positive-valued random variable
and phase angle θ a random variable taking values in the interval [−π, π];
then A is a complex-valued random variable. For a fixed frequency ω0 we
define a random sinusoidal sequence s = {sn} by sn = Ae−inω0 . We assume
that θ has the uniform distribution over [−π, π] so that the expected value
of sn is zero. The correlation function for s is

ρs(m) = E(snsn−m) = E(|A|2)e−imω0

and the power spectrum of s is

Rs(ω) = E(|A|2)
∞∑

m=−∞
e−im(ω0−ω),
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so that, by Equation (14.4), we have

Rs(ω) = 2πE(|A|2)δ(ω − ω0).

We generalize this example to the case of multiple independent sinusoids.
Suppose that, for j = 1, ..., J , we have fixed frequencies ωj and indepen-
dent complex-valued random variables Aj . We let our random sequence be
defined by

sn =
J∑
j=1

Aje
−inωj .

Then the correlation function for s is

ρs(m) =
J∑
j=1

E(|Aj |2)e−imωj

and the power spectrum for s is

Rs(ω) = 2π
J∑
j=1

E(|Aj |2)δ(ω − ωj).

This is the commonly used model of independent sinusoids. The problem
of power spectrum estimation is to determine the values J , the frequencies
ωj and the variances E(|Aj |2) from finitely many samples from one or more
realizations of the random sequence s.

14.9 Random Noise Sequences

Let q = {qn} be an arbitrary weak-sense stationary discrete random se-
quence, with correlation function ρq(m) and power spectrum Rq(ω). We
say that q is white noise if ρq(m) = 0 for m not equal to zero, or, equiv-
alently, if the power spectrum Rq(ω) is constant over the interval [−π, π].
The independent sinusoids in additive white noise model is a random se-
quence of the form

xn =
J∑
j=1

Aje
−inωj + qn.

The signal power is defined to be ρs(0), which is the sum of the E(|Aj |2),
while the noise power is ρq(0). The signal-to-noise ratio (SNR) is the ratio
of signal power to noise power.
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14.10 Increasing the SNR

It is often the case that the SNR is quite low and it is desirable to process
the data from x to enhance this ratio. The data we have is typically finitely
many values of one realization of x. We say we have fn for n = 1, 2, ..., N ;
we don’t say we have xn because xn is the random variable, not one value
of the random variable. One way to process the data is to estimate ρx(m)
for some small number of integers m around zero, using, for example, the
lag products estimate

ρ̂x(m) =
1

N −m

N−m∑
n=1

fnfn−m,

for m = 0, 1, ...,M < N and ρ̂x(−m) = ρ̂x(m). Because ρq(m) = 0 for m
not equal to zero, we will have ρ̂x(m) approximating ρs(m) for nonzero val-
ues of m, thereby reducing the effect of the noise. Therefore, our estimates
of ρs(m) are relatively noise-free for m 6= 0.

14.11 Colored Noise

The additive noise is said to be correlated or non-white if it is not the case
that ρx(m) = 0 for all nonzero m. In this case the noise power spectrum is
not constant, and so may be concentrated in certain regions of the interval
[−π, π].

The next few sections deal with applications of random sequences.

14.12 Spread-Spectrum Communication

In this subsection we return to the random-coin-flip model, this time al-
lowing the coin to be biased, that is, p need not be 0.5. Let s = {sn} be
a random sequence, such as sn = Aeinω0 , with E(sn) = µ and correlation
function ρs(m). Define a second random sequence x by

xn = sncn.

The random sequence x is generated from the random signal s by randomly
changing its signs. We can show that

E(xn) = µ(2p− 1)

and, for m not equal to zero,

ρx(m) = ρs(m)(2p− 1)2,
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with
ρx(0) = ρs(0) + 4p(1− p)µ2.

Therefore, if p = 1 or p = 0 we get ρx(m) = ρs(m) for all m, but for
p = 0.5 we get ρx(m) = 0 for m not equal to zero. If the coin is unbiased,
then the random sign changes convert the original signal s into white noise.
Generally, we have

Rx(ω) = (2p− 1)2Rs(ω) + (1− (2p− 1)2)(µ2 + ρs(0)),

which says that the power spectrum of x is a combination of the signal
power spectrum and a white-noise power spectrum, approaching the white-
noise power spectrum as p approaches 0.5. If the original signal power
spectrum is concentrated within a small interval, then the effect of the
random sign changes is to spread that spectrum. Once we know what
the particular realization of the random sequence c is that has been used,
we can recapture the original signal from sn = xncn. The use of such
a spread spectrum permits the sending of multiple narrow-band signals,
without confusion, as well as protecting against any narrow-band additive
interference.

14.13 Stochastic Difference Equations

The ordinary first-order differential equation y′(t) + ay(t) = f(t), with
initial condition y(0) = 0, has for its solution y(t) = e−at

∫ t
0
easf(s)ds.

One way to look at such differential equations is to consider f(t) to be
the input to a system having y(t) as its output. The system determines
which terms will occur on the left side of the differential equation. In many
applications the input f(t) is viewed as random noise and the output is then
a continuous-time random process. Here we want to consider the discrete
analog of such differential equations.

We replace the first derivative with the first difference, yn+1−yn and we
replace the input with the random-coin-flip sequence c = {cn}, to obtain
the random difference equation

yn+1 − yn + ayn = cn. (14.5)

With b = 1− a and 0 < b < 1 we have

yn+1 − byn = cn. (14.6)

The solution is y = {yn} given by

yn = bn−1
n−1∑
k=−∞

b−kck. (14.7)



14.14. RANDOM VECTORS AND CORRELATION MATRICES 139

Comparing this with the solution of the differential equation, we see that
the term bn−1 plays the role of e−at = (e−a)t, so that b = 1 − a is substi-
tuting for e−a. The infinite sum replaces the infinite integral, with b−kck
replacing the integrand easf(s).

The solution sequence y given by Equation (14.7) is a weak-sense sta-
tionary random sequence and its correlation function is

ρy(m) = bm/(1− b2).

Since

bn−1
n−1∑
k=−∞

b−k =
1

1− b

the random sequence (1− b)yn = ayn is an infinite moving-average random
sequence formed from the random sequence c.

We can derive the solution in Equation (14.7) using z-transforms. We
write

Y (z) =
∞∑

n=−∞
ynz

−n,

and

C(z) =
∞∑

n=−∞
cnz

−n.

From Equation (14.6) we have

zY (z)− bY (z) = C(z),

or
Y (z) = C(z)(z − b)−1.

Expanding in a geometric series, we get

Y (z) = C(z)z−1
(
1 + bz−1 + b2z−2 + ...

)
,

from which the solution given in Equation (14.7) follows immediately.

14.14 Random Vectors and Correlation Ma-
trices

In estimation and detection theory, the task is to distinguish signal vectors
from noise vectors. In order to perform such a task, we need to know how
signal vectors differ from noise vectors. Most frequently, what we have is
statistical information. The signal vectors of interest, which we denote by
s = (s1, ..., sN )T , typically exhibit some patterns of behavior among their
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entries. For example, a constant signal, such as s = (1, 1, ..., 1)T , has all its
entries identical. A sinusoidal signal, such as s = (1,−1, 1,−1, ..., 1,−1)T ,
exhibits a periodicity in its entries. If the signal is a vectorization of a two-
dimensional image, then the patterns will be more difficult to describe, but
will be there, nevertheless. In contrast, a typical noise vector, denoted
q = (q1, ..., qN )T , may have entries that are statistically unrelated to each
other, as in white noise. Of course, what is signal and what is noise depends
on the context; unwanted interference in radio may be viewed as noise, even
though it may be a weather report or a song.

To deal with these notions mathematically, we adopt statistical models.
The entries of s and q are taken to be random variables, so that s and
q are random vectors. Often we assume that the mean values, E(s) and
E(q), are both equal to the zero vector. Then patterns that may exist
among the entries of these vectors are described in terms of correlations.
The noise covariance matrix, which we denote by Q, has for its entries
Qmn = E

(
(qm − E(qm))(qn − E(qn))

)
, for m,n = 1, ..., N . The signal

covariance matrix is defined similarly. If E(qn) = 0 and E(|qn|2) = 1
for each n, then Q is the noise correlation matrix. Such matrices Q are
Hermitian and non-negative definite, that is, x†Qx is non-negative, for
every vector x. If Q is a positive multiple of the identity matrix, then the
noise vector q is said to be a white noise random vector.



Chapter 15

The BLUE and The
Kalman Filter

In most signal- and image-processing applications the measured data in-
cludes (or may include) a signal component we want and unwanted com-
ponents called noise. Estimation involves determining the precise nature
and strength of the signal component; deciding if that strength is zero or
not is detection.

Noise often appears as an additive term, which we then try to remove. If
we knew precisely the noisy part added to each data value we would simply
subtract it; of course, we never have such information. How then do we
remove something when we don’t know what it is? Statistics provides a
way out.

The basic idea in statistics is to use procedures that perform well on
average, when applied to a class of problems. The procedures are built
using properties of that class, usually involving probabilistic notions, and
are evaluated by examining how they would have performed had they been
applied to every problem in the class. To use such methods to remove
additive noise, we need a description of the class of noises we expect to
encounter, not specific values of the noise component in any one particular
instance. We also need some idea about what signal components look like.
In this chapter we discuss solving this noise removal problem using the best
linear unbiased estimation (BLUE). We begin with the simplest case and
then proceed to discuss increasingly complex scenarios.

An important application of the BLUE is in Kalman filtering. The
connection between the BLUE and Kalman filtering is best understood by
considering the case of the BLUE with a prior estimate of the signal com-
ponent, and mastering the various matrix manipulations that are involved
in this problem. These calculations then carry over, almost unchanged, to
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the Kalman filtering.
Kalman filtering is usually presented in the context of estimating a

sequence of vectors evolving in time. Kalman filtering for image processing
is derived by analogy with the temporal case, with certain parts of the
image considered to be in the “past” of a fixed pixel.

15.1 The Simplest Case

Suppose our data is zj = c + vj , for j = 1, ..., J , where c is an unknown
constant to be estimated and the vj are additive noise. We assume that
E(vj) = 0, E(vjvk) = 0 for j 6= k, and E(|vj |2) = σ2

j . So, the additive
noises are assumed to have mean zero and to be independent (or at least
uncorrelated). In order to estimate c, we adopt the following rules:

1. The estimate ĉ is linear in the data z = (z1, ..., zJ)T ; that is, ĉ = k†z,
for some vector k = (k1, ..., kJ)T .

2. The estimate is unbiased; that is E(ĉ) = c. This means
∑J
j=1 kj = 1.

3. The estimate is best in the sense that it minimizes the expected error
squared; that is, E(|ĉ− c|2) is minimized.

The resulting vector k is calculated to be

ki = σ−2
i /(

J∑
j=1

σ−2
j ),

and the BLUE estimator of c is then

ĉ =
J∑
i=1

ziσ
−2
i /(

J∑
j=1

σ−2
j ).

15.2 A More General Case

Suppose now that our data vector is z = Hx + v. Here, x is an unknown
vector whose value is to be estimated, the random vector v is additive
noise whose mean is E(v) = 0 and whose known covariance matrix is
Q = E(vv†), not necessarily diagonal, and the known matrix H is J by N ,
with J > N . Now we seek an estimate of the vector x. We now use the
following rules:

1. The estimate x̂ must have the form x̂ = K†z, where the matrix K is to
be determined.



15.2. A MORE GENERAL CASE 143

2. The estimate is unbiased; that is, E(x̂) = x.

3. The K is determined as the minimizer of the expected squared error;
that is, once again we minimize E(|x̂− x|2).

Exercise 15.1 Show that for the estimator to be unbiased we need K†H =
I, the identity matrix.

Exercise 15.2 Show that

E(|x̂− x|2) = traceK†QK.

Hints: Write the left side as

E(trace ((x̂− x)(x̂− x)†)).

Also use the fact that the trace and expected-value operations commute.

The problem then is to minimize trace K†QK subject to the constraint
equation K†H = I. We solve this problem using a technique known as
prewhitening.

Since the noise covariance matrix Q is Hermitian and nonnegative def-
inite, we have Q = UDU†, where the columns of U are the (mutually
orthogonal) eigenvectors of Q and D is a diagonal matrix whose diago-
nal entries are the (necessarily nonnegative) eigenvalues of Q; therefore,
U†U = I. We call C = UD1/2U† the Hermitian square root of Q, since
C† = C and C2 = Q. We assume that Q is invertible, so that C is also.
Given the system of equations

z = Hx + v,

as before, we obtain a new system

y = Gx + w

by multiplying both sides by C−1 = Q−1/2; here, G = C−1H and w =
C−1v. The new noise correlation matrix is

E(ww†) = C−1QC−1 = I,

so the new noise is white. For this reason the step of multiplying by C−1

is called prewhitening.
With J = CK and M = C−1H, we have

K†QK = J†J
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and
K†H = J†M.

Our problem then is to minimize trace J†J , subject to J†M = I.
Let L = L† = (M†M)−1 and let f(J) be the function

f(J) = trace[(J† − L†M†)(J −ML)].

The minimum value of f(J) is zero, which occurs when J = ML. Note
that this choice for J has the property J†M = I. So, minimizing f(J)
is equivalent to minimizing f(J) subject to the constraint J†M = I and
both problems have the solution J = ML. But minimizing f(J) subject to
J†M = I is equivalent to minimizing trace J†J subject to J†M = I, which
is our original problem. Therefore, the optimal choice for J is J = ML.
Consequently, the optimal choice for K is

K = Q−1HL = Q−1H(H†Q−1H)−1,

and the BLUE estimate of x is

xBLUE = x̂ = K†z = (H†Q−1H)−1H†Q−1z.

The simplest case can be obtained from this more general formula by taking
N = 1, H = (1, 1, ..., 1)T and x = c.

Note that if the noise is white, that is, Q = σ2I, then x̂ = (H†H)−1H†z,
which is the least-squares solution of the equation z = Hx. The effect of
requiring that the estimate be unbiased is that, in this case, we simply
ignore the presence of the noise and calculate the least squares solution of
the noise-free equation z = Hx.

The BLUE estimator involves nested inversion, making it difficult to
calculate, especially for large matrices. In the exercise that follows, we
discover an approximation of the BLUE that is easier to calculate.

Exercise 15.3 Show that for ε > 0 we have

(H†Q−1H + εI)−1H†Q−1 = H†(HH† + εQ)−1. (15.1)

Hint: Use the identity

H†Q−1(HH† + εQ) = (H†Q−1H + εI)H†.

It follows from Equation (15.1) that

xBLUE = lim
ε→0

H†(HH† + εQ)−1z. (15.2)

Therefore, we can get an approximation of the BLUE estimate by selecting
ε > 0 near zero, solving the system of linear equations

(HH† + εQ)a = z

for a and taking x = H†a.
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15.3 Some Useful Matrix Identities

In the exercise that follows we consider several matrix identities that are
useful in developing the Kalman filter.

Exercise 15.4 Establish the following identities, assuming that all the
products and inverses involved are defined:

CDA−1B(C−1 −DA−1B)−1 = (C−1 −DA−1B)−1 − C; (15.3)

(A−BCD)−1 = A−1 +A−1B(C−1 −DA−1B)−1DA−1; (15.4)

A−1B(C−1 −DA−1B)−1 = (A−BCD)−1BC; (15.5)

(A−BCD)−1 = (I +GD)A−1, (15.6)

for
G = A−1B(C−1 −DA−1B)−1.

Hints: To get Equation (15.3) use

C(C−1 −DA−1B) = I − CDA−1B.

For the second identity, multiply both sides of Equation (15.4) on the left
by A−BCD and at the appropriate step use Equation (15.3). For Equation
(15.5) show that

BC(C−1 −DA−1B) = B −BCDA−1B = (A−BCD)A−1B.

For Equation (15.6), substitute what G is and use Equation (15.4).

15.4 The BLUE with a Prior Estimate

In Kalman filtering we have the situation in which we want to estimate
an unknown vector x given measurements z = Hx + v, but also given a
prior estimate y of x. It is the case there that E(y) = E(x), so we write
y = x + w, with w independent of both x and v and E(w) = 0. The
covariance matrix for w we denote by E(ww†) = R. We now require that
the estimate x̂ be linear in both z and y; that is, the estimate has the form

x̂ = C†z +D†y,
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for matrices C and D to be determined.
The approach is to apply the BLUE to the combined system of linear

equations
z = Hx + v and

y = x + w.

In matrix language this combined system becomes u = Jx+n, with uT =
[zT yT ], JT = [HT IT ], and nT = [vT wT ]. The noise covariance matrix
becomes

P =
[
Q 0
0 R

]
.

The BLUE estimate is K†u, with K†J = I. Minimizing the variance, we
find that the optimal K† is

K† = (J†P−1J)−1J†P−1.

The optimal estimate is then

x̂ = (H†Q−1H +R−1)−1(H†Q−1z +R−1y).

Therefore,
C† = (H†Q−1H +R−1)−1H†Q−1

and
D† = (H†Q−1H +R−1)−1R−1.

Using the matrix identities in Equations (15.4) and (15.5) we can rewrite
this estimate in the more useful form

x̂ = y +G(z−Hy),

for

G = RH†(Q+HRH†)−1. (15.7)

The covariance matrix of the optimal estimator is K†PK, which can be
written as

K†PK = (R−1 +H†Q−1H)−1 = (I −GH)R.

In the context of the Kalman filter, R is the covariance of the prior estimate
of the current state, G is the Kalman gain matrix, and K†PK is the pos-
terior covariance of the current state. The algorithm proceeds recursively
from one state to the next in time.
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15.5 Adaptive BLUE

We have assumed so far that we know the covariance matrix Q corre-
sponding to the measurement noise. If we do not, then we may attempt
to estimate Q from the measurements themselves; such methods are called
noise-adaptive. To illustrate, let the innovations vector be e = z − Hy.
Then the covariance matrix of e is S = HRH† + Q. Having obtained an
estimate Ŝ of S from the data, we use Ŝ−HRH† in place of Q in Equation
(15.7).

15.6 The Kalman Filter

So far in this chapter we have focused on the filtering problem: given the
data vector z, estimate x, assuming that z consists of noisy measurements
of Hx; that is, z = Hx + v. An important extension of this problem is
that of stochastic prediction. Shortly, we discuss the Kalman-filter method
for solving this more general problem. One area in which prediction plays
an important role is the tracking of moving targets, such as ballistic mis-
siles, using radar. The range to the target, its angle of elevation, and its
azimuthal angle are all functions of time governed by linear differential
equations. The state vector of the system at time t might then be a vec-
tor with nine components, the three functions just mentioned, along with
their first and second derivatives. In theory, if we knew the initial state
perfectly and our differential equations model of the physics was perfect,
that would be enough to determine the future states. In practice neither
of these is true, and we need to assist the differential equation by taking
radar measurements of the state at various times. The problem then is to
estimate the state at time t using both the measurements taken prior to
time t and the estimate based on the physics.

When such tracking is performed digitally, the functions of time are
replaced by discrete sequences. Let the state vector at time k∆t be de-
noted by xk, for k an integer and ∆t > 0. Then, with the derivatives in
the differential equation approximated by divided differences, the physical
model for the evolution of the system in time becomes

xk = Ak−1xk−1 + mk−1.

The matrix Ak−1, which we assume is known, is obtained from the differen-
tial equation, which may have nonconstant coefficients, as well as from the
divided difference approximations to the derivatives. The random vector
sequence mk−1 represents the error in the physical model due to the dis-
cretization and necessary simplification inherent in the original differential
equation itself. We assume that the expected value of mk is zero for each
k. The covariance matrix is E(mkm

†
k) = Mk.
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At time k∆t we have the measurements

zk = Hkxk + vk,

where Hk is a known matrix describing the nature of the linear measure-
ments of the state vector and the random vector vk is the noise in these
measurements. We assume that the mean value of vk is zero for each k.
The covariance matrix is E(vkv

†
k) = Qk. We assume that the initial state

vector x0 is arbitrary.
Given an unbiased estimate x̂k−1 of the state vector xk−1, our prior

estimate of xk based solely on the physics is

yk = Ak−1x̂k−1.

Exercise 15.5 Show that E(yk − xk) = 0, so the prior estimate of xk is
unbiased. We can then write yk = xk + wk, with E(wk) = 0.

15.7 Kalman Filtering and the BLUE

The Kalman filter [139, 109, 75] is a recursive algorithm to estimate the
state vector xk at time k∆t as a linear combination of the vectors zk and
yk. The estimate x̂k will have the form

x̂k = C†kzk +D†
kyk, (15.8)

for matrices Ck and Dk to be determined. As we shall see, this estimate
can also be written as

x̂k = yk +Gk(zk −Hkyk), (15.9)

which shows that the estimate involves a prior prediction step, the yk,
followed by a correction step, in which Hkyk is compared to the measured
data vector zk; such estimation methods are sometimes called predictor-
corrector methods.

In our discussion of the BLUE, we saw how to incorporate a prior
estimate of the vector to be estimated. The trick was to form a larger
matrix equation and then to apply the BLUE to that system. The Kalman
filter does just that.

The correction step in the Kalman filter uses the BLUE to solve the
combined linear system

zk = Hkxk + vk

and
yk = xk + wk.
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The covariance matrix of x̂k−1 − xk−1 is denoted by Pk−1, and we let
Qk = E(wkw

†
k). The covariance matrix of yk − xk is

cov(yk − xk) = Rk = Mk−1 +Ak−1Pk−1A
†
k−1.

It follows from our earlier discussion of the BLUE that the estimate of xk
is

x̂k = yk +Gk(zk −Hyk),

with
Gk = RkH

†
k(Qk +HkRkH

†
k)
−1.

Then, the covariance matrix of x̂k − xk is

Pk = (I −GkHk)Rk.

The recursive procedure is to go from Pk−1 and Mk−1 to Rk, then to Gk,
from which x̂k is formed, and finally to Pk, which, along with the known
matrix Mk, provides the input to the next step. The time-consuming part
of this recursive algorithm is the matrix inversion in the calculation of Gk.
Simpler versions of the algorithm are based on the assumption that the
matrices Qk are diagonal, or on the convergence of the matrices Gk to a
limiting matrix G [75].

There are many variants of the Kalman filter, corresponding to varia-
tions in the physical model, as well as in the statistical assumptions. The
differential equation may be nonlinear, so that the matrices Ak depend on
xk. The system noise sequence {wk} and the measurement noise sequence
{vk} may be correlated. For computational convenience the various func-
tions that describe the state may be treated separately. The model may
include known external inputs to drive the differential system, as in the
tracking of spacecraft capable of firing booster rockets. Finally, the noise
covariance matrices may not be known a priori and adaptive filtering may
be needed. We discuss this last issue briefly in the next section.

15.8 Adaptive Kalman Filtering

As in [75] we consider only the case in which the covariance matrixQk of the
measurement noise vk is unknown. As we saw in the discussion of adaptive
BLUE, the covariance matrix of the innovations vector ek = zk −Hkyk is

Sk = HkRkH
†
k +Qk.

Once we have an estimate for Sk, we estimate Qk using

Q̂k = Ŝk −HkRkH
†
k.
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We might assume that Sk is independent of k and estimate Sk = S using
past and present innovations; for example, we could use

Ŝ =
1

k − 1

k∑
j=1

(zj −Hjyj)(zj −Hjyj)†.



Chapter 16

Signal Detection and
Estimation

16.1 Detection as Estimation

In this chapter we consider the problem of deciding whether or not a par-
ticular signal is present in the measured data; this is the detection problem.
The underlying framework for the detection problem is optimal estimation
and statistical hypothesis testing [109].

16.2 The Model of Signal in Additive Noise

The basic model used in detection is that of a signal in additive noise. The
complex data vector is x = (x1, x2, ..., xN )T . We assume that there are two
possibilities:

Case 1: Noise only
xn = zn, n = 1, ..., N,

or

Case 2: Signal in noise

xn = γsn + zn,

where z = (z1, z2, ..., zN )T is a complex vector whose entries zn are values
of random variables that we call noise, about which we have only statistical
information (that is to say, information about the average behavior), s =
(s1, s2, ..., sN )T is a complex signal vector that we may known exactly, or at
least for which we have a specific parametric model, and γ is a scalar that
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may be viewed either as deterministic or random (but unknown, in either
case). Unless otherwise stated, we shall assume that γ is deterministic.

The detection problem is to decide which case we are in, based on some
calculation performed on the data x. Since Case 1 can be viewed as a
special case of Case 2 in which the value of γ is zero, the detection problem
is closely related to the problem of estimating γ, which we discussed in the
chapter dealing with the best linear unbiased estimator, the BLUE.

We shall assume throughout that the entries of z correspond to random
variables with means equal to zero. What the variances are and whether or
not these random variables are mutually correlated will be discussed next.
In all cases we shall assume that this information has been determined
previously and is available to us in the form of the covariance matrix Q =
E(zz†) of the vector z; the symbol E denotes expected value, so the entries
of Q are the quantities Qmn = E(zmzn). The diagonal entries of Q are
Qnn = σ2

n, the variance of zn.
Note that we have adopted the common practice of using the same

symbols, zn, when speaking about the random variables and about the
specific values of these random variables that are present in our data. The
context should make it clear to which we are referring.

In Case 2 we say that the signal power is equal to |γ|2 1
N

∑N
n=1 |sn|2 =

1
N |γ|

2s†s and the noise power is 1
N

∑N
n=1 σ

2
n = 1

N tr(Q), where tr(Q) is the
trace of the matrix Q, that is, the sum of its diagonal terms; therefore, the
noise power is the average of the variances σ2

n. The input signal-to-noise
ratio (SNRin) is the ratio of the signal power to that of the noise, prior to
processing the data; that is,

SNRin =
1
N
|γ|2s†s/ 1

N
tr(Q) = |γ|2s†s/tr(Q).

16.3 Optimal Linear Filtering for Detection

In each case to be considered next, our detector will take the form of a
linear estimate of γ; that is, we shall compute the estimate γ̂ given by

γ̂ =
N∑
n=1

bnxn = b†x,

where b = (b1, b2, ..., bN )T is a vector to be determined. The objective is
to use what we know about the situation to select the optimal b, which
will depend on s and Q.

For any given vector b, the quantity

γ̂ = b†x = γb†s + b†z
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is a random variable whose mean value is equal to γb†s and whose variance
is

var(γ̂) = E(|b†z|2) = E(b†zz†b) = b†E(zz†)b = b†Qb.

Therefore, the output signal-to-noise ratio (SNRout) is defined as

SNRout = |γb†s|2/b†Qb.

The advantage we obtain from processing the data is called the gain asso-
ciated with b and is defined to be the ratio of the SNRout to SNRin; that
is,

gain(b) =
|γb†s|2/(b†Qb)
|γ|2(s†s)/tr(Q)

=
|b†s|2 tr(Q)
(b†Qb)(s†s)

.

The best b to use will be the one for which gain(b) is the largest. So,
ignoring the terms in the gain formula that do not involve b, we see that
the problem becomes maximize |b†s|2

b†Qb
, for fixed signal vector s and fixed

noise covariance matrix Q.
The Cauchy inequality plays a major role in optimal filtering and de-

tection:

Cauchy’s inequality: For any vectors a and b we have

|a†b|2 ≤ (a†a)(b†b),

with equality if and only if a is proportional to b; that is, there is a scalar
β such that b = βa.

Exercise 16.1 Use Cauchy’s inequality to show that, for any fixed vector
a, the choice b = βa maximizes the quantity |b†a|2/b†b, for any constant
β.

Exercise 16.2 Use the definition of the covariance matrix Q to show that
Q is Hermitian and that, for any vector y, y†Qy ≥ 0. Therefore, Q is a
nonnegative definite matrix and, using its eigenvector decomposition, can
be written as Q = CC†, for some invertible square matrix C.

Exercise 16.3 Consider now the problem of maximizing |b†s|2/b†Qb. Us-
ing the two previous exercises, show that the solution is b = βQ−1s, for
some arbitrary constant β.
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We can now use the results of these exercises to continue our discussion.
We choose the constant β = 1/(s†Q−1s) so that the optimal b has b†s = 1;
that is, the optimal filter b is

b = (1/(s†Q−1s))Q−1s,

and the optimal estimate of γ is

γ̂ = b†x = (1/(s†Q−1s))(s†Q−1x).

The mean of the random variable γ̂ is equal to γb†s = γ, and the variance
is equal to 1/(s†Q−1s). Therefore, the output signal power is |γ|2, the
output noise power is 1/(s†Q−1s), and so the output signal-to-noise ratio
(SNRout) is

SNRout = |γ|2(s†Q−1s).

The gain associated with the optimal vector b is then

maximum gain =
(s†Q−1s) tr(Q)

(s†s)
.

The calculation of the vector C−1x is sometimes called prewhitening since
C−1x = γC−1s + C−1z and the new noise vector, C−1z, has the identity
matrix for its covariance matrix. The new signal vector is C−1s. The
filtering operation that gives γ̂ = b†x can be written as

γ̂ = (1/(s†Q−1s))(C−1s)†C−1x;

the term (C−1s)†C−1x is described by saying that we prewhiten, then do
a matched filter. Now we consider some special cases of noise.

16.4 The Case of White Noise

We say that the noise is white noise if the covariance matrix is Q = σ2I,
where I denotes the identity matrix that is one on the main diagonal and
zero elsewhere and σ > 0 is the common standard deviation of the zn. This
means that the zn are mutually uncorrelated (independent, in the Gaussian
case) and share a common variance.

In this case the optimal vector b is b = 1
(s†s)

s and the gain is N . Notice
that γ̂ now involves only a matched filter. We consider now some special
cases of the signal vectors s.

16.4.1 Constant Signal

Suppose that the vector s is constant; that is, s = 1 = (1, 1, ..., 1)T . Then,
we have

γ̂ =
1
N

N∑
n=1

xn.
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This is the same result we found in our discussion of the BLUE, when we
estimated the mean value and the noise was white.

16.4.2 Sinusoidal Signal, Frequency Known

Suppose that

s = e(ω0) = (exp(−iω0), exp(−2iω0), ..., exp(−Niω0))T ,

where ω0 denotes a known frequency in [−π, π). Then, b = 1
N e(ω0) and

γ̂ =
1
N

N∑
n=1

xn exp(inω0);

so, we see yet another occurrence of the DFT.

16.4.3 Sinusoidal Signal, Frequency Unknown

If we do not know the value of the signal frequency ω0, a reasonable thing
to do is to calculate the γ̂ for each (actually, finitely many) of the possible
frequencies within [−π, π) and base the detection decision on the largest
value; that is, we calculate the DFT as a function of the variable ω. If there
is only a single ω0 for which there is a sinusoidal signal present in the data,
the values of γ̂ obtained at frequencies other than ω0 provide estimates of
the noise power σ2, against which the value of γ̂ for ω0 can be compared.

16.5 The Case of Correlated Noise

We say that the noise is correlated if the covariance matrix Q is not a
multiple of the identity matrix. This means either that the zn are mutually
correlated (dependent, in the Gaussian case) or that they are uncorrelated,
but have different variances.

In this case, as we saw previously, the optimal vector b is

b =
1

(s†Q−1s)
Q−1s

and the gain is

maximum gain =
(s†Q−1s) tr(Q)

(s†s)
.

How large or small the gain is depends on how the signal vector s relates
to the matrix Q.

For sinusoidal signals, the quantity s†s is the same, for all values of the
parameter ω; this is not always the case, however. In passive detection of
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sources in acoustic array processing, for example, the signal vectors arise
from models of the acoustic medium involved. For far-field sources in an
(acoustically) isotropic deep ocean, planewave models for s will have the
property that s†s does not change with source location. However, for near-
field or shallow-water environments, this is usually no longer the case.

It follows from Exercise 16.3 that the quantity s†Q−1s
s†s

achieves its max-
imum value when s is an eigenvector of Q associated with its smallest
eigenvalue, λN ; in this case, we are saying that the signal vector does not
look very much like a typical noise vector. The maximum gain is then
λ−1
N tr(Q). Since tr(Q) equals the sum of its eigenvalues, multiplying by
tr(Q) serves to normalize the gain, so that we cannot get larger gain simply
by having all the eigenvalues of Q small.

On the other hand, if s should be an eigenvector of Q associated with
its largest eigenvalue, say λ1, then the maximum gain is λ−1

1 tr(Q). If
the noise is signal-like, that is, has one dominant eigenvalue, then tr(Q)
is approximately λ1 and the maximum gain is around one, so we have
lost the maximum gain of N we were able to get in the white-noise case.
This makes sense, in that it says that we cannot significantly improve our
ability to discriminate between signal and noise by taking more samples, if
the signal and noise are very similar.

16.5.1 Constant Signal with Unequal-Variance Uncor-
related Noise

Suppose that the vector s is constant; that is, s = 1 = (1, 1, ..., 1)T . Sup-
pose also that the noise covariance matrix is Q = diag{σ1, ..., σN}.

In this case the optimal vector b has entries

bm =
1

(
∑N
n=1 σ

−1
n )

σ−1
m ,

for m = 1, ..., N , and we have

γ̂ =
1

(
∑N
n=1 σ

−1
n )

N∑
m=1

σ−1
m xm.

This is the BLUE estimate of γ in this case.

16.5.2 Sinusoidal signal, Frequency Known, in Corre-
lated Noise

Suppose that

s = e(ω0) = (exp(−iω0), exp(−2iω0), ..., exp(−Niω0))T ,
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where ω0 denotes a known frequency in [−π, π). In this case the optimal
vector b is

b =
1

e(ω0)†Q−1e(ω0)
Q−1e(ω0)

and the gain is

maximum gain =
1
N

[e(ω0)†Q−1e(ω0)]tr(Q).

How large or small the gain is depends on the quantity q(ω0), where

q(ω) = e(ω)†Q−1e(ω).

The function 1/q(ω) can be viewed as a sort of noise power spectrum,
describing how the noise power appears when decomposed over the various
frequencies in [−π, π). The maximum gain will be large if this noise power
spectrum is relatively small near ω = ω0; however, when the noise is similar
to the signal, that is, when the noise power spectrum is relatively large
near ω = ω0, the maximum gain can be small. In this case the noise power
spectrum plays a role analogous to that played by the eigenvalues of Q
earlier.

To see more clearly why it is that the function 1/q(ω) can be viewed
as a sort of noise power spectrum, consider what we get when we apply
the optimal filter associated with ω to data containing only noise. The
average output should tell us how much power there is in the component of
the noise that resembles e(ω); this is essentially what is meant by a noise
power spectrum. The result is b†z = (1/q(ω))e(ω)†Q−1z. The expected
value of |b†z|2 is then 1/q(ω).

16.5.3 Sinusoidal Signal, Frequency Unknown, in Cor-
related Noise

Again, if we do not know the value of the signal frequency ω0, a reasonable
thing to do is to calculate the γ̂ for each (actually, finitely many) of the
possible frequencies within [−π, π) and base the detection decision on the
largest value. For each ω the corresponding value of γ̂ is

γ̂(ω) = [1/(e(ω)†Q−1e(ω))]
N∑
n=1

an exp(inω),

where a = (a1, a2, ..., aN )T satisfies the linear system Qa = x or a = Q−1x.
It is interesting to note the similarity between this estimation procedure and
the PDFT discussed earlier; to see the connection, view [1/(e(ω)†Q−1e(ω))]
in the role of P (ω) and Q its corresponding matrix of Fourier-transform
values. The analogy breaks down when we notice that Q need not be
Toeplitz, as in the PDFT case; however, the similarity is intriguing.
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16.6 Capon’s Data-Adaptive Method

When the noise covariance matrix Q is not available, perhaps because we
cannot observe the background noise in the absence of any signals that may
also be present, we may use the signal-plus-noise covariance matrix R in
place of Q.

Exercise 16.4 Show that for

R = |γ|2ss† +Q

maximizing the ratio
|b†s|2/b†Rb

is equivalent to maximizing the ratio

|b†s|2/b†Qb.

In [63] Capon offered a high-resolution method for detecting and re-
solving sinusoidal signals with unknown frequencies in noise. His estimator
has the form

1/e(ω)†R−1e(ω). (16.1)

The idea here is to fix an arbitrary ω, and then to find the vector b(ω) that
minimizes b(ω)†Rb(ω), subject to b(ω)†e(ω) = 1. The vector b(ω) turns
out to be

b(ω) =
1

e(ω)†R−1e(ω)
R−1e(ω). (16.2)

Now we allow ω to vary and compute the expected output of the filter b(ω),
operating on the signal plus noise input. This expected output is then

1/e(ω)†R−1e(ω). (16.3)

The reason that this estimator resolves closely spaced delta functions better
than linear methods such as the DFT is that, when ω is fixed, we obtain an
optimal filter using R as the noise covariance matrix, which then includes
all sinusoids not at the frequency ω in the noise component. This is actu-
ally a good thing, since, when we are looking at a frequency ω that does
not correspond to a frequency actually present in the data, we want the
sinusoidal components present at nearby frequencies to be filtered out.
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Chapter 17

Classical and Modern
Methods

In [62] Candy locates the beginning of the classical period of spectral esti-
mation in Schuster’s use of Fourier techniques in 1898 to analyze sun-spot
data [188]. The role of Fourier techniques grew with the discovery, by
Wiener in the USA and Khintchine in the USSR, of the relation between
the power spectrum and the autocorrelation function. Much of Wiener’s
important work on control and communication remained classified and be-
came known only with the publication of his classic text Time Series in
1949 [209]. The book by Blackman and Tukey, Measurement of Power
Spectra [16], provides perhaps the best description of the classical meth-
ods. With the discovery of the FFT by Cooley and Tukey in 1965, all the
pieces were in place for the rapid development of this DFT-based approach
to spectral estimation.

Until about the middle of the 1970s most signal processing depended
almost exclusively on the DFT, as implemented using the FFT. Algorithms
such as the Gerchberg-Papoulis bandlimited extrapolation method were
performed as iterative operations on finite vectors, using the FFT at every
step. Linear filters and related windowing methods involving the FFT
were also used to enhance the resolution of the reconstructed objects. The
proper design of these filters was an area of interest to quite a number of
researchers, John Tukey among them. Then, around the end of that decade,
interest in entropy maximization began to grow, as researchers began to
wonder if high-resolution methods developed for seismic oil exploration
could be applied successfully in other areas.

John Burg had developed his maximum entropy method (MEM) while
working in the oil industry in the 1960s. He then went to Stanford as a
mature graduate student and received his doctorate in 1975 for a thesis
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based largely on his earlier work on MEM [30]. This thesis and a handful
of earlier presentations at meetings [28, 29] fueled the interest in entropy.

It was not only the effectiveness of Burg’s techniques that attracted the
attention of members of the signal-processing community. The classical
methods seemed to some to be ad hoc, and they sought a more intellectually
satisfying basis for spectral estimation. Classical methods start with the
time series data, say xn, for n = 1, ..., N . In the direct approach, slightly
simplified, the data is windowed; that is, xn is replaced with xnwn for
some choice of constants wn. Then, the vDFT is computed, using the
FFT, and the squared magnitudes of the entries of the vDFT provide the
desired estimate of the power spectrum. In the more indirect approach,
autocorrelation values rx(m) are first estimated, for m = 0, 1, ...,M , where
M is some fraction of the data length N . Then, these estimates of rx(m)
are windowed and the vDFT calculated, again using the FFT.

What some people objected to was the use of these windows. After
all, the measured data was xn, not xnwn, so why corrupt the data at the
first step? The classical methods produced answers that depended to some
extent on which window function one used; there had to be a better way.
Entropy maximization was the answer to their prayers.

In 1981 the first of several international workshops on entropy maxi-
mization was held at the University of Wyoming, bring together most of
the people working in this area. The books [194] and [195] contain the
papers presented at those workshops. As one can see from reading those
papers, the general theme is that a new day has dawned.

It was soon recognized that maximum entropy methods were closely
related to model-based techniques that had been part of statistical time
series for decades. This realization led to a broader use of autoregressive
(AR) and autoregressive, moving average (ARMA) models for spectral esti-
mation [179], as well as of eigenvector methods, such as Pisarenko’s method
[176]. What Candy describes as the modern approach to spectral estima-
tion is one based on explicit parametric models, in contrast to the classical
non-parametric approach. The book edited by Don Childers [72] is a col-
lection of journal articles that captures the state-of-the-art at the end of
the 1970s.

In a sense the transition from the classical ways to the modern methods
solved little; the choice of models is as ad hoc as the choice of windows was
before. On the other hand, we do have a wider collection of techniques
from which to choose and we can examine these techniques to see when
they perform well and when they do not. We do not expect one approach
to work in all cases. High-speed computation permits the use of more
complicated parametric models tailored to the physics of a given situation.

Our estimates will, eventually, be used for some purpose. In medical
imaging a doctor is going to make a diagnosis based in part on what the
image reveals. How good the image needs to be depends on the purpose
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for which it is made. Judging the quality of a reconstructed image based
on somewhat subjective criteria, such as how useful it is to a doctor, is a
problem that is not yet solved. Human-observer studies are one way to
obtain this nonmathematical evaluation of reconstruction and estimation
methods. The next step beyond that is to develop computer software that
judges the images or spectra as a human would.
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Chapter 18

Entropy Maximization

18.1 Estimating Nonnegative Functions

The problem of estimating the nonnegative function R(ω), for |ω| ≤ π,
from the finitely many Fourier-transform values

r(n) =
∫ π

−π
R(ω) exp(−inω)dω/2π, n = −N, ..., N

is an under-determined problem, meaning that the data alone is insufficient
to determine a unique answer. In such situations we must select one so-
lution out of the infinitely many that are mathematically possible. The
obvious questions we need to answer are: What criteria do we use in this
selection? How do we find algorithms that meet our chosen criteria? In
this chapter we look at some of the answers people have offered and at one
particular algorithm, Burg’s maximum entropy method (MEM) [28, 29].

These values r(n) are autocorrelation function values associated with a
random process having R(ω) for its power spectrum. In many applications,
such as seismic remote sensing, these autocorrelation values are estimates
obtained from relatively few samples of the underlying random process, so
that N is not large. The DFT estimate,

RDFT (ω) =
N∑

n=−N
r(n) exp(inω),

is real-valued and consistent with the data, but is not necessarily nonneg-
ative. For small values of N , the DFT may not be sufficiently resolving
to be useful. This suggests that one criterion we can use to perform our
selection process is to require that the method provide better resolution
than the DFT for relatively small values of N , when reconstructing power
spectra that consist mainly of delta functions.

165



166 CHAPTER 18. ENTROPY MAXIMIZATION

18.2 Philosophical Issues

Generally speaking, we would expect to do a better job of estimating a
function from data pertaining to that function if we also possess additional
prior information about the function to be estimated and are able to em-
ploy estimation techniques that make use of that additional information.
There is the danger, however, that we may end up with an answer that
is influenced more by our prior guesses than by the actual measured data.
Striking a balance between including prior knowledge and letting the data
speak for itself is a noble goal; how to achieve that is the question. At this
stage, we begin to suspect that the problem is as much philosophical as it
is mathematical.

We are essentially looking for principles of induction that enable us to
extrapolate from what we have measured to what we have not. Unwilling to
turn the problem over entirely to the philosophers, a number of mathemati-
cians and physicists have sought mathematical solutions to this inference
problem, framed in terms of what the most likely answer is, or which answer
involves the smallest amount of additional prior information [85]. This is
not, of course, a new issue; it has been argued for centuries with regard to
the use of what we now call Bayesian statistics; objective Bayesians allow
the use of prior information, but only if it is the right prior information.
The interested reader should consult the books [194] and [195], contain-
ing papers by Ed Jaynes, Roy Frieden, and others originally presented at
workshops on this topic held in the early 1980s.

The maximum entropy method is a general approach to such problems
that includes Burg’s algorithm as a particular case. It is argued that by
maximizing entropy we are, in some sense, being maximally noncommittal
about what we do not know and thereby introducing a minimum of prior
knowledge (some would say prior guesswork) into the solution. In the case
of Burg’s MEM, a somewhat more mathematical argument is available.

Let {xn}∞n=−∞ be a stationary random process with autocorrelation
sequence r(m) and power spectrum R(ω), |ω| ≤ π. The prediction problem
is the following: suppose we have measured the values of the process prior
to time n and we want to predict the value of the process at time n.
On average, how much error do we expect to make in predicting xn from
knowledge of the infinite past? The answer, according to Szegö’s theorem
[127], is

exp[
∫ π

−π
logR(ω)dω];

the integral ∫ π

−π
logR(ω)dω

is the Burg entropy of the random process [179]. Processes that are very
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predictable have low entropy, while those that are quite unpredictable, or,
like white noise, completely unpredictable, have high entropy; to make
entropies comparable, we assume a fixed value of r(0). Given the data
r(n), |n| ≤ N , Burg’s method selects that power spectrum consistent with
these autocorrelation values that corresponds to the most unpredictable
random process.

Other similar procedures are also based on selection through optimiza-
tion. We have seen the minimum norm approach to finding a solution
to an underdetermined system of linear equations, and the minimum ex-
pected squared error approach in statistical filtering, and later we shall
see the maximum likelihood method used in detection. We must keep in
mind that, however comforting it may be to know that we are on solid
philosophical ground (if such exists) in choosing our selection criteria, if
the method does not work well, we must use something else. As we shall
see, the MEM, like every other reasonable method, works well sometimes
and not so well other times. There is certainly philosophical precedent for
considering the consequences of our choices, as Blaise Pascal’s famous wa-
ger about the existence of God nicely illustrates. As an attentive reader of
the books [194] and [195] will surely note, there is a certain theological tone
to some of the arguments offered in support of entropy maximization. One
group of authors (reference omitted) went so far as to declare that entropy
maximization was what one did if one cared what happened to one’s data.

The objective of Burg’s MEM for estimating a power spectrum is to
seek better resolution by combining nonnegativity and data-consistency in
a single closed-form estimate. The MEM is remarkable in that it is the only
closed-form (that is, noniterative) estimation method that is guaranteed
to produce an estimate that is both nonnegative and consistent with the
autocorrelation samples. Later we shall consider a more general method,
the inverse PDFT (IPDFT), that is both data-consistent and positive in
most cases.

18.3 The Autocorrelation Sequence {r(n)}
We begin our discussion with important properties of the sequence {r(n)}.
Because R(ω) ≥ 0, the values r(n) are often called autocorrelation values.

Since R(ω) ≥ 0, it follows immediately that r(0) ≥ 0. In addition,
r(0) ≥ |r(n)| for all n:

|r(n)| = |
∫ π

−π
R(ω) exp(−inω)dω/2π|

≤
∫ π

−π
R(ω)| exp(−inω)|dω/2π = r(0).
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In fact, if r(0) = |r(n)| > 0 for some n > 0, then R is a sum of at most
n + 1 delta functions with nonnegative amplitudes. To see this, suppose
that r(n) = |r(n)| exp(iθ) = r(0) exp(iθ). Then,∫ π

−π
R(ω)|1− exp(i(θ + nω))|2dω/2π

=
∫ π

−π
R(ω)(1− exp(i(θ + nω))(1− exp(−i(θ + nω))dω/2π

=
∫ π

−π
R(ω)[2− exp(i(θ + nω))− exp(−i(θ + nω))]dω/2π

= 2r(0)− exp(iθ)r(n)− exp(−iθ)r(n) = 2r(0)− r(0)− r(0) = 0.

Therefore, R(ω) > 0 only at the values of ω where |1−exp(i(θ+nω))|2 = 0;
that is, only at ω = n−1(2πk − θ) for some integer k. Since |ω| ≤ π, there
are only finitely many such k.

This result is important in any discussion of resolution limits. It is
natural to feel that if we have only the Fourier coefficients r(n) for |n| ≤ N
then we have only the low frequency information about the function R(ω).
How is it possible to achieve higher resolution? Notice, however, that
in the case just considered, the infinite sequence of Fourier coefficients is
periodic. Of course, we do not know this a priori, necessarily. The fact
that |r(N)| = r(0) does not, by itself, tell us that R(ω) consists solely of
delta functions and that the sequence of Fourier coefficients is periodic.
But, under the added assumption that R(ω) ≥ 0, it does! When we put
in this prior information about R(ω) we find that the data now tells us
more than it did before. This is a good example of the point made in the
Introduction; to get information out we need to put information in.

In discussing the Burg MEM estimate, we shall need to refer to the
concept of minimum-phase vectors. We consider that briefly now.

18.4 Minimum-Phase Vectors

We say that the finite column vector with complex entries (a0, a1, ..., aN )T

is a minimum-phase vector if the complex polynomial

A(z) = a0 + a1z + ...+ aNz
N

has the property that A(z) = 0 implies that |z| > 1; that is, all roots of
A(z) are outside the unit circle. Consequently, the function B(z) given by
B(z) = 1/A(z) is analytic in a disk centered at the origin and including
the unit circle. Therefore, we can write

B(z) = b0 + b1z + b2z
2 + ...,
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and taking z = exp(iω), we get

B(exp(iω)) = b0 + b1 exp(iω) + b2 exp(2iω) + ... .

The point here is that B(exp(iω)) is a one-sided trigonometric series, with
only terms corresponding to exp(inω) for nonnegative n.

18.5 Burg’s MEM

The approach is to estimate R(ω) by the function S(ω) > 0 that maximizes
the so-called Burg entropy,

∫ π
−π logS(θ)dθ, subject to the data constraints.

The Euler-Lagrange equation from the calculus of variations allows us
to conclude that S(ω) has the form

S(ω) = 1/H(ω)

for

H(ω) =
N∑

n=−N
hne

inω > 0.

From the Fejér-Riesz Theorem 29.1 we know that H(ω) = |A(eiω)|2 for
minimum phase A(z). As we now show, the coefficients an satisfy a system
of linear equations formed using the data r(n).

Given the data r(n), |n| ≤ N , we form the autocorrelation matrix R
with entries Rmn = r(m − n), for −N ≤ m,n ≤ N . Let δ be the column
vector δ = (1, 0, ..., 0)T . Let a = (a0, a1, ..., aN )T be the solution of the
system Ra = δ. Then, Burg’s MEM estimate is the function S(ω) =
RMEM (ω) given by

RMEM (ω) = a0/|A(exp(iω))|2, |ω| ≤ π.

Once we show that a0 ≥ 0, it will be obvious that RMEM (ω) ≥ 0. We also
must show that RMEM is data-consistent; that is,

r(n) =
∫ π

−π
RMEM (ω) exp(−inω)dω/2π =, n = −N, ..., N.

Let us write RMEM (ω) as a Fourier series; that is,

RMEM (ω) =
+∞∑

n=−∞
q(n) exp(inω), |ω| ≤ π.

From the form of RMEM (ω), we have

RMEM (ω)A(exp(iω)) = a0B(exp(iω)). (18.1)
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Suppose, as we shall see shortly, that A(z) has all its roots outside the
unit circle, so B(exp(iω)) is a one-sided trigonometric series, with only
terms corresponding to exp(inω) for nonnegative n. Then, multiplying on
the left side of Equation (18.1), and equating coefficients corresponding to
n = 0,−1,−2, ..., we find that, provided q(n) = r(n), for |n| ≤ N , we must
have Ra = δ. Notice that these are precisely the same equations we solve
in calculating the coefficients of an AR process. For that reason the MEM
is sometimes called an autoregressive method for spectral estimation.

18.5.1 The Minimum-Phase Property

We now show that if Ra = δ then A(z) has all its roots outside the unit
circle. Let r exp(iθ) be a root of A(z). Then, write

A(z) = (z − r exp(iθ))C(z),

where
C(z) = c0 + c1z + c2z

2 + ...+ cN−1z
N−1.

The vector a = (a0, a1, ..., aN )T can be written as a = −r exp(iθ)c + d,
where c = (c0, c1, ..., cN−1, 0)T and d = (0, c0, c1, ..., cN−1)T . So, δ = Ra =
−r exp(iθ)Rc +Rd and

0 = d†δ = −r exp(iθ)d†Rc + d†Rd,

so that
r exp(iθ)d†Rc = d†Rd.

From the Cauchy inequality we know that

|d†Rc|2 ≤ (d†Rd)(c†Rc) = (d†Rd)2, (18.2)

where the last equality comes from the special form of the matrix R and
the similarity between c and d.

With
D(ω) = c0e

iω + c1e
2iω...+ cN−1e

iNω

and
C(ω) = c0 + c1e

iω + ...+ cN−1e
i(N−1)ω,

we can easily show that

d†Rd = c†Rc =
1
2π

∫ π

−π
R(ω)|D(ω)|2dω

and
d†Rc =

1
2π

∫ π

−π
R(ω)D(ω)C(ω)dω.
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If there is equality in the Cauchy Inequality (18.2), then r = 1 and we
would have

exp(iθ)
1
2π

∫ π

−π
R(ω)D(ω)C(ω)dω =

1
2π

∫ π

−π
R(ω)|D(ω)|2dω.

From the Cauchy Inequality for integrals, we can conclude that

exp(iθ)D(ω)C(ω) = |D(ω)|2

for all ω for which R(ω) > 0. But,

exp(iω)C(ω) = D(ω).

Therefore, we cannot have r = 1 unless R(ω) consists of a single delta
function; that is, R(ω) = δ(ω − θ). In all other cases we have

|d†Rc|2 < |r|2|d†Rc|2,

from which we conclude that |r| > 1.

18.5.2 Solving Ra = δ Using Levinson’s Algorithm

Because the matrix R is Toeplitz, that is, constant on diagonals, and pos-
itive definite, there is a fast algorithm for solving Ra = δ for a. Instead of
a single R, we let RM be the matrix defined for M = 0, 1, ..., N by

RM =


r(0) r(−1) ... r(−M)
r(1) r(0) ... r(−M + 1)
.
.
.

r(M) r(M − 1) ... r(0)


so that R = RN . We also let δM be the (M + 1)-dimensional column
vector δM = (1, 0, ..., 0)T . We want to find the column vector aM =
(aM0 , aM1 , ..., aMM )T that satisfies the equation RMaM = δM . The point
of Levinson’s algorithm is to calculate aM+1 quickly from aM .

For fixed M find constants α and β so that

δM = RM

{
α



aM−1
0

aM−1
1

.

.

.
aM−1
M−1

0


+ β



0
aM−1
M−1

aM−1
M−2

.

.

.
aM−1
0


}
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=

{
α



1
0
.
.
.
0
γM


+ β



γM

0
.
.
.
0
1


}
,

where
γM = r(M)aM−1

0 + r(M − 1)aM−1
1 + ...+ r(1)aM−1

M−1.

We then have
α+ βγM = 1, αγM + β = 0

or
β = −αγM , α− α|γM |2 = 1,

so
α = 1/(1− |γM |2), β = −γM/(1− |γM |2).

Therefore, the algorithm begins with M = 0, R0 = [r(0)], a0
0 = r(0)−1. At

each step calculate the γM , solve for α and β and form the next aM .
The MEM resolves better than the DFT when the true power spectrum

being reconstructed is a sum of delta functions plus a flat background.
When the background itself is not flat, performance of the MEM degrades
rapidly; the MEM tends to interpret any nonflat background in terms of
additional delta functions. In the next chapter we consider an extension of
the MEM, called the indirect PDFT (IPDFT), that corrects this flaw.

Why Burg’s MEM and the IPDFT are able to resolve closely spaced
sinusoidal components better than the DFT is best answered by studying
the eigenvalues and eigenvectors of the matrix R; we turn to this topic in
a later chapter.

18.6 A Sufficient Condition for Positive-definiteness

If the function

R(ω) =
∞∑

n=−∞
r(n)einω

is nonnegative on the interval [−π, π], then the matricesRM are nonnegative-
definite for every M . Theorems by Herglotz and by Bochner go in the
reverse direction [4]. Katznelson [140] gives the following result.

Theorem 18.1 Let {f(n)}∞n=−∞ be a sequence of nonnegative real num-
bers converging to zero, with f(−n) = f(n) for each n. If, for each n > 0,
we have

(f(n− 1)− f(n))− (f(n)− f(n+ 1)) > 0,
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then there is a nonnegative function R(ω) on the interval [−π, π] with
f(n) = r(n) for each n.

The following figures illustrate the behavior of the MEM. In Figures 18.1,
18.2, and 18.3, the true object has two delta functions at 0.95π and 1.05π.
The data is f(n) for |n| ≤ 10. The DFT cannot resolve the two spikes. The
SNR is high in Figure 18.1, and the MEM easily resolves them. In Figure
18.2 the SNR is much lower and MEM no longer resolves the spikes.

Exercise 18.1 In Figure 18.3 the SNR is much higher than in Figure 18.1.
Explain why the graph looks as it does.

In Figure 18.4 the true object is a box supported between 0.75π and
1.25π. Here N = 10, again. The MEM does a poor job reconstructing the
box. This weakness in MEM will become a problem in the last two figures,
in which the true object consists of the box with the two spikes added. In
Figure 18.5 we have N = 10, while, in Figure 18.6, N = 25.
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Figure 18.1: The DFT and MEM, N = 10, high SNR.
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Figure 18.2: The DFT and MEM, N = 10, low SNR.



176 CHAPTER 18. ENTROPY MAXIMIZATION

Figure 18.3: The DFT and MEM, N = 10, very high SNR. What hap-
pened?
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Figure 18.4: MEM and DFT for a box object; N = 10.
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Figure 18.5: The DFT and MEM: two spikes on a large box; N = 10.
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Figure 18.6: The DFT and MEM: two spikes on a large box; N = 25.
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Chapter 19

The IPDFT

19.1 The Need for Prior Information in Non-
Linear Estimation

As we saw previously, the PDFT is a linear method for incorporating prior
knowledge into the estimation of the Fourier transform. Burg’s MEM is a
nonlinear method for estimating a non-negative Fourier transform.

Experience with Burg’s MEM shows that it is capable of resolving
closely spaced delta functions better than the DFT, provided that the back-
ground is flat. When the background is not flat, MEM tends to interpret
the non-flat background as additional delta functions to be resolved. In this
chapter we consider an extension of MEM based on the PDFT that can
resolve in the presence of non-flat background. This method is called the
indirect PDFT (IPDFT) [52]. The IPDFT applies to the reconstruction of
one-dimensional power spectra, but the main idea can be used to generate
high-resolution methods for multi-dimensional spectra as well. The IPDFT
method is suggested by considering the MEM equations Ra = δ as a par-
ticular case of the equations that arise in Wiener filter approximation. As
in the previous chapter, we assume that we have the autocorrelation values
r(n) for |n| ≤ N , from which we wish to estimate the power spectrum

R(ω) =
+∞∑

n=−∞
r(n)einω, |ω| ≤ π.

19.2 What Wiener Filtering Suggests

In the appendix on Wiener filter approximation, we show that the best
finite length filter approximation of the Wiener filter is obtained by mini-
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mizing the integral in Equation (34.4)∫ π

−π
|H(ω)−

L∑
k=−K

fke
ikω|2(Rs(ω) +Ru(ω))dω.

The optimal coefficients then must satisfy Equation (34.5):

rs(m) =
L∑

k=−K

fk(rs(m− k) + ru(m− k)), (19.1)

for −K ≤ m ≤ L.
Consider the case in which the power spectrum we wish to estimate

consists of a signal component that is the sum of delta functions and a noise
component that is white noise. If we construct a finite-length Wiener filter
that filters out the signal component and leaves only the noise, then that
filter should be able to zero out the delta function components. By finding
the locations of those zeros, we can find the supports of the delta functions.
So the approach is to reverse the roles of signal and noise, viewing the
signal as the component called u and the noise as the component called s
in the discussion of the Wiener filter. The autocorrelation function rs(n)
corresponds to the white noise now and so rs(n) = 0 for n 6= 0. The terms
rs(n) + ru(n) are the data values r(n), for |n| ≤ N . Taking K = 0 and
L = N in Equation (19.1), we obtain

N∑
k=0

fkr(m− k) = 0,

for m = 1, 2, ..., N and

N∑
k=0

fkr(0− k) = r(0),

which is precisely that same system Ra = δ that occurs in MEM.
This approach reveals that the vector a = (a0, ..., aN )T we find in MEM

can be viewed an a finite-length approximation of the Wiener filter designed
to remove the delta-function component and to leave the remaining flat
white-noise component untouched. The polynomial

A(ω) =
N∑
n=0

ane
inω

will then have zeros near the supports of the delta functions. What happens
to MEM when the background is not flat is that the filter tries to eliminate
any component that is not white noise and so places the zeros of A(ω) in
the wrong places.
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19.3 Using a Prior Estimate

Suppose we take P (ω) ≥ 0 to be our estimate of the background component
of R(ω); that is, we believe that R(ω) equals a multiple of P (ω) plus a sum
of delta functions. We now ask for the finite length approximation of the
Wiener filter that removes the delta functions and leaves any background
component that looks like P (ω) untouched. We then take rs(n) = p(n),
where

P (ω) =
+∞∑

n=−∞
p(n)einω, |ω| ≤ π.

The desired filter is f = (f0, ..., fN )T satisfying the equations

p(m) =
N∑
k=0

fkr(m− k). (19.2)

Once we have found f we form the polynomial

F (ω) =
N∑
k=0

fke
ikω, |ω| ≤ π.

The zeros of F (ω) should then be near the supports of the delta func-
tion components of the power spectrum R(ω), provided that our original
estimate of the background is not too inaccurate.

In the PDFT it is important to select the prior estimate P (ω) nonzero
wherever the function being reconstructed is nonzero; for the IPDFT the
situation is different. Comparing Equation (19.2) with Equation (13.5), we
see that in the IPDFT the true R(ω) is playing the role previously given to
P (ω), while P (ω) is in the role previously played by the function we wished
to estimate, which, in the IPDFT, is R(ω). It is important, therefore, that
R(ω) not be zero where P (ω) 6= 0; that is, we should choose the P (ω) = 0
wherever R(ω) = 0. Of course, we usually do not know the support of R(ω)
a priori. The point is simply that it is better to make P (ω) = 0 than to
make it nonzero, if we have any doubt as to the value of R(ω).

19.4 Properties of the IPDFT

In our discussion of the MEM, we obtained an estimate for the function
R(ω), not simply a way of locating the delta-function components. As
we shall show, the IPDFT can also be used to estimate R(ω). Although
the resulting estimate is not guaranteed to be either nonnegative nor data
consistent, it usually is both of these.
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For any function G(ω) on [−π, π] with Fourier series

G(ω) =
∞∑

n=−∞
g(n)einω,

the additive causal part of the function G(ω) is

G+(ω) =
∞∑
n=0

g(n)einω.

Any function such as G+ that has Fourier coefficients that are zero for
negative indices is called a causal function. The Equation (19.2) then says
that the two causal functions P+ and (FR)+ have Fourier coefficients that
agree for m = 0, 1, ..., N .

Because F (ω) is a finite causal trigonometric polynomial, we can write

(FR)+(ω) = R+(ω)F (ω) + J(ω),

where

J(ω) =
N−1∑
m=0

[
N−m∑
k=1

r(−k)f(m+ k)]eimω.

Treating P+ as approximately equal to (FR)+ = R+F + J , we obtain as
an estimate of R+ the function Q = (P+−J)/F . In order for this estimate
of R+ to be causal, it is sufficient that the function 1/F be causal. This
means that the trigonometric polynomial F (ω) must be minimum phase;
that is, all its roots lie outside the unit circle. In the chapter on MEM, we
saw that this is always the case for MEM. It is not always the case for the
IPDFT, but it is usually the case in practice; in fact, it was difficult (but
possible) to construct a counterexample. We then construct our IPDFT
estimate of R(ω), which is

RIPDFT (ω) = 2Re(Q(ω))− r(0).

The IPDFT estimate is real-valued and, when 1/F is causal, guaranteed
to be data consistent. Although this estimate is not guaranteed to be
nonnegative, it usually is.

We showed in the chapter on entropy maximization that the vector a
that solves Ra = δ corresponds to a polynomial A(z) having all its roots on
or outside the unit circle; that is, it is minimum phase. The IPDFT involves
the solution of the system Rf = p, where p = (p(0), ..., p(N))T is the
vector of initial Fourier coefficients of another power spectrum, P (ω) ≥ 0
on [−π, π]. When P (ω) is constant, we get p = δ. For the IPDFT to be
data-consistent, it is sufficient that the polynomial F (z) = f0+...+fNzN be
minimum phase. Although this need not be the case, it is usually observed
in practice.
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Exercise 19.1 Find conditions on the power spectra R(ω) and P (ω) that
cause F (z) to be minimum phase.

Warning: This is probably not an easy exercise.

19.5 Illustrations

The following figures illustrate the IPDFT. The prior function in each case
is the box object supported on the central fourth of the interval [0, 2π]. The
value r(0) has been increased slightly to regularize the matrix inversion.
Figure 19.1 shows the behavior of the IPDFT when the object is only the
box. Contrast this with the behavior of MEM in this case, as seen in Figure
18.4. Figures 19.2 and 19.3 show the abilty of the IPDFT to resolve the two
spikes at 0.95π and 1.05π against the box background. Again, contrast this
with the MEM reconstructions in Figures 18.5 and 18.6. To show that the
IPDFT is actually indicating the presence of the spikes and not just rolling
across the top of the box, we reconstruct two unequal spikes in Figure 19.4.
Figure 19.5 shows how the IPDFT behaves when we increase the number
of data points; now, N = 25 and the SNR is very low.
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Figure 19.1: The DFT and IPDFT: box only, N = 1.
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Figure 19.2: The DFT and IPDFT, box and two spikes, N = 10, high SNR.
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Figure 19.3: The DFT and IPDFT, box and two spikes, N = 10, moderate
SNR.
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Figure 19.4: The DFT and IPDFT, box and unequal spikes, N = 10, high
SNR.



190 CHAPTER 19. THE IPDFT

Figure 19.5: The DFT and IPDFT, box and unequal spikes, N = 25, very
low SNR.



Chapter 20

Eigenvector Methods in
Estimation

Prony’s method showed that information about the signal can sometimes
be obtained from the roots of certain polynomials formed from the data.
Eigenvectors methods are similar, as we shall see.

20.1 Some Eigenvector Methods

Eigenvector methods assume the data are correlation values and involve
polynomials formed from the eigenvectors of the correlation matrix. Schmidt’s
multiple signal classification (MUSIC) algorithm is one such method [186].
A related technique used in direction-of-arrival array processing is the esti-
mation of signal parameters by rotational invariance techniques (ESPRIT)
of Paulraj, Roy, and Kailath [173].

20.2 The Sinusoids-in-Noise Model

We suppose now that the function f(t) being measured is signal plus noise,
with the form

f(t) =
J∑
j=1

|Aj |eiθje−iωjt + n(t) = s(t) + n(t),

where the phases θj are random variables, independent and uniformly dis-
tributed in the interval [0, 2π), and n(t) denotes the random complex sta-
tionary noise component. Assume that E(n(t)) = 0 for all t and that
the noise is independent of the signal components. We want to estimate
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J , the number of sinusoidal components, their magnitudes |Aj | and their
frequencies ωj .

20.3 Autocorrelation

The autocorrelation function associated with s(t) is

rs(τ) =
J∑
j=1

|Aj |2e−iωjτ ,

and the signal power spectrum is the Fourier transform of rs(τ),

Rs(ω) =
J∑
j=1

|Aj |2δ(ω − ωj).

The noise autocorrelation is denoted rn(τ) and the noise power spectrum
is denoted Rn(ω). For the remainder of this section we shall assume that
the noise is white noise; that is, Rn(ω) is constant and rn(τ) = 0 for τ 6= 0.

We collect samples of the function f(t) and use them to estimate some
of the values of rs(τ). From these values of rs(τ), we estimate Rs(ω),
primarily looking for the locations ωj at which there are delta functions.

We assume that the samples of f(t) have been taken over an interval
of time sufficiently long to take advantage of the independent nature of
the phase angles θj and the noise. This means that when we estimate the
rs(τ) from products of the form f(t+ τ)f(t), the cross terms between one
signal component and another, as well as between a signal component and
the noise, are nearly zero, due to destructive interference coming from the
random phases.

Suppose now that we have the values rf (m) form = −(M−1), ...,M−1,
where M > J , rf (m) = rs(m) for m 6= 0, and rf (0) = rs(0) + σ2, for σ2

the variance (or power) of the noise. We form the M by M autocorrelation
matrix R with entries Rm,k = rf (m− k).

Exercise 20.1 Show that the matrix R has the following form:

R =
J∑
j=1

|Aj |2eje†j + σ2I,

where ej is the column vector with entries e−iωjm, for m = 0, 1, ...,M − 1.
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Let u be an eigenvector of R with ‖u‖ = 1 and associated eigenvalue λ.
Then we have

λ = u†Ru =
J∑
j=1

|Aj |2|e†ju|
2 + σ2 ≥ σ2.

Therefore, the smallest eigenvalue of R is σ2

Because M > J , there must be non-zero M -dimensional vectors v that
are orthogonal to all of the ej ; in fact, we can say that there are M − J
linearly independent such v. For each such vector v we have

Rv =
J∑
j=1

|Aj |2e†jvej + σ2v = σ2v;

consequently, v is an eigenvector of R with associated eigenvalue σ2.
Let λ1 ≥ λ2 ≥ ... ≥ λM > 0 be the eigenvalues of R and let um be

a norm-one eigenvector associated with λm. It follows from the previous
paragraph that λm = σ2, for m = J + 1, ...,M , while λm > σ2 for m =
1, ..., J . This leads to the MUSIC method for determining the ωj .

20.4 Determining the Frequencies

By calculating the eigenvalues of R and noting how many of them are
greater than the smallest one, we find J . Now we seek the ωj .

For each ω let eω have the entries e−iωm and form the function

T (ω) =
M∑

m=J+1

|e†ωum|2.

This function T (ω) will have zeros at precisely the values ω = ωj , for
j = 1, ..., J . Once we have determined J and the ωj , we estimate the magni-
tudes |Aj | using Fourier transform estimation techniques already discussed.
This is basically Schmidt’s MUSIC method.

We have made several assumptions here that may not hold in practice
and we must modify this eigenvector approach somewhat. First, the time
over which we are able to measure the function f(t) may not be long enough
to give good estimates of the rf (τ). In that case we may work directly with
the samples of f(t). Second, the smallest eigenvalues will not be exactly
equal to σ2 and some will be larger than others. If the ωj are not well
separated, or if some of the |Aj | are quite small, it may be hard to tell
what the value of J is. Third, we often have measurements of f(t) that
have errors other than those due to background noise; inexpensive sensors
can introduce their own random phases that can complicate the estimation
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process. Finally, the noise may not be white, so that the estimated rf (τ)
will not equal rs(τ) for τ 6= 0, as before. If we know the noise power
spectrum or have a decent idea what it is, we can perform a pre-whitening
to R, which will then return us to the case considered above, although this
can be a tricky procedure.

20.5 The Case of Non-White Noise

When the noise power spectrum has a component that is not white the
eigenvalues and eigenvectors of R behave somewhat differently from the
white-noise case. The eigenvectors tend to separate into three groups.
Those in the first group correspond to the smallest eigenvalues and are
approximately orthogonal to both the signal components and the nonwhite
noise component. Those in the second group, whose eigenvalues are some-
what larger than those in the previous group, tend to be orthogonal to the
signal components but to have a sizable projection onto the nonwhite-noise
component. Those in the third group, with the largest eigenvalues, have siz-
able projection onto both the signal and nonwhite noise components. Since
the DFT estimate uses R, as opposed to R−1, the DFT spectrum is deter-
mined largely by the eigenvectors in the third group. The MEM estimator,
which uses R−1, makes most use of the eigenvectors in the first group, but
in the formation of the denominator. In the presence of a nonwhite-noise
component, the orthogonality of those eigenvectors to both the signals and
the nonwhite noise shows up as peaks throughout the region of interest,
masking or distorting the signal peaks we wish to see.

There is a second problem exacerbated by the nonwhite component-
sensitivity of nonlinear and eigenvector methods to phase errors. We have
assumed up to now that the data we have obtained is accurate, but there
isn’t enough of it. In some cases the machinery used to obtain the measured
data may not be of the highest quality; certain applications of SONAR
make use of relatively inexpensive hydrophones that will sink into the ocean
after they have been used briefly. In such cases the complex numbers r(n)
will be distorted. Errors in the measurement of their phases are particularly
damaging. The following figures illustrate these issues.

20.6 Sensitivity

In the following figures the true power spectrum is the box and spikes
object used earlier in our discussion of the MEM and IPDFT. It consists
of two delta functions at ω = 0.95π and 1.05π, along with a box extending
from 0.75π to 1.25π. There is also a small white-noise component that is
flat across [0, 2π], contributing only to the r(0) value. The data, in the
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absence of phase errors, is r(n), |n| ≤ N = 25. Three different amounts of
phase perturbation are introduced in the other cases.

Figure 20.1 shows the function T (ω) for the two eigenvectors in the
second group; here, J = 18 and M = 21. The approximate zeros at
0.95π and 1.05π are clearly seen in the error-free case and remain fairly
stable as the phase errors are introduced. Figure 20.2 uses the eigenvectors
in the first group, with J = 0 and M = 18. The approximate nulls at
0.95π and 1.05π are hard to distinguish even in the error-free case and
get progressively worse as phase errors are introduced. Stable nonlinear
methods, such as the IPDFT, rely most on the eigenvectors in the second
group.

Figure 20.1: T (ω) for J = 18, M = 21, varying degrees of phase errors.
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Figure 20.2: T (ω) for J = 0, M = 18, varying degrees of phase errors.



Chapter 21

Resolution Limits

21.1 Putting Information In

In the Introduction we said that our data has been obtained through some
form of sensing; physical models, often simplified, describe how the data
we have obtained relates to the information we seek; there usually isn’t
enough data, and what we have is corrupted by noise and other distortions.
All of the models and algorithms we have considered have as their aim
the overcoming of this inherent problem of limited data. But just how
limited is the data and in what sense limited? After all, if Burg’s maximum
entropy method (MEM) resolves peaks that are left unresolved by the DFT,
the problem would seem to lie not with the data, which must still retain
the desired information, but with the method used. When Burg’s MEM
produces incorrect reconstructions in the presence of a background that
is not flat, but the IPDFT is able to use an estimate of the background
to provide a better answer, is it the data or the method that is limiting?
On the other hand, when we say MEM has produced an incorrect answer,
what do we mean? We know that MEM gives a positive estimate of the
power spectrum that is exactly consistent with the autocorrelation data; it
is only incorrect because we know the true spectrum, having created it in
our simulations. Such questions concern everyone using inversion methods,
and yet have no completely satisfying answers. Bertero’s paper [12] is a
good place to start one’s education in these matters. In this chapter we
consider some of these issues, in so far as they concern the methods we
have discussed in this text.
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21.2 The DFT

Exercise 5.6 following our discussion of the second approach to signal anal-
ysis uses the DFT to illustrate the notion of resolution limit. The signal
there was the sum of two sinusoids, at frequencies ω1 = −α and ω2 = α.
As the α approached zero, resolution in the DFT was eventually lost; for
larger data lengths the α could be smaller before this happened. We know
from successful application of high-resolution methods that this does not
mean that the information about the two sinusoids has been lost. What
does it mean?

The DFT shows up almost everywhere in signal processing. As a fi-
nite Fourier series, it can be viewed as a best approximation of the infinite
Fourier series; as a matched filter, it is the optimal linear method for de-
tecting a single sinusoid in white noise. However, it is not the optimal
linear method for detecting two sinusoids in white noise. If we know that
the signal is the sum of two sinusoids (with equal amplitudes, for now)
in additive white noise, the optimal linear filter is a matched filter of the
form e†αβd, where d is the data vector and eαβ is the data we would have
received had the signal consisted solely of eiαt + eiβt. The output of the
matched filter is a function of the two variables α and β. We plot the mag-
nitude of this function of two variables and select the pair for which the
magnitude is greatest. If we apply this procedure to the signal in Exercise
5.6, we would find that we could still determine that there are sinusoids at
α and β = −α. The DFT manages to resolve sinusoids when they are far
enough apart to be treated as two separate signals, each with a single sinu-
soid. Otherwise, the DFT is simply not the proper estimate of frequency
location for multiple sinusoids. A proper notion of resolution limit should
be based on something other than the behavior of the DFT in the presence
of two sinusoids.

21.3 Band-limited Extrapolation Revisited

Suppose that we want to estimate the function F (ω), known to be zero
for |ω| > Ω, where 0 < Ω < π. Our data will be samples of the inverse
Fourier transform, f(x). Suppose, in addition, that we are able to select
our finitely many samples only for x within the bounded interval [0, X],
but are otherwise unrestricted; that is, we can take as many samples at
whichever x values we wish. What should we do?

Shannon’s Sampling Theorem tells us that we can reconstruct F (ω)
exactly if we know the values f(n πΩ ) for all the integers n. Then we have

F (ω) =
π

Ω

∞∑
n=−∞

f(n
π

Ω
)ein

π
Ωω.
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The sampling rate of ∆ = π
Ω is the Nyquist rate, and the doubly infinite

sequence of samples at this rate is all we need. But, of course, we can-
not actually measure infinitely many values of f(x). Furthermore, we are
restricted to the interval [0, X]. If

(N − 1)
π

Ω
≤ X < N

π

Ω
,

then there are N Nyquist samples available within the interval [0, X]. Some
have concluded that the sampling theorem tells us that we can do no better
than to take the N samples f(n πΩ ), n = 0, 1, ..., N − 1, that we have N
degrees of freedom in selecting data from within the interval [0, X] and
our freedom is thus exhausted when we have taken these N samples. The
questions are: Can we do better? Is there a quantifiable limit to our
freedom to extract information under these restrictions? If someone offered
to give you the value of f(x) at one new point x within the interval [0, X],
would you take it?

No one would argue that the N Nyquist samples determine completely
the values of f(x) for the remaining x within the interval [0, X]. The
problem is more how to use this new data value. The DFT

FDFT (ω) =
π

Ω
χΩ(ω)

N−1∑
n=0

f(n
π

Ω
)ein

π
Ωω

is zero outside the interval [−Ω,Ω], is consistent with the data, and there-
fore could be the right answer. If we are given the additional value f(a),
the estimate

π

Ω
χΩ(ω)[f(a)eiaω +

N−1∑
n=0

f(n
π

Ω
)ein

π
Ωω]

is not consistent with the data.
Using the non-iterative band-limited extrapolation estimate given in

Equation (13.1) we can get an estimate with is consistent with this no
longer uniformly spaced data as well as with the band-limitation. So, it
is possible to make good use of the additional sample offered to us; we
should accept it. Is there no end to this, however? Should we simply take
as many samples as we desire, equi-spaced or not? Is there some limit
to our freedom to squeeze information out of the behavior of the function
f(x) within the interval [0, X]? The answer is that there are limits, but
the limits depend in sometimes subtle ways on the method being used and
the amount and nature of the noise involved, which must include round-off
error and quantization. Let’s consider this more closely, with respect to
the non-iterative band-limited extrapolation method.
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According to Exercises 13.5 and 13.6, the non-iterative Gerchberg-
Papoulis MDFT band-limited extrapolation method leads to the estimate

FΩ(ω) = χΩ(ω)
M∑
m=1

1
λm

(um)†dUm(ω),

where d is the data vector. In contrast, the DFT estimate is

FDFT (ω) =
M∑
m=1

(um)†dUm(ω).

The estimate FΩ(ω) can provide better resolution within the interval [−Ω,Ω]
because of the multiplier 1/λm, causing the estimate to rely more heavily on
those functions Um(ω) having more roots, therefore more structure, within
that interval. But therein lies the danger as well.

When the data is noise-free, the dot product (um)†d is relatively small
for those eigenvectors um corresponding to the small eigenvalues; therefore,
the product (1/λm)(um)†d is not large. However, when the data vector d
contains noise, the dot product of the noise component with each of the
eigenvectors is about the same size. Therefore, the product (1/λm)(um)†d
is now quite large, and the estimate is dominated by the noise. This sensi-
tivity to the noise is the limiting factor in the band-limited extrapolation.
Any reasonable definitions of degrees of freedom and resolution limit must
include the signal-to-noise ratio, as well as the fall-off rate of the eigenval-
ues of the matrix. In our band-limited extrapolation problem the matrix
is the sinc matrix. The proportion of nearly zero eigenvalues will be ap-
proximately 1 − Ω

π ; the smaller the ratio Ω
π , the fewer essentially nonzero

eigenvalues there will be. For other extrapolation methods, such as the
PDFT, the fall-off rate may be somewhat different. For analogous meth-
ods in higher dimensions, the fall-off rate may be quite different [12].

21.4 High-resolution Methods

The band-limited extrapolation methods we have studied are linear in the
data, while the high-resolution methods are not. The high-resolution meth-
ods we have considered, such as MEM, Capon’s method, the IPDFT, and
the eigenvector techniques, exploit the fact that the frequencies of sinu-
soidal components can be associated with the roots of certain polynomials
obtained from eigenvectors of the autocorrelation matrix. When the roots
are disturbed by phase errors or are displaced by the presence of a non-
flat background, the methods that use these roots perform badly. As we
mentioned earlier, there is some redundancy in the storage of information
in these roots and stable processing is still possible in many cases. Not
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all the eigenvectors store this information and a successful method must
interrogate the ones that do. Additive white noise causes MEM to fail by
increasing all the eigenvalues, but does not hurt explicit eigenvector meth-
ods. Correlated noise that cannot be effectively prewhitened hurts all these
methods by making it more difficult to separate the information-bearing
eigenvectors from the others. In sonar, correlation between sinusoidal com-
ponents, as may occur in multipath arrivals in shallow water, causes addi-
tional difficulty, as does short data length, which corrupts the estimates of
the autocorrelation values.
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Chapter 22

Plane-wave Propagation

In this chapter we demonstrate how the Fourier transform arises naturally
as we study the signals received in the far-field from an array of transmitters
or reflectors. We restrict our attention to single-frequency, or narrow-band,
signals. We begin with a simple illustration of some of the issues we deal
with in greater detail later in this chapter.

22.1 The Bobbing Boats

Imagine a large swimming pool in which there are several toy boats arrayed
in a straight line. Although we shall use Figure 22.1 for a slightly different
purpose later, for now we can imagine that the black dots in that figure
represent our toy boats. Far across the pool, someone is slapping the water
repeatedly, generating waves that proceed outward, in essentially concentric
circles, across the pool. By the time the waves reach the boats, the circular
shape has flattened out so that the wavefronts are essentially straight lines.
The straight lines in Figure 22.1 at the end of this chapter can represent
these wavefronts.

As the wavefronts reach the boats, the boats bob up and down. If the
lines of the wavefronts were oriented parallel to the line of the boats, then
the boats would bob up and down in unison. When the wavefronts come
in at some angle, as shown in the figure, the boats will bob up and down
out of sync with one another, generally. By measuring the time it takes for
the peak to travel from one boat to the next, we can estimate the angle of
arrival of the wavefronts.

205



206 CHAPTER 22. PLANE-WAVE PROPAGATION

This leads to two questions:

• 1. Is it possible to get the boats to bob up and down in unison, even
though the wavefronts arrive at an angle, as shown in the figure?

• 2. Is it possible for wavefronts corresponding to two different angles
of arrival to affect the boats in the same way, so that we cannot tell
which of the two angles is the real one?

We need a bit of mathematical notation. We let the distance from each
boat to the ones on both sides be a constant distance ∆. We assume that
the water is slapped f times per second, so f is the frequency, in units of
cycles per second. As the wavefronts move out across the pool, the distance
from one peak to the next is called the wavelength, denoted λ. The product
λf is the speed of propagation c; so λf = c. As the frequency changes, so
does the wavelength, while the speed of propagation, which depends solely
on the depth of the pool, remains constant. The angle θ measures the tilt
between the line of the wavefronts and the line of the boats, so that θ = 0
indicates that these wavefront lines are parallel to the line of the boats,
while θ = π

2 indicates that the wavefront lines are perpendicular to the line
of the boats.

Exercise 22.1 Let the angle θ be arbitrary, but fixed, and let ∆ be fixed.
Can we select the frequency f in such a way that we can make all the boats
bob up and down in unison?

Exercise 22.2 Suppose now that the frequency f is fixed, but we are free
to alter the spacing ∆. Can we choose ∆ so that we can always determine
the true angle of arrival?

22.2 Transmission and Remote-Sensing

For pedagogical reasons, we shall discuss separately what we shall call the
transmission and the remote-sensing problems, although the two problems
are opposite sides of the same coin, in a sense. In the one-dimensional
transmission problem, it is convenient to imagine the transmitters located
at points (x, 0) within a bounded interval [−A,A] of the x-axis, and the
measurements taken at points P lying on a circle of radius D, centered
at the origin. The radius D is large, with respect to A. It may well be
the case that no actual sensing is to be performed, but rather, we are
simply interested in what the received signal pattern is at points P distant
from the transmitters. Such would be the case, for example, if we were
analyzing or constructing a transmission pattern of radio broadcasts. In the
remote-sensing problem, in contrast, we imagine, in the one-dimensional
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case, that our sensors occupy a bounded interval of the x-axis, and the
transmitters or reflectors are points of a circle whose radius is large, with
respect to the size of the bounded interval. The actual size of the radius
does not matter and we are interested in determining the amplitudes of the
transmitted or reflected signals, as a function of angle only. Such is the case
in astronomy, farfield sonar or radar, and the like. Both the transmission
and remote-sensing problems illustrate the important role played by the
Fourier transform.

22.3 The Transmission Problem

We identify two distinct transmission problems: the direct problem and
the inverse problem. In the direct transmission problem, we wish to deter-
mine the farfield pattern, given the complex amplitudes of the transmitted
signals. In the inverse transmission problem, the array of transmitters or
reflectors is the object of interest; we are given, or we measure, the farfield
pattern and wish to determine the amplitudes. For simplicity, we consider
only single-frequency signals.

We suppose that each point x in the interval [−A,A] transmits the
signal f(x)eiωt, where f(x) is the complex amplitude of the signal and
ω > 0 is the common fixed frequency of the signals. Let D > 0 be large,
with respect to A, and consider the signal received at each point P given
in polar coordinates by P = (D, θ). The distance from (x, 0) to P is
approximately D − x cos θ, so that, at time t, the point P receives from
(x, 0) the signal f(x)eiω(t−(D−x cos θ)/c), where c is the propagation speed.
Therefore, the combined signal received at P is

B(P, t) = eiωte−iωD/c
∫ A

−A
f(x)eix

ω cos θ
c dx. (22.1)

The integral term, which gives the farfield pattern of the transmission, is

F (
ω cos θ
c

) =
∫ A

−A
f(x)eix

ω cos θ
c dx, (22.2)

where F (γ) is the Fourier transform of f(x), given by

F (γ) =
∫ A

−A
f(x)eixγdx. (22.3)

How F (ω cos θ
c ) behaves, as a function of θ, as we change A and ω, is dis-

cussed in some detail in the chapter on direct transmission.
Consider, for example, the function f(x) = 1, for |x| ≤ A, and f(x) = 0,

otherwise. The Fourier transform of f(x) is

F (γ) = 2Asinc(Aγ), (22.4)



208 CHAPTER 22. PLANE-WAVE PROPAGATION

where sinc(t) is defined to be

sinc(t) =
sin(t)
t

, (22.5)

for t 6= 0, and sinc(0) = 1. Then F (ω cos θ
c ) = 2A when cos θ = 0, so when

θ = π
2 and θ = 3π

2 . We will have F (ω cos θ
c ) = 0 when Aω cos θ

c = π, or
cos θ = πc

Aω . Therefore, the transmission pattern has no nulls if πc
Aω > 1. In

order for the transmission pattern to have nulls, we need A > λ
2 , where λ =

2πc
ω is the wavelength. This rather counterintuitive fact, namely that we

need more signals transmitted in order to receive less at certain locations,
illustrates the phenomenon of destructive interference.

22.4 Reciprocity

For certain remote-sensing applications, such as sonar and radar array pro-
cessing and astronomy, it is convenient to switch the roles of sender and
receiver. Imagine that superimposed planewave fields are sensed at points
within some bounded region of the interior of the sphere, having been
transmitted or reflected from the points P on the surface of a sphere whose
radius D is large with respect to the bounded region. The reciprocity prin-
ciple tells us that the same mathematical relation holds between points P
and (x, 0), regardless of which is the sender and which the receiver. Con-
sequently, the data obtained at the points (x, 0) are then values of the
inverse Fourier transform of the function describing the amplitude of the
signal sent from each point P .

22.5 Remote Sensing

A basic problem in remote sensing is to determine the nature of a distant
object by measuring signals transmitted by or reflected from that object.
If the object of interest is sufficiently remote, that is, is in the farfield, the
data we obtain by sampling the propagating spatio-temporal field is related,
approximately, to what we want by Fourier transformation. The problem
is then to estimate a function from finitely many (usually noisy) values
of its Fourier transform. The application we consider here is a common
one of remote-sensing of transmitted or reflected waves propagating from
distant sources. Examples include optical imaging of planets and asteroids
using reflected sunlight, radio-astronomy imaging of distant sources of radio
waves, active and passive sonar, and radar imaging.
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22.6 The Wave Equation

In many areas of remote sensing, what we measure are the fluctuations
in time of an electromagnetic or acoustic field. Such fields are described
mathematically as solutions of certain partial differential equations, such
as the wave equation. A function u(x, y, z, t) is said to satisfy the three-
dimensional wave equation if

utt = c2(uxx + uyy + uzz) = c2∇2u, (22.6)

where utt denotes the second partial derivative of u with respect to the time
variable t twice and c > 0 is the (constant) speed of propagation. More
complicated versions of the wave equation permit the speed of propagation
c to vary with the spatial variables x, y, z, but we shall not consider that
here.

We use the method of separation of variables at this point, to get some
idea about the nature of solutions of the wave equation. Assume, for the
moment, that the solution u(t, x, y, z) has the simple form

u(t, x, y, z) = f(t)g(x, y, z). (22.7)

Inserting this separated form into the wave equation, we get

f ′′(t)g(x, y, z) = c2f(t)∇2g(x, y, z) (22.8)

or

f ′′(t)/f(t) = c2∇2g(x, y, z)/g(x, y, z). (22.9)

The function on the left is independent of the spatial variables, while the
one on the right is independent of the time variable; consequently, they
must both equal the same constant, which we denote −ω2. From this we
have two separate equations,

f ′′(t) + ω2f(t) = 0, (22.10)

and

∇2g(x, y, z) +
ω2

c2
g(x, y, z) = 0. (22.11)

Equation (22.11) is the Helmholtz equation.
Equation (22.10) has for its solutions the functions f(t) = cos(ωt) and

sin(ωt), or, in complex form, the complex exponential functions f(t) = eiωt

and f(t) = e−iωt. Functions u(t, x, y, z) = f(t)g(x, y, z) with such time
dependence are called time-harmonic solutions.
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22.7 Planewave Solutions

Suppose that, beginning at time t = 0, there is a localized disturbance.
As time passes, that disturbance spreads out spherically. When the radius
of the sphere is very large, the surface of the sphere appears planar, to
an observer on that surface, who is said then to be in the far field. This
motivates the study of solutions of the wave equation that are constant on
planes; the so-called planewave solutions.

Let s = (x, y, z) and u(s, t) = u(x, y, z, t) = eiωteik·s. Then we can show
that u satisfies the wave equation utt = c2∇2u for any real vector k, so long
as ||k||2 = ω2/c2. This solution is a planewave associated with frequency
ω and wavevector k; at any fixed time the function u(s, t) is constant on
any plane in three-dimensional space having k as a normal vector.

In radar and sonar, the field u(s, t) being sampled is usually viewed as
a discrete or continuous superposition of planewave solutions with various
amplitudes, frequencies, and wavevectors. We sample the field at various
spatial locations s, for various times t. Here we simplify the situation a
bit by assuming that all the planewave solutions are associated with the
same frequency, ω. If not, we can perform an FFT on the functions of time
received at each sensor location s and keep only the value associated with
the desired frequency ω.

22.8 Superposition and the Fourier Transform

In the continuous superposition model, the field is

u(s, t) = eiωt
∫
F (k)eik·sdk. (22.12)

Our measurements at the sensor locations s give us the values

f(s) =
∫
F (k)eik·sdk. (22.13)

The data are then Fourier transform values of the complex function F (k);
F (k) is defined for all three-dimensional real vectors k, but is zero, in
theory, at least, for those k whose squared length ||k||2 is not equal to
ω2/c2. Our goal is then to estimate F (k) from measured values of its
Fourier transform. Since each k is a normal vector for its planewave field
component, determining the value of F (k) will tell us the strength of the
planewave component coming from the direction k.

22.8.1 The Spherical Model

We can imagine that the sources of the planewave fields are the points P
that lie on the surface of a large sphere centered at the origin. For each
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P , the ray from the origin to P is parallel to some wavevector k. The
function F (k) can then be viewed as a function F (P ) of the points P . Our
measurements will be taken at points s inside this sphere. The radius of
the sphere is assumed to be orders of magnitude larger than the distance
between sensors. The situation is that of astronomical observation of the
heavens using ground-based antennas. The sources of the optical or electro-
magnetic signals reaching the antennas are viewed as lying on a large sphere
surrounding the earth. Distance to the sources is not considered now, and
all we are interested in are the amplitudes F (k) of the fields associated
with each direction k.

22.9 Sensor Arrays

In some applications the sensor locations are essentially arbitrary, while
in others their locations are carefully chosen. Sometimes, the sensors are
collinear, as in sonar towed arrays. Figure 22.1 illustrates a line array.

22.9.1 The Two-Dimensional Array

Suppose now that the sensors are in locations s = (x, y, 0), for various x
and y; then we have a planar array of sensors. Then the dot product s · k
that occurs in Equation (22.13) is

s · k = xk1 + yk2; (22.14)

we cannot see the third component, k3. However, since we know the size
of the vector k, we can determine |k3|. The only ambiguity that remains
is that we cannot distinguish sources on the upper hemisphere from those
on the lower one. In most cases, such as astronomy, it is obvious in which
hemisphere the sources lie, so the ambiguity is resolved.

The function F (k) can then be viewed as F (k1, k2), a function of the
two variables k1 and k2. Our measurements give us values of f(x, y), the
two-dimensional Fourier transform of F (k1, k2). Because of the limitation
||k|| = ω

c , the function F (k1, k2) has bounded support. Consequently, its
Fourier transform cannot have bounded support. As a result, we can never
have all the values of f(x, y), and so cannot hope to reconstruct F (k1, k2)
exactly, even for noise-free data.

22.9.2 The One-Dimensional Array

If the sensors are located at points s having the form s = (x, 0, 0), then we
have a line array of sensors. The dot product in Equation (22.13) becomes

s · k = xk1. (22.15)
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Now the ambiguity is greater than in the planar array case. Once we have
k1, we know that

k2
2 + k2

3 = (
ω

c
)2 − k2

1, (22.16)

which describes points P lying on a circle on the surface of the distant
sphere, with the vector (k1, 0, 0) pointing at the center of the circle. It
is said then that we have a cone of ambiguity. One way to resolve the
situation is to assume k3 = 0; then |k2| can be determined and we have
remaining only the ambiguity involving the sign of k2. Once again, in many
applications, this remaining ambiguity can be resolved by other means.

Once we have resolved any ambiguity, we can view the function F (k)
as F (k1), a function of the single variable k1. Our measurements give us
values of f(x), the Fourier transform of F (k1). As in the two-dimensional
case, the restriction on the size of the vectors k means that the function
F (k1) has bounded support. Consequently, its Fourier transform, f(x),
cannot have bounded support. Therefore, we shall never have all of f(x),
and so cannot hope to reconstruct F (k1) exactly, even for noise-free data.

22.9.3 Limited Aperture

In both the one- and two-dimensional problems, the sensors will be placed
within some bounded region, such as |x| ≤ A, |y| ≤ B for the two-
dimensional problem, or |x| ≤ A for the one-dimensional case. These
bounded regions are the apertures of the arrays. The larger these apertures
are, in units of the wavelength, the better the resolution of the reconstruc-
tions.

In digital array processing there are only finitely many sensors, which
then places added limitations on our ability to reconstruction the field
amplitude function F (k).

22.10 The Remote-Sensing Problem

We shall begin our discussion of the remote-sensing problem by consid-
ering an extended object transmitting or reflecting a single-frequency, or
narrowband, signal. The narrowband, extended-object case is a good place
to begin, since a point object is simply a limiting case of an extended ob-
ject, and broadband received signals can always be filtered to reduce their
frequency band.

22.10.1 The Solar-Emission Problem

In [21] Bracewell discusses the solar-emission problem. In 1942, it was
observed that radio-wave emissions in the one-meter wavelength range were
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arriving from the sun. Were they coming from the entire disk of the sun
or were the sources more localized, in sunspots, for example? The problem
then was to view each location on the sun’s surface as a potential source of
these radio waves and to determine the intensity of emission corresponding
to each location.

For electromagnetic waves the propagation speed is the speed of light
in a vacuum, which we shall take here to be c = 3× 108 meters per second.
The wavelength λ for gamma rays is around one Angstrom, which is 10−10

meters; for x-rays it is about one millimicron, or 10−9 meters. The visi-
ble spectrum has wavelengths that are a little less than one micron, that
is, 10−6 meters. Shortwave radio has a wavelength around one millime-
ter; microwaves have wavelengths between one centimeter and one meter.
Broadcast radio has a λ running from about 10 meters to 1000 meters,
while the so-called long radio waves can have wavelengths several thousand
meters long.

The sun has an angular diameter of 30 min. of arc, or one-half of a
degree, when viewed from earth, but the needed resolution was more like
3 min. of arc. As we shall see shortly, such resolution requires a radio
telescope 1000 wavelengths across, which means a diameter of 1km at a
wavelength of 1 meter; in 1942 the largest military radar antennas were
less than 5 meters across. A solution was found, using the method of
reconstructing an object from line-integral data, a technique that surfaced
again in tomography. The problem here is inherently two-dimensional, but,
for simplicity, we shall begin with the one-dimensional case.

22.11 Sampling

In the one-dimensional case, the signal received at the point (x, 0, 0) is
essentially the inverse Fourier transform f(x) of the function F (k1); for
notational simplicity, we write k = k1. The F (k) supported on a bounded
interval |k| ≤ ω

c , so f(x) cannot have bounded support. As we noted
earlier, to determine F (k) exactly, we would need measurements of f(x)
on an unbounded set. But, which unbounded set?

Because the function F (k) is zero outside the interval [−ω
c ,

ω
c ], the func-

tion f(x) is band-limited. The Nyquist spacing in the variable x is therefore

∆x =
πc

ω
. (22.17)

The wavelength λ associated with the frequency ω is defined to be

λ =
2πc
ω
, (22.18)

so that

∆x =
λ

2
. (22.19)
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The significance of the Nyquist spacing comes from Shannon’s Sampling
Theorem, which says that if we have the values f(m∆x), for all integers m,
then we have enough information to recover F (k) exactly. In practice, of
course, this is never the case.

22.12 The Limited-Aperture Problem

In the remote-sensing problem, our measurements at points (x, 0, 0) in the
farfield give us the values f(x). Suppose now that we are able to take
measurements only for limited values of x, say for |x| ≤ A; then 2A is the
aperture of our antenna or array of sensors. We describe this by saying that
we have available measurements of f(x)h(x), where h(x) = χA(x) = 1, for
|x| ≤ A, and zero otherwise. So, in addition to describing blurring and
low-pass filtering, the convolution-filter model can also be used to model
the limited-aperture problem. As in the low-pass case, the limited-aperture
problem can be attacked using extrapolation, but with the same sort of risks
described for the low-pass case. A much different approach is to increase
the aperture by physically moving the array of sensors, as in synthetic
aperture radar (SAR).

Returning to the farfield remote-sensing model, if we have Fourier trans-
form data only for |x| ≤ A, then we have f(x) for |x| ≤ A. Using
h(x) = χA(x) to describe the limited aperture of the system, the point-
spread function is H(γ) = 2Asinc(γA), the Fourier transform of h(x). The
first zeros of the numerator occur at |γ| = π

A , so the main lobe of the
point-spread function has width 2π

A . For this reason, the resolution of such
a limited-aperture imaging system is said to be on the order of 1

A . Since
|k| ≤ ω

c , we can write k = ω
c sin θ, where θ denotes the angle between the

positive y-axis and the vector k = (k1, k2, 0); that is, θ points in the direc-
tion of the point P associated with the wavevector k. The resolution, as
measured by the width of the main lobe of the point-spread function H(γ),
in units of k, is 2π

A , but, the angular resolution will depend also on the
frequency ω. Since k = 2π

λ sin θ, a distance of one unit in k may correspond
to a large change in θ when ω is large, but only to a relatively small change
in θ when ω is small. For this reason, the aperture of the array is usually
measured in units of the wavelength; an aperture of A = 5 meters may be
acceptable if the frequency is high, so that the wavelength is small, but not
if the radiation is in the one-meter-wavelength range.

22.13 Resolution

If F (k) = δ(k) and h(x) = χA(x) describes the aperture-limitation of the
imaging system, then the point-spread function is H(γ) = 2Asinc(γA).
The maximum of H(γ) still occurs at γ = 0, but the main lobe of H(γ)



22.13. RESOLUTION 215

extends from − π
A to π

A ; the point source has been spread out. If the point-
source object shifts, so that F (k) = δ(k−a), then the reconstructed image
of the object is H(k−a), so the peak is still in the proper place. If we know
a priori that the object is a single point source, but we do not know its
location, the spreading of the point poses no problem; we simply look for
the maximum in the reconstructed image. Problems arise when the object
contains several point sources, or when we do not know a priori what we
are looking at, or when the object contains no point sources, but is just a
continuous distribution.

Suppose that F (k) = δ(k − a) + δ(k − b); that is, the object consists
of two point sources. Then Fourier transformation of the aperture-limited
data leads to the reconstructed image

R(k) = 2A
(
sinc(A(k − a)) + sinc(A(k − b))

)
. (22.20)

If |b − a| is large enough, R(k) will have two distinct maxima, at approx-
imately k = a and k = b, respectively. For this to happen, we need π/A,
the width of the main lobe of the function sinc(Ak), to be less than |b−a|.
In other words, to resolve the two point sources a distance |b−a| apart, we
need A ≥ π/|b − a|. However, if |b − a| is too small, the distinct maxima
merge into one, at k = a+b

2 and resolution will be lost. How small is too
small will depend on both A and ω.

Suppose now that F (k) = δ(k − a), but we do not know a priori that
the object is a single point source. We calculate

R(k) = H(k − a) = 2Asinc(A(k − a)) (22.21)

and use this function as our reconstructed image of the object, for all k.
What we see when we look at R(k) for some k = b 6= a is R(b), which is
the same thing we see when the point source is at k = b and we look at
k = a. Point-spreading is, therefore, more than a cosmetic problem. When
the object is a point source at k = a, but we do not know a priori that it
is a point source, the spreading of the point causes us to believe that the
object function F (k) is nonzero at values of k other than k = a. When we
look at, say, k = b, we see a nonzero value that is caused by the presence
of the point source at k = a.

Suppose now that the object function F (k) contains no point sources,
but is simply an ordinary function of k. If the aperture A is very small, then
the function H(k) is nearly constant over the entire extent of the object.
The convolution of F (k) and H(k) is essentially the integral of F (k), so
the reconstructed object is R(k) =

∫
F (k)dk, for all k.

Let’s see what this means for the solar-emission problem discussed ear-
lier.
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22.13.1 The Solar-Emission Problem Revisited

The wavelength of the radiation is λ = 1 meter. Therefore, ω
c = 2π, and

k in the interval [−2π, 2π] corresponds to the angle θ in [0, π]. The sun
has an angular diameter of 30 minutes of arc, which is about 10−2 radians.
Therefore, the sun subtends the angles θ in [π2 −(0.5)·10−2, π2 +(0.5)·10−2],
which corresponds roughly to the variable k in the interval [−3 · 10−2, 3 ·
10−2]. Resolution of 3 minutes of arc means resolution in the variable k of
3 · 10−3. If the aperture is 2A, then to achieve this resolution, we need

π

A
≤ 3 · 10−3, (22.22)

or

A ≥ π

3
· 103 (22.23)

meters, or A not less than about 1000 meters.
The radio-wave signals emitted by the sun are focused, using a parabolic

radio-telescope. The telescope is pointed at the center of the sun. Because
the sun is a great distance from the earth and the subtended arc is small
(30 min.), the signals from each point on the sun’s surface arrive at the
parabola nearly head-on, that is, parallel to the line from the vertex to the
focal point, and are reflected to the receiver located at the focal point of
the parabola. The effect of the parabolic antenna is not to discriminate
against signals coming from other directions, since there are none, but to
effect a summation of the signals received at points (x, 0, 0), for |x| ≤ A,
where 2A is the diameter of the parabola. When the aperture is large, the
function h(x) is nearly one for all x and the signal received at the focal
point is essentially ∫

f(x)dx = F (0); (22.24)

we are now able to distinguish between F (0) and other values F (k). When
the aperture is small, h(x) is essentially δ(x) and the signal received at the
focal point is essentially∫

f(x)δ(x)dx = f(0) =
∫
F (k)dk; (22.25)

now all we get is the contribution from all the k, superimposed, and all
resolution is lost.

Since the solar emission problem is clearly two-dimensional, and we need
3 min. resolution in both dimensions, it would seem that we would need a
circular antenna with a diameter of about one kilometer, or a rectangular
antenna roughly one kilometer on a side. We shall return to this problem
later, once when we discuss multi-dimensional Fourier transforms, and then
again when we consider tomographic reconstruction of images from line
integrals.
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22.14 Discrete Data

A familiar topic in signal processing is the passage from functions of con-
tinuous variables to discrete sequences. This transition is achieved by sam-
pling, that is, extracting values of the continuous-variable function at dis-
crete points in its domain. Our example of farfield propagation can be used
to explore some of the issues involved in sampling.

Imagine an infinite uniform line array of sensors formed by placing
receivers at the points (n∆, 0, 0), for some ∆ > 0 and all integers n. Then
our data are the values f(n∆). Because we defined k = ω

c cos θ, it is clear
that the function F (k) is zero for k outside the interval [−ω

c ,
ω
c ].

Our discrete array of sensors cannot distinguish between the signal ar-
riving from θ and a signal with the same amplitude, coming from an angle
α with

ω

c
cosα =

ω

c
cos θ +

2π
∆
m, (22.26)

where m is an integer. To resolve this ambiguity, we select ∆ > 0 so that

−ω
c

+
2π
∆

≥ ω

c
, (22.27)

or

∆ ≤ πc

ω
=
λ

2
. (22.28)

The sensor spacing ∆s = λ
2 is the Nyquist spacing.

In the sunspot example, the object function F (k) is zero for k outside
of an interval much smaller than [−ω

c ,
ω
c ]. Knowing that F (k) = 0 for

|k| > K, for some 0 < K < ω
c , we can accept ambiguities that confuse

θ with another angle that lies outside the angular diameter of the object.
Consequently, we can redefine the Nyquist spacing to be

∆s =
π

K
. (22.29)

This tells us that when we are imaging a distant object with a small angular
diameter, the Nyquist spacing is greater than λ

2 . If our sensor spacing has
been chosen to be λ

2 , then we have oversampled. In the oversampled case,
band-limited extrapolation methods can be used to improve resolution.

22.14.1 Reconstruction from Samples

From the data gathered at our infinite array we have extracted the Fourier
transform values f(n∆), for all integers n. The obvious question is whether
or not the data is sufficient to reconstruct F (k). We know that, to avoid
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ambiguity, we must have ∆ ≤ πc
ω . The good news is that, provided this

condition holds, F (k) is uniquely determined by this data and formulas
exist for reconstructing F (k) from the data; this is the content of the
Shannon’s Sampling Theorem. Of course, this is only of theoretical interest,
since we never have infinite data. Nevertheless, a considerable amount of
traditional signal-processing exposition makes use of this infinite-sequence
model. The real problem, of course, is that our data is always finite.

22.15 The Finite-Data Problem

Suppose that we build a uniform line array of sensors by placing receivers
at the points (n∆, 0, 0), for some ∆ > 0 and n = −N, ..., N . Then our data
are the values f(n∆), for n = −N, ..., N . Suppose, as previously, that the
object of interest, the function F (k), is nonzero only for values of k in the
interval [−K,K], for some 0 < K < ω

c . Once again, we must have ∆ ≤ πc
ω

to avoid ambiguity; but this is not enough, now. The finite Fourier data
is no longer sufficient to determine a unique F (k). The best we can hope
to do is to estimate the true F (k), using both our measured Fourier data
and whatever prior knowledge we may have about the function F (k), such
as where it is nonzero, if it consists of Dirac delta point sources, or if it is
nonnegative. The data is also noisy, and that must be accounted for in the
reconstruction process.

In certain applications, such as sonar array processing, the sensors are
not necessarily arrayed at equal intervals along a line, or even at the grid
points of a rectangle, but in an essentially arbitrary pattern in two, or even
three, dimensions. In such cases, we have values of the Fourier transform
of the object function, but at essentially arbitrary values of the variable.
How best to reconstruct the object function in such cases is not obvious.

22.16 Functions of Several Variables

Fourier transformation applies, as well, to functions of several variables. As
in the one-dimensional case, we can motivate the multi-dimensional Fourier
transform using the farfield propagation model. As we noted earlier, the
solar emission problem is inherently a two-dimensional problem.

22.16.1 Two-Dimensional Farfield Object

Assume that our sensors are located at points s = (x, y, 0) in the x,y-plane.
As discussed previously, we assume that the function F (k) can be viewed
as a function F (k1, k2). Since, in most applications, the distant object has
a small angular diameter when viewed from a great distance - the sun’s is
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only 30 minutes of arc - the function F (k1, k2) will be supported on a small
subset of vectors (k1, k2).

22.16.2 Limited Apertures in Two Dimensions

Suppose we have the values of the Fourier transform, f(x, y), for |x| ≤ A
and |y| ≤ A. We describe this limited-data problem using the function
h(x, y) that is one for |x| ≤ A, and |y| ≤ A, and zero, otherwise. Then the
point-spread function is the Fourier transform of this h(x, y), given by

H(α, β) = 4ABsinc(Aα)sinc(Bβ). (22.30)

The resolution in the horizontal (x) direction is on the order of 1
A , and

1
B in the vertical, where, as in the one-dimensional case, aperture is best
measured in units of wavelength.

Suppose our aperture is circular, with radius A. Then we have Fourier
transform values f(x, y) for

√
x2 + y2 ≤ A. Let h(x, y) equal one, for√

x2 + y2 ≤ A, and zero, otherwise. Then the point-spread function of
this limited-aperture system is the Fourier transform of h(x, y), given by
H(α, β) = 2πA

r J1(rA), with r =
√
α2 + β2. The resolution of this system is

roughly the distance from the origin to the first null of the function J1(rA),
which means that rA = 4, roughly.

For the solar emission problem, this says that we would need a circular
aperture with radius approximately one kilometer to achieve 3 minutes of
arc resolution. But this holds only if the antenna is stationary; a moving
antenna is different! The solar emission problem was solved by using a
rectangular antenna with a large A, but a small B, and exploiting the
rotation of the earth. The resolution is then good in the horizontal, but bad
in the vertical, so that the imaging system discriminates well between two
distinct vertical lines, but cannot resolve sources within the same vertical
line. Because B is small, what we end up with is essentially the integral
of the function f(x, z) along each vertical line. By tilting the antenna, and
waiting for the earth to rotate enough, we can get these integrals along
any set of parallel lines. The problem then is to reconstruct F (k1, k2) from
such line integrals. This is also the main problem in tomography.

22.17 Broadband Signals

We have spent considerable time discussing the case of a distant point
source or an extended object transmitting or reflecting a single-frequency
signal. If the signal consists of many frequencies, the so-called broadband
case, we can still analyze the received signals at the sensors in terms of
time delays, but we cannot easily convert the delays to phase differences,
and thereby make good use of the Fourier transform. One approach is
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to filter each received signal, to remove components at all but a single
frequency, and then to proceed as previously discussed. In this way we can
process one frequency at a time. The object now is described in terms of a
function of both k and ω, with F (k, ω) the complex amplitude associated
with the wave vector k and the frequency ω. In the case of radar, the
function F (k, ω) tells us how the material at P reflects the radio waves at
the various frequencies ω, and thereby gives information about the nature
of the material making up the object near the point P .

There are times, of course, when we do not want to decompose a broad-
band signal into single-frequency components. A satellite reflecting a TV
signal is a broadband point source. All we are interested in is receiving the
broadband signal clearly, free of any other interfering sources. The direc-
tion of the satellite is known and the antenna is turned to face the satellite.
Each location on the parabolic dish reflects the same signal. Because of its
parabolic shape, the signals reflected off the dish and picked up at the focal
point have exactly the same travel time from the satellite, so they combine
coherently, to give us the desired TV signal.
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Figure 22.1: A uniform line array sensing a planewave field.
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Chapter 23

Tomography

In this chapter we present a brief overview of ocean acoustic tomography
and transmission and emission tomography. In the medical context these
days, the term tomography is used by lay people and practitioners alike to
describe any sort of scan, from ultrasound to magnetic resonance. It has
apparently lost its association with the idea of slicing, as in the expression
three-dimensional tomography. We focus here on two important modalities,
transmission tomography and emission tomography. An x-ray CAT scan is
an example of the first, a positron-emission (PET) scan is an example of
the second.

23.1 Ocean Acoustic Tomography

Sound travels in the ocean at approximately c = 1500 mps, with deviations
from this figure due to water temperature, depth at which the sound is
traveling, salinity of the water, and so on. If c is constant, sound emitted
at point A at time t will reach point B at time t + d/c, where d is the
distance from A to B. If we know d and measure the delay in receiving the
signal, we can find c. The sound speed is not truly constant, however, but
is a function c(x, y, z) of position. In fact, it may depend on time, as well,
due, for example, to changing seasons of the year; because temporal changes
are much slower to occur, we usually ignore time-dependence. Determining
the spatial sound-speed profile, the function c(x, y, z), is the objective of
ocean acoustic tomography.

23.1.1 Obtaining Line-Integral Data

Since the sound speed is not constant, the sound traveling from point A to
point B can now take a curved path; the shortest-time route may not be
the shortest-distance route. To keep things from getting too complicated in

223
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this example, we consider the situation in which the sound still moves from
A to B along the straight line segment joining them, but does not travel at a
constant speed. We parameterize this line segment with the variable s, with
s = 0 corresponding to the point A and s = d the point B. We denote by
c(s) the sound speed at the point along the line having parameter value s.
The time required for the sound to travel from s to s+∆s is approximately
∆t = ∆s

c(s) , so that the signal reaches point B after a delay of
∫ d
0

1
c(s)ds

seconds. Ocean acoustic tomography has as its goal the estimation of the
sound speed profile c(x, y, z) from finitely many such line integrals. Because
the sound speed is closely related to ocean temperature, ocean acoustic
tomography has important applications in weather prediction, as well as in
sonar imaging and active and passive sonar detection and surveillance.

23.1.2 The Difficulties

Now let’s consider the various obstacles that we face as we try to solve
this problem. First of all, we need to design a signal to be transmitted. It
must be one from which we can easily and unambiguously determine the
delays. When the delayed signal is received, it will not be the only sound in
the ocean and must be clearly distinguished from the acoustic background.
The processing of the received signals will be performed digitally, which
means that we will have to convert the analog functions of the continuous
time variable into discrete samples. These vectors of discrete samples will
then be processed mathematically to obtain estimates of the line integrals.
Once we have determined the line integrals, we must estimate the function
c(x, y, z) from these line integrals. We will know the line integrals only
approximately and will have only finitely many of them, so the best we
can hope to do is to approximate the function c(x, y, z). How well we do
will depend on which pairs of sources and receivers we have chosen to use.
On the bright side, we have good prior information about the behavior of
the sound speed in the ocean, and can specify a priori upper and lower
bounds on the possible deviations from the nominal speed of 1500 mps.
Even so, we need good algorithms that incorporate our prior information.
As we shall see later, the Fourier transform will provide an important tool
for solving these problems.

23.1.3 Why “Tomography”?

Although the sound-speed profile c(x, y, z) is a function of the three spatial
variables, accurate reconstruction of such a three-dimensional function from
line integrals would require a large number of lines. In ocean acoustic
tomography, as well as in other applications, such as x-ray transmission
tomography, the three-dimensional object of interest is studied one slice at
a time, so that the function is reduced to a two-dimensional distribution. In
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fact, the term tomography, coming as it does from the Greek word for part or
slice, and thereby related to the word atom (“no parts”), is used to describe
such problems, because of the early emphasis placed on computationally
tractable slice-by-slice reconstruction.

23.1.4 An Algebraic Approach

There is a more algebraic way to reconstruct a function from line integrals.
Suppose that we transmit our signal from points Ai, i = 1, ..., I and receive
them at points Bj , j = 1, ..., J . Then we have N = IJ transmitter-receiver
pairs, so we have N line integrals, corresponding to N line segments, which
we denote Ln, n = 1, ..., N . Imagine the part of the ocean involved to be
discretized into M cubes or voxels, or, in the slice-by slice approach, two-
dimensional squares, or pixels, and suppose that within the mth voxel the
sound speed is equal to cm; also let xm = 1/cm. For each line segment Ln
let Pnm be the length of the intersection of line segment Ln with the mth
voxel. The time it takes for the acoustic signal to traverse line segment Ln
is then approximately

(Px)n =
M∑
m=1

Pnmxm,

where P denotes the matrix with entries Pnm and x denotes the vector with
entries xm. Our problem now is to solve the system of linear equations
Px = t, where the entries of the vector t are the travel times we have
measured for each line segment. This system can be solved by any number
of well known algorithms. Notice that the entries of P , x and t are all
nonnegative. This suggests that algorithms designed specifically to deal
with nonnegative problems may work better. In many cases, bothM andN
are large, making some algorithms, such as Gauss elimination, impractical,
and iterative algorithms competitive.

Although we have presented tomography within the context of ocean
acoustics, most of what we have discussed in this section carries over, nearly
unchanged, to a number of medical imaging problems.

23.2 X-ray Transmission Tomography

Computer-assisted tomography (CAT) scans have revolutionized medical
practice. One example of CAT is x-ray transmission tomography. The
goal here is to image the spatial distribution of various matter within the
body, by estimating the distribution of x-ray attenuation. In the continuous
formulation, the data are line integrals of the function of interest.
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When an x-ray beam travels along a line segment through the body it
becomes progressively weakened by the material it encounters. By com-
paring the initial strength of the beam as it enters the body with its final
strength as it exits the body, we can estimate the integral of the attenuation
function, along that line segment. The data in transmission tomography
are these line integrals, corresponding to thousands of lines along which
the beams have been sent. The image reconstruction problem is to cre-
ate a discrete approximation of the attenuation function. The inherently
three-dimensional problem is usually solved one two-dimensional plane, or
slice, at a time, hence the name tomography [120].

The beam attenuation at a given point in the body will depend on the
material present at that point; estimating and imaging the attenuation as a
function of spatial location will give us a picture of the material within the
body. A bone fracture will show up as a place where significant attenuation
should be present, but is not.

23.2.1 The Exponential-Decay Model

As an x-ray beam passes through the body, it encounters various types of
matter, such as soft tissue, bone, ligaments, air, each weakening the beam
to a greater or lesser extent. If the intensity of the beam upon entry is Iin
and Iout is its lower intensity after passing through the body, then

Iout = Iine
−
∫

L
f
, (23.1)

where f = f(x, y) ≥ 0 is the attenuation function describing the two-
dimensional distribution of matter within the slice of the body being scanned
and

∫
L
f is the integral of the function f over the line L along which the

x-ray beam has passed. To see why this is the case, imagine the line L
parameterized by the variable s and consider the intensity function I(s)
as a function of s. For small ∆s > 0, the drop in intensity from the start
to the end of the interval [s, s + ∆s] is approximately proportional to the
intensity I(s), to the attenuation f(s) and to ∆s, the length of the interval;
that is,

I(s)− I(s+ ∆s) ≈ f(s)I(s)∆s. (23.2)

Dividing by ∆s and letting ∆s approach zero, we get

I ′(s) = −f(s)I(s). (23.3)

The solution to this differential equation is

I(s) = I(0) exp(−
∫ u=s

u=0

f(u)du). (23.4)



23.2. X-RAY TRANSMISSION TOMOGRAPHY 227

From knowledge of Iin and Iout, we can determine
∫
L
f . If we know

∫
L
f

for every line in the x, y-plane we can reconstruct the attenuation function
f . In the real world we know line integrals only approximately and only
for finitely many lines. The goal in x-ray transmission tomography is to
estimate the attenuation function f(x, y) in the slice, from finitely many
noisy measurements of the line integrals. We usually have prior informa-
tion about the values that f(x, y) can take on. We also expect to find
sharp boundaries separating regions where the function f(x, y) varies only
slightly. Therefore, we need algorithms capable of providing such images.
As we shall see, the line-integral data can be viewed as values of the Fourier
transform of the attenuation function.

23.2.2 Reconstruction from Line Integrals

We turn now to the underlying problem of reconstructing such functions
from line-integral data. Our goal is to reconstruct the function f(x, y) from
line-integral data. Let θ be a fixed angle in the interval [0, π). Form the
t, s-axis system with the positive t-axis making the angle θ with the positive
x-axis. Each point (x, y) in the original coordinate system has coordinates
(t, s) in the second system, where the t and s are given by

t = x cos θ + y sin θ, (23.5)

and

s = −x sin θ + y cos θ. (23.6)

If we have the new coordinates (t, s) of a point, the old coordinates are
(x, y) given by

x = t cos θ − s sin θ, (23.7)

and

y = t sin θ + s cos θ. (23.8)

We can then write the function f as a function of the variables t and s.
For each fixed value of t, we compute the integral∫

f(x, y)ds =
∫
f(t cos θ − s sin θ, t sin θ + s cos θ)ds (23.9)

along the single line L corresponding to the fixed values of θ and t. We
repeat this process for every value of t and then change the angle θ and
repeat again. In this way we obtain the integrals of f over every line L in
the plane. We denote by rf (θ, t) the integral

rf (θ, t) =
∫
L

f(x, y)ds. (23.10)
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The function rf (θ, t) is called the Radon transform of f .
For fixed θ the function rf (θ, t) is a function of the single real variable

t; let Rf (θ, ω) be its Fourier transform. Then

Rf (θ, ω) =
∫
rf (θ, t)eiωtdt (23.11)

=
∫ ∫

f(t cos θ − s sin θ, t sin θ + s cos θ)eiωtdsdt (23.12)

=
∫ ∫

f(x, y)eiω(x cos θ+y sin θ)dxdy = F (ω cos θ, ω sin θ), (23.13)

where F (ω cos θ, ω sin θ) is the two-dimensional Fourier transform of the
function f(x, y), evaluated at the point (ω cos θ, ω sin θ); this relationship
is called the Central Slice Theorem. For fixed θ, as we change the value
of ω, we obtain the values of the function F along the points of the line
making the angle θ with the horizontal axis. As θ varies in [0, π), we get all
the values of the function F . Once we have F , we can obtain f using the
formula for the two-dimensional inverse Fourier transform. We conclude
that we are able to determine f from its line integrals.

The Fourier-transform inversion formula for two-dimensional functions
tells us that the function f(x, y) can be obtained as

f(x, y) =
1

4π2

∫ ∫
F (u, v)e−i(xu+yv)dudv. (23.14)

The filtered backprojection methods commonly used in the clinic are derived
from different ways of calculating the double integral in Equation (23.14).

23.2.3 The Algebraic Approach

Although there is some flexibility in the mathematical description of the
image reconstruction problem in transmission tomography, one popular
approach is the algebraic formulation of the problem. In this formulation,
the problem is to solve, at least approximately, a large system of linear
equations, Ax = b.

The attenuation function is discretized, in the two-dimensional case, by
imagining the body to consist of finitely many squares, or pixels, within
which the function has a constant, but unknown, value. This value at
the j-th pixel is denoted xj . In the three-dimensional formulation, the
body is viewed as consisting of finitely many cubes, or voxels. The beam
is sent through the body along various lines and both initial and final
beam strength is measured. From that data we can calculate a discrete
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line integral along each line. For i = 1, ..., I we denote by Li the i-th line
segment through the body and by bi its associated line integral. Denote by
Aij the length of the intersection of the j-th pixel with Li; therefore, Aij
is nonnegative. Most of the pixels do not intersect line Li, so A is quite
sparse. Then the data value bi can be described, at least approximately, as

bi =
J∑
j=1

Aijxj . (23.15)

Both I, the number of lines, and J , the number of pixels or voxels, are
quite large, although they certainly need not be equal, and are typically
unrelated.

The matrix A is large and rectangular. The system Ax = b may or may
not have exact solutions. We are always free to select J , the number of
pixels, as large as we wish, limited only by computation costs. We may also
have some choice as to the number I of lines, but within the constraints
posed by the scanning machine and the desired duration and dosage of
the scan. When the system is underdetermined (J > I), there may be
infinitely many exact solutions; in such cases we usually impose constraints
and prior knowledge to select an appropriate solution. As we mentioned
earlier, noise in the data, as well as error in our model of the physics of
the scanning procedure, may make an exact solution undesirable, anyway.
When the system is overdetermined (J < I), we may seek a least-squares
approximate solution, or some other approximate solution. We may have
prior knowledge about the physics of the materials present in the body
that can provide us with upper bounds for xj , as well as information about
body shape and structure that may tell where xj = 0. Incorporating such
information in the reconstruction algorithms can often lead to improved
images [164].

23.3 Emission Tomography

In single-photon emission tomography (SPECT) and positron emission to-
mography (PET) the patient is injected with, or inhales, a chemical to which
a radioactive substance has been attached. The recent book edited by Wer-
nick and Aarsvold [207]describes the cutting edge of emission tomography.
The particular chemicals used in emission tomography are designed to be-
come concentrated in the particular region of the body under study. Once
there, the radioactivity results in photons that travel through the body
and, at least some of the time, are detected by the scanner. The function
of interest is the actual concentration of the radioactive material at each
spatial location within the region of interest. Learning what the concen-
trations are will tell us about the functioning of the body at the various
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spatial locations. Tumors may take up the chemical (and its radioactive
passenger) more avidly than normal tissue, or less avidly, perhaps. Mal-
functioning portions of the brain may not receive the normal amount of the
chemical and will, therefore, exhibit an abnormal amount of radioactivity.

As in the transmission tomography case, this nonnegative function is
discretized and represented as the vector x. The quantity bi, the i-th entry
of the vector b, is the photon count at the i-th detector; in coincidence-
detection PET a detection is actually a nearly simultaneous detection of
a photon at two different detectors. The entry Aij of the matrix A is the
probability that a photon emitted at the j-th pixel or voxel will be detected
at the i-th detector.

In [184], Rockmore and Macovski suggest that, in the emission tomog-
raphy case, one take a statistical view, in which the quantity xj is the
expected number of emissions at the j-th pixel during the scanning time,
so that the expected count at the i-th detector is

E(bi) =
J∑
j=1

Aijxj . (23.16)

They further suggested that the problem of finding the xj be viewed as a
parameter-estimation problem, for which a maximum-likelihood technique
might be helpful. These suggestions inspired work by Shepp and Vardi
[192], Lange and Carson [147], Vardi, Shepp and Kaufman [205], and others,
and led to the expectation maximization maximum likelihood (EMML)
method for reconstruction.

The system of equations Ax = b is obtained by replacing the expected
count, E(bi), with the actual count, bi; obviously, an exact solution of the
system is not needed in this case. As in the transmission case, we seek an
approximate, and nonnegative, solution of Ax = b, where, once again, all
the entries of the system are nonnegative.

23.3.1 Maximum-Likelihood Parameter Estimation

The measured data in tomography are values of random variables. The
probabilities associated with these random variables are used in formulating
the image reconstruction problem as one of solving a large system of linear
equations. We can also use the stochastic model of the data to formulate
the problem as a statistical parameter-estimation problem, which suggests
the image be estimated using likelihood maximization. When formulated
that way, the problem becomes a constrained optimization problem. The
desired image can then be calculated using general-purpose iterative opti-
mization algorithms, or iterative algorithms designed specifically to solve
the particular problem.
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23.4 Image Reconstruction in Tomography

Image reconstruction from tomographic data is an increasingly important
area of applied numerical linear algebra, particularly for medical diagno-
sis. For in-depth discussion of these issues, the reader should consult the
books by Herman [113, 120], Kak and Slaney [138], Natterer [166], Natterer
and Wübbeling [167], and Wernick and Aarsvold [207] . In the algebraic
approach, the problem is to solve, at least approximately, a large system
of linear equations, Ax = b. The vector x is large because it is usually
a vectorization of a discrete approximation of a function of two or three
continuous spatial variables. The size of the system necessitates the use
of iterative solution methods [150]. Because the entries of x usually repre-
sent intensity levels, of beam attenuation in transmission tomography, and
of radionuclide concentration in emission tomography, we require x to be
nonnegative; the physics of the situation may impose additional constraints
on the entries of x. In practice, we often have prior knowledge about the
function represented, in discrete form, by the vector x and we may wish to
include this knowledge in the reconstruction. In tomography the entries of
A and b are also nonnegative. Iterative algorithms tailored to find solutions
to these special, constrained problems may out-perform general iterative
solution methods [164]. To be medically useful in the clinic, the algorithms
need to produce acceptable reconstructions early in the iterative process.

The Fourier approach to tomographic image reconstruction maintains,
at least initially, the continuous model for the attenuation function. The
data are taken to be line integrals through the attenuator, that is, val-
ues of its so-called x-ray transform, which, in the two-dimensional case, is
the Radon transform. The Central Slice Theorem then relates the Radon-
transform values to values of the Fourier transform of the attenuation func-
tion. Image reconstruction then becomes estimation of the (inverse) Fourier
transform. In magnetic-resonance imaging (MRI), we again have the mea-
sured data related to the function we wish to image, the proton density
function, by a Fourier relation.

In the transmission and emission tomography, the data are photon
counts, so it is natural to adopt a statistical model and to convert the
image reconstruction problem into a statistical parameter-estimation prob-
lem. The estimation can be done using maximum likelihood (ML) or max-
imum a posteriori (MAP) Bayesian methods, which then require iterative
optimization algorithms.
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Chapter 24

Inverse Problems and the
Laplace Transform

In the farfield propagation examples considered previously, we found the
measured data to be related to the desired object function by a Fourier
transformation. The image reconstruction problem then became one of es-
timating a function from finitely many noisy values of its Fourier transform.
In this chapter we consider two inverse problems involving the Laplace
transform.

24.1 The Laplace Transform and the Ozone
Layer

The example is taken from Twomey’s book [203].

24.1.1 The Laplace Transform

The Laplace transform of the function f(x) defined for 0 ≤ x < +∞ is the
function

F(s) =
∫ +∞

0

f(x)e−sxdx. (24.1)

24.1.2 Scattering of Ultraviolet Radiation

The sun emits ultraviolet (UV) radiation that enters the Earth’s atmo-
sphere at an angle θ0 that depends on the sun’s position, and with intensity
I(0). Let the x-axis be vertical, with x = 0 at the top of the atmosphere
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and x increasing as we move down to the Earth’s surface, at x = X. The
intensity at x is given by

I(x) = I(0)e−kx/ cos θ0 . (24.2)

Within the ozone layer, the amount of UV radiation scattered in the direc-
tion θ is given by

S(θ, θ0)I(0)e−kx/ cos θ0∆p, (24.3)

where S(θ, θ0) is a known parameter, and ∆p is the change in the pressure
of the ozone within the infinitesimal layer [x, x+∆x], and so is proportional
to the concentration of ozone within that layer.

24.1.3 Measuring the Scattered Intensity

The radiation scattered at the angle θ then travels to the ground, a distance
of X − x, weakened along the way, and reaches the ground with intensity

S(θ, θ0)I(0)e−kx/ cos θ0e−k(X−x)/ cos θ∆p. (24.4)

The total scattered intensity at angle θ is then a superposition of the in-
tensities due to scattering at each of the thin layers, and is then

S(θ, θ0)I(0)e−kX/ cos θ0

∫ X

0

e−xβdp, (24.5)

where

β = k[
1

cos θ0
− 1

cos θ
]. (24.6)

This superposition of intensity can then be written as

S(θ, θ0)I(0)e−kX/ cos θ0

∫ X

0

e−xβp′(x)dx. (24.7)

24.1.4 The Laplace Transform Data

Using integration by parts, we get∫ X

0

e−xβp′(x)dx = p(X)e−βX − p(0) + β

∫ X

0

e−βxp(x)dx. (24.8)

Since p(0) = 0 and p(X) can be measured, our data is then the Laplace
transform value ∫ +∞

0

e−βxp(x)dx; (24.9)
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note that we can replace the upper limit X with +∞ if we extend p(x) as
zero beyond x = X.

The variable β depends on the two angles θ and θ0. We can alter θ as
we measure and θ0 changes as the sun moves relative to the earth. In this
way we get values of the Laplace transform of p(x) for various values of β.
The problem then is to recover p(x) from these values. Because the Laplace
transform involves a smoothing of the function p(x), recovering p(x) from
its Laplace transform is more ill-conditioned than is the Fourier transform
inversion problem.

24.2 The Laplace Transform and Energy Spec-
tral Estimation

In x-ray transmission tomography, x-ray beams are sent through the object
and the drop in intensity is measured. These measurements are then used
to estimate the distribution of attenuating material within the object. A
typical x-ray beam contains components with different energy levels. Be-
cause components at different energy levels will be attenuated differently,
it is important to know the relative contribution of each energy level to the
entering beam. The energy spectrum is the function f(E) that describes
the intensity of the components at each energy level E > 0.

24.2.1 The attenuation coefficient function

Each specific material, say aluminum, for example, is associated with at-
tenuation coefficients, which is a function of energy, which we shall denote
by µ(E). A beam with the single energy E passing through a thickness x of
the material will be weakened by the factor e−µ(E)x. By passing the beam
through various thicknesses x of aluminum and registering the intensity
drops, one obtains values of the absorption function

R(x) =
∫ ∞

0

f(E)e−µ(E)xdE. (24.10)

Using a change of variable, we can write R(x) as a Laplace transform.

24.2.2 The absorption function as a Laplace transform

For each material, the attenuation function µ(E) is a strictly decreasing
function of E, so µ(E) has an inverse, which we denote by g; that is,
g(t) = E, for t = µ(E). Equation (24.10) can then be rewritten as

R(x) =
∫ ∞

0

f(g(t))e−txg′(t)dt. (24.11)
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We see then that R(x) is the Laplace transform of the function r(t) =
f(g(t))g′(t). Our measurements of the intensity drops provide values of
R(x), for various values of x, from which we must estimate the functions
r(t), and, ultimately, f(E).



Chapter 25

Magnetic-Resonance
Imaging

Fourier-transform estimation and extrapolation techniques play a major
role in the rapidly expanding field of magnetic-resonance imaging (MRI)[117].

25.1 An Overview of MRI

Protons have spin, which, for our purposes here, can be viewed as a charge
distribution in the nucleus revolving around an axis. Associated with the
resulting current is a magnetic dipole moment collinear with the axis of the
spin. In elements with an odd number of protons, such as hydrogen, the
nucleus itself will have a net magnetic moment. The objective in MRI is
to determine the density of such elements in a volume of interest within
the body. This is achieved by forcing the individual spinning nuclei to
emit signals that, while too weak to be detected alone, are detectable in
the aggregate. The signals are generated by the precession that results
when the axes of the magnetic dipole moments are first aligned and then
perturbed.

In much of MRI, it is the distribution of hydrogen in water molecules
that is the object of interest, although the imaging of phosphorus to study
energy transfer in biological processing is also important. There is ongoing
work using tracers containing fluorine, to target specific areas of the body
and avoid background resonance.
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25.2 Alignment

In the absence of an external magnetic field, the axes of these magnetic
dipole moments have random orientation, dictated mainly by thermal ef-
fects. When an external magnetic field is introduced, it induces a small
fraction, about one in 105, of the dipole moments to begin to align their
axes with that of the external magnetic field. Only because the number
of protons per unit of volume is so large do we get a significant number
of moments aligned in this way. A strong external magnetic field, about
20, 000 times that of the earth’s, is required to produce enough alignment
to generate a detectable signal.

When the axes of the aligned magnetic dipole moments are perturbed,
they begin to precess, like a spinning top, around the axis of the external
magnetic field, at the Larmor frequency, which is proportional to the in-
tensity of the external magnetic field. If the magnetic field intensity varies
spatially, then so does the Larmor frequency. Each precessing magnetic
dipole moment generates a signal; taken together, they contain informa-
tion about the density of the element at the various locations within the
body. As we shall see, when the external magnetic field is appropriately
chosen, a Fourier relationship can be established between the information
extracted from the received signal and this density function.

25.3 Slice Isolation

When the external magnetic field is the static field B0k, that is, the mag-
netic field has strength B0 and axis k = (0, 0, 1), then the Larmor fre-
quency is the same everywhere and equals ω0 = γB0, where γ is the gy-
romagnetic constant. If, instead, we impose an external magnetic field
(B0 +Gz(z−z0))k, for some constant Gz, then the Larmor frequency is ω0

only within the plane z = z0. This external field now includes a gradient
field.

25.4 Tipping

When a magnetic dipole moment that is aligned with k is given a compo-
nent in the x, y-plane, it begins to precess around the z-axis, with frequency
equal to its Larmor frequency. To create this x, y-plane component, we ap-
ply a radio-frequency field (rf field)

H1(t)(cos(ωt)i + sin(ωt)j). (25.1)

The function H1(t) typically lasts only for a short while, and the effect
of imposing this rf field is to tip the aligned magnetic dipole moment axes
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away from the z-axis, initiating precession. Those dipole axes that tip most
are those whose Larmor frequency is ω. Therefore, if we first isolate the
slice z = z0 and then choose ω = ω0, we tip primarily those dipole axes
within the plane z = z0. The dipoles that have been tipped ninety degrees
into the x, y-plane generate the strongest signal. How much tipping occurs
also depends on H1(t), so it is common to select H1(t) to be constant over
the time interval [0, τ ], and zero elsewhere, with integral π

2γ . This H1(t)
is called a π

2 -pulse, and tips those axes with Larmor frequency ω0 into the
x, y-plane.

25.5 Imaging

The information we seek about the proton density function is contained
within the received signal. By carefully adding gradient fields to the ex-
ternal field, we can make the Larmor frequency spatially varying, so that
each frequency component of the received signal contains a piece of the
information we seek. The proton density function is then obtained through
Fourier transformations.

25.5.1 The Line-Integral Approach

Suppose that we have isolated the plane z = z0 and tipped the aligned axes
using a π

2 -pulse. After the tipping has been completed, we introduce an
external field (B0 + Gxx)k, so that now the Larmor frequency of dipoles
within the plane z = z0 is ω(x) = ω0 + γGxx, which depends on the x-
coordinate of the point. The result is that the component of the received
signal associated with the frequency ω(x) is due solely to those dipoles
having that x coordinate. Performing an FFT of the received signal gives
us line integrals of the density function along lines in the x, y-plane having
fixed x-coordinate.

More generally, if we introduce an external field (B0+Gxx+Gyy)k, the
Larmor frequency is constant at ω(x, y) = ω0 + γ(Gxx + Gyy) = ω0 + γs
along lines in the x, y-plane with equation

Gxx+Gyy = s. (25.2)

Again performing an FFT on the received signal, we obtain the integral of
the density function along these lines. In this way, we obtain the three-
dimensional Radon transform of the desired density function. The central
slice theorem for this case tells us that we can obtain the Fourier transform
of the density function by performing a one-dimensional Fourier transform
with respect to the variable s. For each fixed (Gx, Gy) we obtain this
Fourier transform along a ray through the origin. By varying the (Gx, Gy)
we get the entire Fourier transform. The desired density function is then
obtained by Fourier inversion.
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25.5.2 Phase Encoding

In the line-integral approach, the line-integral data is used to obtain values
of the Fourier transform of the density function along lines through the
origin in Fourier space. It would be more convenient to have Fourier-
transform values on the points of a rectangular grid. We can obtain this
by selecting the gradient fields to achieve phase encoding.

Suppose that, after the tipping has been performed, we impose the
external field (B0+Gyy)k for T seconds. The effect is to alter the precession
frequency from ω0 to ω(y) = ω0 + γGyy. A harmonic eiω0t is changed to

eiω0teiγGyyt, (25.3)

so that, after T seconds,we have

eiω0T eiγGyyT . (25.4)

For t ≥ T , the harmonic eiω0t returns, but now it is

eiω0teiγGyyT . (25.5)

The effect is to introduce a phase shift of γGyyT . Each point with the
same y-coordinate has the same phase shift.

After time T , when this gradient field is turned off, we impose a second
external field, (B0 +Gxx)k. Because this gradient field alters the Larmor
frequencies, at times t ≥ T the harmonic eiω0teiγGyyT is transformed into

eiω0teiγGyyT eiγGxxt. (25.6)

The received signal is now

S(t) = eiω0t

∫ ∫
ρ(x, y)eiγGyyT eiγGxxtdxdy, (25.7)

where ρ(x, y) is the value of the proton density function at (x, y). Removing
the eiω0t factor, we have∫ ∫

ρ(x, y)eiγGyyT eiγGxxtdxdy, (25.8)

which is the Fourier transform of ρ(x, y) at the point (γGxt, γGyT ). By
selecting equi-spaced values of t and altering the Gy, we can get the Fourier
transform values on a rectangular grid.

25.6 The General Formulation

The external magnetic field generated in the MRI scanner is generally de-
scribed by

H(r, t) = (H0 + G(t) · r)k +H1(t)(cos(ωt)i + sin(ωt)j). (25.9)
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The vectors i, j, and k are the unit vectors along the coordinate axes,
and r = (x, y, z). The vector-valued function G(t) = (Gx(t), Gy(t), Gz(t))
produces the gradient field

G(t) · r. (25.10)

The magnetic field component in the x, y plane is the radio frequency (rf)
field.

If G(t) = 0, then the Larmor frequency is ω0 everywhere. Using ω = ω0

in the rf field, with a π
2 -pulse, will then tip the aligned axes into the x, y-

plane and initiate precession. If G(t) = θ, for some direction vector θ, then
the Larmor frequency is constant on planes θ · r = s. Using an rf field
with frequency ω = γ(H0 + s) and a π

2 -pulse will then tip the axes in this
plane into the x, y-plane. The strength of the received signal will then be
proportional to the integral, over this plane, of the proton density function.
Therefore, the measured data will be values of the three-dimensional Radon
transform of the proton density function, which is related to its three-
dimensional Fourier transform by the Central Slice Theorem. Later, we
shall consider two more widely used examples of G(t).

25.7 The Received Signal

We assume now that the function H1(t) is a short π
2 -pulse, that is, it has

constant value over a short time interval [0, τ ] and has integral π
2γ . The

received signal produced by the precessing magnetic dipole moments is
approximately

S(t) =
∫
R3
ρ(r) exp(−iγ(

∫ t

0

G(s)ds) · r) exp(−t/T2)dr, (25.11)

where ρ(r) is the proton density function, and T2 is the transverse or spin-
spin relaxation time. The vector integral in the exponent is∫ t

0

G(s)ds = (
∫ t

0

Gx(s)ds,
∫ t

0

Gy(s)ds,
∫ t

0

Gz(s)ds). (25.12)

Now imagine approximating the function Gx(s) over the interval [0, t] by
a step function that is constant over small subintervals, that is, Gx(s)
is approximately Gx(n∆) for s in the interval [n∆, (n + 1)∆), with n =
1, ..., N and ∆ = t

N . During the interval [n∆, (n + 1)∆), the presence of
this gradient field component causes the phase to change by the amount
xγGx(n∆)∆, so that by the time we reach s = t the phase has changed by

x
N∑
n=1

Gx(n∆)∆, (25.13)

which is approximately x
∫ t
0
Gx(s)ds.
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25.7.1 An Example of G(t)

Suppose now that g > 0 and θ is an arbitrary direction vector. Let

G(t) = gθ, for τ ≤ t, (25.14)

and G(t) = 0 otherwise. Then the received signal S(t) is

S(t) =
∫
R3
ρ(r) exp(−iγg(t− τ)θ · r)dr (25.15)

= (2π)3/2ρ̂(γg(t− τ)θ), (25.16)

for τ ≤ t << T2, where ρ̂ denotes the three-dimensional Fourier transform
of the function ρ(r).

From Equation (25.16) we see that, by selecting different direction vec-
tors and by sampling the received signal S(t) at various times, we can
obtain values of the Fourier transform of ρ along lines through the origin
in the Fourier domain, called k-space. If we had these values for all θ and
for all t we would be able to determine ρ(r) exactly. Instead, we have much
the same problem as in transmission tomography; only finitely many θ and
only finitely many samples of S(t). Noise is also a problem, because the
resonance signal is not strong, even though the external magnetic field is.

We may wish to avoid having to estimate the function ρ(r) from finitely
many noisy values of its Fourier transform. We can do this by selecting the
gradient field G(t) differently.

25.7.2 Another Example of G(t)

The vector-valued function G(t) can be written as

G(t) = (G1(t), G2(t), G3(t)). (25.17)

Now we let

G2(t) = g2, (25.18)

and

G3(t) = g3, (25.19)

for 0 ≤ t ≤ τ , and zero otherwise, and

G1(t) = g1, (25.20)

for τ ≤ t, and zero otherwise. This means that only H0k and the rf field
are present up to time τ , and then the rf field is shut off and the gradient
field is turned on. Then, for t ≥ τ , we have

S(t) = (2π)3/2M̂0(γ(t− τ)g1, γτg2, γτg3). (25.21)
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By selecting

tn = n∆t+ τ, forn = 1, ..., N, (25.22)

g2k = k∆g, (25.23)

and

g3i = i∆g, (25.24)

for i, k = −m, ...,m we have values of the Fourier transform, M̂0, on a
Cartesian grid in three-dimensional k-space. The proton density function,
ρ, can then be approximated using the fast Fourier transform.

Although the reconstruction employs the FFT, obtaining the Fourier-
transform values on the Cartesian grid can take time. An abdominal scan
can last for a couple of hours, during which the patient is confined, mo-
tionless and required to hold his or her breath repeatedly. Recent work
on compressed sensing is being applied to reduce the number of Fourier-
transform values that need to be collected, and thereby reduce the scan
time [212, 155].
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Chapter 26

Directional Transmission

Up to now, the complex exponential functions we have considered have
been, either explicitly or implicitly, functions of time, and the variable
γ has been called “frequency” several times. In this chapter we look at
a different interpretation of the DFT, arising in the study of direction
transmission of signals using antenna arrays.

26.1 Directionality

An important example of the use of the DFT is the design of directional
transmitting or receiving arrays of antennas. In this chapter we concentrate
on the transmission case; we shall return to array processing and consider
the passive or receiving case in a later chapter.

Parabolic mirrors behind car headlamps reflect the light from the bulb,
concentrating it directly ahead. Whispering at one focal point of an ellip-
tical room can be heard clearly at the other focal point. When I call to
someone across the street, I cup my hands in the form of a megaphone to
concentrate the sound in that direction. In all these cases the transmit-
ted signal has acquired directionality. In the case of the elliptical room,
not only does the soft whispering reflect off the walls toward the oppo-
site focal point, but the travel times are independent of where on the wall
the reflections occur; otherwise, the differences in time would make the
received sound unintelligible. Parabolic satellite dishes perform much the
same function, concentrating incoming signals coherently. In this chapter
we discuss the use of amplitude and phase modulation of transmitted sig-
nals to concentrate the signal power in certain directions. Following the
lead of Richard Feynman in [101], we use radio broadcasting as a concrete
example of the use of directional transmission.

Radio broadcasts are meant to be received and the amount of energy

245



246 CHAPTER 26. DIRECTIONAL TRANSMISSION

that reaches the receiver depends on the amount of energy put into the
transmission as well as on the distance from the transmitter to the receiver.
If the transmitter broadcasts a spherical wave front, with equal power in
all directions, the energy in the signal is the same over the spherical wave-
fronts, so that the energy per unit area is proportional to the reciprocal
of the surface area of the front. This means that, for omni-directional
broadcasting, the energy per unit area, that is, the energy supplied to any
receiver, falls off as the distance squared. The amplitude of the received
signal is then proportional to the reciprocal of the distance.

Suppose that you own a radio station in Los Angeles. Most of the
population resides along the north-south coast, with fewer to the east, in
the desert, and fewer still to the west, in the Pacific Ocean. You might
well want to transmit the radio signal in a way that concentrates most
of the power north and south. But how can you do this? The answer is
to broadcast directionally. By shaping the wavefront to have most of its
surface area north and south you will enable to have the broadcast heard
by more people without increasing the total energy in the transmission. To
achieve this shaping you can use an array of multiple antennas.

26.2 Multiple-Antenna Arrays

We place 2N + 1 transmitting antennas a distance ∆ > 0 apart along an
east-west axis, as shown in Figure 26.1. For convenience, let the locations
of the antennas be n∆, n = −N, ..., N . To begin with, let us suppose that
we have a fixed frequency ω and each of the transmitting antennas sends
out the same signal fn(t) = 1√

2N+1
cos(ωt). With this normalization the

total energy is independent of N . Let (x, y) be an arbitrary location on
the ground, and let s be the vector from the origin to the point (x, y). Let
θ be the angle measured counterclockwise from the positive horizontal axis
to the vector s. Let D be the distance from (x, y) to the origin. Then,
if (x, y) is sufficiently distant from the antennas, the distance from n∆ on
the horizontal axis to (x, y) is approximately D − n∆ cos(θ). The signals
arriving at (x, y) from the various antennas will have traveled for different
times and so will be out of phase with one another to a degree that depends
on the location of (x, y).

Since we are concerned only with wavefront shape, we omit for now the
distance-dependence in the amplitude of the received signal. The signal
received at (x, y) is proportional to

f(s, t) =
1√

2N + 1

N∑
n=−N

cos(ω(t− tn)),
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where
tn =

1
c
(D − n∆ cos(θ))

and c is the speed of propagation of the signal. Writing

cos(ω(t− tn)) = cos(ω(t− D

c
) + nγ cos(θ))

for γ = ω∆
c , we have

cos(ω(t−tn)) = cos(ω(t−D
c

)) cos(nγ cos(θ))−sin(ω(t−D
c

)) sin(nγ cos(θ)).

Therefore, the signal received at (x, y) is

f(s, t) =
1√

2N + 1
A(θ) cos(ω(t− D

c
)) (26.1)

for

A(θ) =
sin((N + 1

2 )γ cos(θ))
sin( 1

2γ cos(θ))
;

when the denominator equals zero the signal equals
√

2N + 1 cos(ω(t−D
c )).

We see from Equation (26.1) that the maximum power is in the north-
south direction. What about the east-west direction? In order to have
negligible signal power wasted in the east-west direction, we want the nu-
merator in Equation (26.1) to be zero when θ = 0. This means that
∆ = mλ/(2N + 1), where λ = 2πc/ω is the wavelength and m is some
positive integer. Recall that the wavelength for broadcast radio is tens to
hundreds of meters.

Exercise 26.1 Graph the function A(θ) in polar coordinates for various
choices of N and ∆.

26.3 Phase and Amplitude Modulation

In the previous section the signal broadcast from each of the antennas was
the same. Now we look at what directionality can be obtained by using
different amplitudes and phases at each of the antennas. Let the signal
broadcast from the antenna at n∆ be

fn(t) = |An| cos(ωt− φn) = |An| cos(ω(t− τn)),

for some amplitude |An| > 0 and phase φn = ωτn. Now the signal received
at s is proportional to

f(s, t) =
N∑

n=−N
|An| cos(ω(t− tn − τn)). (26.2)
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If we wish, we can repeat the calculations done earlier to see what the effect
of the amplitude and phase changes is. Using complex notation simplifies
things somewhat.

Let us consider a complex signal; suppose that the signal transmitted
from the antenna at n∆ is gn(t) = |An|eiω(t−τn). Then, the signal received
at location s is proportional to

g(s, t) =
N∑

n=−N
|An|eiω(t−tn−τn).

Then we have
g(s, t) = B(θ)eiω(t−D

c ),

where

B(θ) =
N∑

n=−N
Ane

inx,

for An = |An|e−iφn and x = ω∆
c cos(θ). Note that the complex amplitude

function B(θ) depends on our choices of N and ∆ and takes the form of
a finite Fourier series or DFT. We can design B(θ) to approximate the
desired directionality by choosing the appropriate complex coefficients An
and selecting the amplitudes |An| and phases φn accordingly. We can
generalize further by allowing the antennas to be spaced irregularly along
the east-west axis, or even distributed irregularly over a two-dimensional
area on the ground.

Exercise 26.2 Recall that the characteristic function of a set takes the
value +1 for elements that are in the set and 0 otherwise. Use the Fourier
transform of the characteristic function of an interval to design a trans-
mitting array that maximally concentrates signal power within the sectors
northwest to northeast and southwest to southeast.

26.4 Maximal Concentration in a Sector

Suppose that we want to concentrate the transmission power in the direc-
tions represented by x ∈ [a, b], where [a, b] is a subinterval of [−π, π]. Let
u = (A−N , ..., AN )T be the vector of coefficients for the function

B(θ) = B(x) =
N∑

n=−N
Ane

inx.
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Exercise 26.3 Show that

1
2π

∫ π

−π
|B(x)|2dx = u†u,

and
1
2π

∫ b

a

|B(x)|2dx = u†Qu,

where Q is the matrix with entries

Qmn =
1
2π

∫ b

a

exp(i(n−m)x)dx.

Maximizing the concentration of power within the interval [a, b] is then
equivalent to finding the vector u that maximizes the ratio u†Qu/u†u.
The matrix Q is positive-definite, all its eigenvalues are positive, and the
optimal u is the eigenvector of Q associated with the largest eigenvalue.
This largest eigenvalue is the desired ratio and is always less than one. As
N increases this ratio approaches one, for any fixed sub-interval [a, b].

The following figures show that transmission pattern A(θ) for various
choices of m and N . In Figure 26.2 N = 5 for each plot and the m changes,
illustrating the effect of changing the spacing of the array elements. The
plots in Figure 26.3 differ from those in Figure 26.2 only in that N = 21
now. In Figure 26.4 we allow the m to be less than one, showing the loss
of the nulls in the east and west directions.

Exercise 26.4 In all the figures, the maximum signal strength is along
the north-south axis. The transmitters were all synchronized, in the sense
that each transmitter sent out the signal 1√

2N+1
cos(ωt). Show that we

can rotate the axis of maximum strength by introducing a different delay
dn at each transmitter, that is, by having the transmitter at n∆ transmit

1√
2N+1

cos(ω(t− dn)). Show how to design the delays to rotate the axis of
maximum strength through any angle.
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Figure 26.1: Antenna array and far-field receiver.
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Figure 26.2: Transmission Pattern A(θ): m = 1, 2, 4, 8 and N = 5.
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Figure 26.3: Transmission Pattern A(θ): m = 1, 2, 4, 8 and N = 21.
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Figure 26.4: Transmission Pattern A(θ): m = 0.9, 0.5, 0.25, 0.125 and N =
21.
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Chapter 27

Hyperspectral Imaging

Hyperspectral image processing provides an excellent example of the need
for estimating Fourier transform values from limited data. In this chapter
we describe one novel approach, due to Mooney et al. [162]; the presenta-
tion here follows [23].

27.1 Spectral Component Dispersion

In this hyperspectral-imaging problem the electromagnetic energy reflected
or emitted by a point, such as light reflected from a location on the earth’s
surface, is passed through a prism to separate the components as to their
wavelengths. Due to the dispersion of the different frequency components
caused by the prism, these components are recorded in the image plane
not at a single spatial location, but at distinct points along a line. Since
the received energy comes from a region of points, not a single point, what
is received in the image plane is a superposition of different wavelength
components associated with different points within the object. The first
task is to reorganize the data so that each location in the image plane is
associated with all the components of a single point of the object being
imaged; this is a Fourier-transform estimation problem, which we can solve
using band-limited extrapolation.

The points of the image plane are in one-to-one correspondence with
points of the object. These spatial locations in the image plane and in
the object are discretized into finite two-dimensional grids. Once we have
reorganized the data we have, for each grid point in the image plane, a
function of wavelength, describing the intensity of each component of the
energy from the corresponding grid point on the object. Practical con-
siderations limit the fineness of the grid in the image plane; the resulting
discretization of the object is into pixels. In some applications, such as
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satellite imaging, a single pixel may cover an area several meters on a
side. Achieving subpixel resolution is one goal of hyperspectral imaging;
capturing other subtleties of the scene is another.

Within a single pixel of the object, there may well be a variety of ob-
ject types, each reflecting or emitting energy differently. The data we now
have corresponding to a single pixel are therefore a mixture of the ener-
gies associated with each of the subobjects within the pixel. With prior
knowledge of the possible types and their reflective or emissive properties,
we can separate the mixture to determine which object types are present
within the pixel and to what extent. This mixture problem can be solved
using the RBI-EMML method.

27.2 A Single Point Source

From an abstract perspective the problem is the following: F and f are a
Fourier-transform pair, as are G and g; F and G have finite support. We
measure G and want F ; g determines some, but not all, of the values of
f . We will have, of course, only finitely many measurements of G from
which to estimate values of g. Having estimated finitely many values of g,
we have the corresponding estimates of f . We apply band-limited extrap-
olation of these finitely many values of f to estimate F . In fact, once we
have estimated values of F , we may not be finished; each value of F is a
mixture whose individual components may be what we really want. For
this unmixing step we use the RBI-EMML algorithm.

The region of the object that we wish to image is described by the two-
dimensional spatial coordinate x = (x1, x2). For simplicity, we take these
coordinates to be continuous, leaving until the end the issue of discretiza-
tion. We shall also denote by x the point in the image plane corresponding
to the point x on the object; the units of distance between two such points
in one plane and their corresponding points in the other plane may, of
course, be quite different. For each x we let F (x, λ) denote the intensity
of the component at wavelength λ of the electromagnetic energy that is
reflected from or emitted by location x. We shall assume that F (x, λ) = 0
for (x, λ) outside some bounded portion of three-dimensional space.

Consider, for a moment, the case in which the energy sensed by the
imaging system comes from a single point x. If the dispersion axis of the
prism is oriented according to the unit vector pθ, for some θ ∈ [0, 2π),
then the component at wavelength λ of the energy from x on the object
is recorded not at x in the image plane but at the point x + µ(λ− λ0)pθ.
Here, µ > 0 is a constant and λ0 is the wavelength for which the component
from point x of the object is recorded at x in the image plane.
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27.3 Multiple Point Sources

Now imagine energy coming to the imaging system for all the points within
the imaged region of the object. Let G(x, θ) be the intensity of the energy
received at location x in the image plane when the prism orientation is θ.
It follows from the description of the sensing that

G(x, θ) =
∫ +∞

−∞
F (x− µ(λ− λ0)pθ, λ)dλ. (27.1)

The limits of integration are not really infinite due to the finiteness of the
aperture and the focal plane of the imaging system. Our data will consist
of finitely many values of G(x, θ), as x varies over the grid points of the
image plane and θ varies over some finite discretized set of angles.

We begin the image processing by taking the two-dimensional inverse
Fourier transform of G(x, θ) with respect to the spatial variable x to get

g(y, θ) =
1

(2π)2

∫
G(x, θ) exp(−ix · y)dx. (27.2)

Inserting the expression for G in Equation (27.1) into Equation (27.2), we
obtain

g(y, θ) = exp(iµλ0pθ · y)
∫

exp(−iµλpθ · y)f(y, λ)dλ, (27.3)

where f(y, λ) is the two-dimensional inverse Fourier transform of F (x, λ)
with respect to the spatial variable x. Therefore,

g(y, θ) = exp(iµλ0pθ · y)F(y, γθ), (27.4)

where F(y, γ) denotes the three-dimensional inverse Fourier transform of
F (x, λ) and γθ = µpθ · y. We see then that each value of g(y, θ) that we
estimate from our measurements provides us with a single estimated value
of F .

We use the measured values of G(x, θ) to estimate values of g(y, θ)
guided by the discussion in our earlier chapter on discretization. Having
obtained finitely many estimated values of F , we use the support of the
function F (x, λ) in three-dimensional space to perform a band-limited ex-
trapolation estimate of the function F .

Alternatively, for each fixed y for which we have values of g(y, θ) we
use the PDFT or MDFT to solve Equation (27.3), obtaining an estimate
of f(y, λ) as a function of the continuous variable λ. Then, for each fixed
λ, we again use the PDFT or MDFT to estimate F (x, λ) from the values
of f(y, λ) previously obtained.
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27.4 Solving the Mixture Problem

Once we have the estimated function F (x, λ) on a finite grid in three-
dimensional space, we can use the RBI-EMML method, as in [160], to solve
the mixture problem and identify the individual object types contained
within the single pixel denoted x. For each fixed x corresponding to a pixel,
denote by b = (b1, ..., bI)T the column vector with entries bi = F (x, λi),
where λi, i = 1, ..., I constitute a discretization of the wavelength space
of those λ for which F (x, λ) > 0. We assume that this energy intensity
distribution vector b is a superposition of those vectors corresponding to a
number of different object types; that is, we assume that

b =
J∑
j=1

ajqj , (27.5)

for some aj ≥ 0 and intensity distribution vectors qj , j = 1, ..., J . Each
column vector qj is a model for what b would be if there had been only
one object type filling the entire pixel. These qj are assumed to be known
a priori. Our objective is to find the aj .

With Q the I by J matrix whose jth column is qj and a the column
vector with entries aj we write Equation (27.5) as b = Qa. Since the
entries of Q are nonnegative, the entries of b are positive, and we seek
a nonnegative solution a, we can use any of the entropy-based iterative
algorithms discussed earlier. Because of its simplicity of form and speed
of convergence our preference is the RBI-EMML algorithm. The recent
master’s thesis of E. Meidunas [160] discusses just such an application.

A recent issue of the IEEE Signal Processing Magazine contains inter-
esting articles on the use of multispectral analysis of images for faithful
digital reproduction of art [182] and for restoration of damaged paintings
[175].



Chapter 28

Wavelets

28.1 Background

The fantastic increase in computer power over the last few decades has
made possible, even routine, the use of digital procedures for solving prob-
lems that were believed earlier to be intractable, such as the modeling of
large-scale systems. At the same time, it has created new applications
unimagined previously, such as medical imaging. In some cases the math-
ematical formulation of the problem is known and progress has come with
the introduction of efficient computational algorithms, as with the Fast
Fourier Transform. In other cases, the mathematics is developed, or per-
haps rediscovered, as needed by the people involved in the applications.
Only later it is realized that the theory already existed, as with the de-
velopment of computerized tomography without Radon’s earlier work on
reconstruction of functions from their line integrals.

It can happen that applications give a theoretical field of mathematics
a rebirth; such seems to be the case with wavelets [130]. Sometime in the
1980s researchers working on various problems in electrical engineering,
quantum mechanics, image processing, and other areas became aware that
what the others were doing was related to their own work. As connections
became established, similarities with the earlier mathematical theory of
approximation in functional analysis were noticed. Meetings began to take
place, and a common language began to emerge around this reborn area,
now called wavelets. There are a number of good books on wavelets, such
as [137], [17], and [206]. A recent issue of the IEEE Signal Processing
Magazine has an interesting article on using wavelet analysis of paintings
for artist identification [135].

Fourier analysis and synthesis concerns the decomposition, filtering,
compressing, and reconstruction of signals using complex exponential func-
tions as the building blocks; wavelet theory provides a framework in which
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other building blocks, better suited to the problem at hand, can be used.
As always, efficient algorithms provide the bridge between theory and prac-
tice.

Since their development in the 1980s wavelets have been used for many
purposes. In the discussion to follow, we focus on the problem of analyzing a
signal whose frequency composition is changing over time. As we saw in our
discussion of the narrowband cross-ambiguity function in radar, the need
for such time-frequency analysis has been known for quite a while. Other
methods, such as Gabor’s short time Fourier transform and the Wigner-
Ville distribution, have also been considered for this purpose.

28.2 A Simple Example

Imagine that f(t) is defined for all real t and we have sampled f(t) every
half-second. We focus on the time interval [0, 2). Suppose that f(0) = 1,
f(0.5) = −3, f(1) = 2 and f(1.5) = 4. We approximate f(t) within the
interval [0, 2) by replacing f(t) with the step function that is 1 on [0, 0.5),
−3 on [0.5, 1), 2 on [1, 1.5), and 4 on [1.5, 2); for notational convenience, we
represent this step function by (1,−3, 2, 4). We can decompose (1,−3, 2, 4)
into a sum of step functions

(1,−3, 2, 4) = 1(1, 1, 1, 1)− 2(1, 1,−1,−1) + 2(1,−1, 0, 0)− 1(0, 0, 1,−1).

The first basis element, (1, 1, 1, 1), does not vary over a two-second interval.
The second one, (1, 1,−1,−1), is orthogonal to the first, and does not vary
over a one-second interval. The other two, both orthogonal to the previous
two and to each other, vary over half-second intervals. We can think of these
basis functions as corresponding to different frequency components and
time locations; that is, they are giving us a time-frequency decomposition.

Suppose we let φ0(t) be the function that is 1 on the interval [0, 1) and
0 elsewhere, and ψ0(t) the function that is 1 on the interval [0, 0.5) and −1
on the interval [0.5, 1). Then we say that

φ0(t) = (1, 1, 0, 0),

and
ψ0(t) = (1,−1, 0, 0).

Then we write
φ−1(t) = (1, 1, 1, 1) = φ0(0.5t),

ψ0(t− 1) = (0, 0, 1,−1),

and
ψ−1(t) = (1, 1,−1,−1) = ψ0(0.5t).
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So we have the decomposition of (1,−3, 2, 4) as

(1,−3, 2, 4) = 1φ−1(t)− 2ψ−1(t) + 2ψ0(t)− 1ψ0(t− 1).

It what follows we shall be interested in extending these ideas, to find other
functions φ0(t) and ψ0(t) that lead to bases consisting of functions of the
form

ψj,k(t) = ψ0(2jt− k).

These will be our wavelet bases.

28.3 The Integral Wavelet Transform

For real numbers b and a 6= 0, the integral wavelet transform (IWT) of the
signal f(t) relative to the basic wavelet (or mother wavelet) ψ(t) is

(Wψf)(b, a) = |a|− 1
2

∫ ∞

−∞
f(t)ψ(

t− b

a
)dt.

This function is also the wideband cross-ambiguity function in radar. The
function ψ(t) is also called a window function and, like Gaussian functions,
it will be relatively localized in time. However, it must also have properties
quite different from those of Gabor’s Gaussian windows; in particular, we
want ∫ ∞

−∞
ψ(t)dt = 0.

An example is the Haar wavelet ψHaar(t) that has the value +1 for 0 ≤
t < 1

2 , −1 for 1
2 ≤ t < 1 and zero otherwise.

As the scaling parameter a grows larger the wavelet ψ(t) grows wider,
so choosing a small value of the scaling parameter permits us to focus on a
neighborhood of the time t = b. The IWT then registers the contribution
to f(t) made by components with features on the scale determined by
a, in the neightborhood of t = b. Calculations involving the uncertainty
principle reveal that the IWT provides a flexible time-frequency window
that narrows when we observe high frequency components and widens for
lower frequencies [74].

Given the integral wavelet transform (Wψf)(b, a), it is natural to ask
how we might recover the signal f(t). The following inversion formula
answers that question: at points t where f(t) is continuous we have

f(t) =
1
Cψ

∫ ∞

−∞

∫ ∞

−∞
(Wψf)(b, a)ψ(

t− b

a
)
da

a2
db,

with

Cψ =
∫ ∞

−∞

|Ψ(ω)|2

|ω|
dω

for Ψ(ω) the Fourier transform of ψ(t).
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28.4 Wavelet Series Expansions

The Fourier series expansion of a function f(t) on a finite interval is a
representation of f(t) as a sum of orthogonal complex exponentials. Lo-
calized alterations in f(t) affect every one of the components of this sum.
Wavelets, on the other hand, can be used to represent f(t) so that local-
ized alterations in f(t) affect only a few of the components of the wavelet
expansion. The simplest example of a wavelet expansion is with respect to
the Haar wavelets.

Exercise 28.1 Let w(t) = ψHaar(t). Show that the functions wjk(t) =
w(2jt− k) are mutually orthogonal on the interval [0, 1], where j = 0, 1, ...
and k = 0, 1, ..., 2j − 1.

These functions wjk(t) are the Haar wavelets. Every continuous func-
tion f(t) defined on [0, 1] can be written as

f(t) = c0 +
∞∑
j=0

2j−1∑
k=0

cjkwjk(t)

for some choice of c0 and cjk. Notice that the support of the function wjk(t),
the interval on which it is nonzero, gets smaller as j increases. Therefore,
the components corresponding to higher values of j in the Haar expansion
of f(t) come from features that are localized in the variable t; such features
are transients that live for only a short time. Such transient components
affect all of the Fourier coefficients but only those Haar wavelet coefficients
corresponding to terms supported in the region of the disturbance. This
ability to isolate localized features is the main reason for the popularity of
wavelet expansions.

The orthogonal functions used in the Haar wavelet expansion are them-
selves discontinuous, which presents a bit of a problem when we represent
continuous functions. Wavelets that are themselves continuous, or better
still, differentiable, should do a better job representing smooth functions.

We can obtain other wavelet series expansions by selecting a basic
wavelet ψ(t) and defining ψjk(t) = 2j/2ψ(2jt − k), for integers j and k.
We then say that the function ψ(t) is an orthogonal wavelet if the family
{ψjk} is an orthonormal basis for the space of square-integrable functions
on the real line, the Hilbert space L2(R). This implies that for every such
f(t) there are coefficients cjk so that

f(t) =
∞∑

j=−∞

∞∑
k=−∞

cjkψjk(t),
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with convergence in the mean-square sense. The coefficients cjk are found
using the IWT:

cjk = (Wψf)(
k

2j
,

1
2j

).

It is also of interest to consider wavelets ψ for which {ψjk} form a basis,
but not an orthogonal one, or, more generally, form a frame, in which the
series representations of f(t) need not be unique.

As with Fourier series, wavelet series expansion permits the filtering of
certain components, as well as signal compression. In the case of Fourier
series, we might attribute high frequency components to noise and achieve
a smoothing by setting to zero the coefficients associated with these high
frequencies. In the case of wavelet series expansions, we might attribute to
noise localized small-scale disturbances and remove them by setting to zero
the coefficients corresponding to the appropriate j and k. For both Fourier
and wavelet series expansions we can achieve compression by ignoring those
components whose coefficients are below some chosen level.

28.5 Multiresolution Analysis

One way to study wavelet series expansions is through multiresolution anal-
ysis (MRA) [157]. Let us begin with an example involving band-limited
functions. This example is called the Shannon MRA.

28.5.1 The Shannon Multiresolution Analysis

Let V0 be the collection of functions f(t) whose Fourier transform F (ω)
is zero for |ω| > π; so V0 is the collection of π-band-limited functions.
Let V1 be the collection of functions f(t) whose Fourier transform F (ω) is
zero for |ω| > 2π; so V1 is the collection of 2π-band-limited functions. In
general, for each integer j, let Vj be the collection of functions f(t) whose
Fourier transform F (ω) is zero for |ω| > 2jπ; so Vj is the collection of
2jπ-band-limited functions.

Exercise 28.2 Show that if the function f(t) is in Vj then the function
g(t) = f(2t) is in Vj+1.

We then have a nested sequence of sets of functions {Vj}, with Vj ⊆ Vj+1

for each integer j. The intersection of all the Vj is the set containing only
the zero function. Every function in L2(R) is arbitrarily close to a function
in at least one of the sets Vj ; more mathematically, we say that the union
of the Vj is dense in L2(R). In addition, we have f(t) in Vj if and only if
g(t) = f(2t) is in Vj+1. In general, such a collection of sets of functions



264 CHAPTER 28. WAVELETS

is called a multiresolution analysis for L2(R). Once we have a MRA for
L2(R), how do we get a wavelet series expansion?

A function φ(t) is called a scaling function or sometimes the father
wavelet for the MRA if the collection of integer translates {φ(t− k)} forms
a basis for V0 (more precisely, a Riesz basis). Then, for each fixed j, the
functions φjk(t) = φ(2jt− k), for integer k, will form a basis for Vj . In the
case of the Shannon MRA, the scaling function is φ(t) = sinπt

πt . But how
do we get a basis for all of L2(R)?

28.5.2 The Haar Multiresolution Analysis

To see how to proceed, it is helpful to return to the Haar wavelets. Let
φHaar(t) be the function that has the value +1 for 0 ≤ t < 1 and zero
elsewhere. Let V0 be the collection of all functions in L2(R) that are linear
combinations of integer translates of φ(t); that is, all functions f(t) that
are constant on intervals of the form [k, k + 1), for all integers k. Now V1

is the collection of all functions g(t) of the form g(t) = f(2t), for some f(t)
in V0. Therefore, V1 consists of all functions in L2(R) that are constant on
intervals of the form [k/2, (k + 1)/2).

Every function in V0 is also in V1 and every function g(t) in V1 can be
written uniquely as a sum of a function f(t) in V0 and a function h(t) in
V1 that is orthogonal to every function in V0. For example, the function
g(t) that takes the value +3 for 0 ≤ t < 1/2, −1 for 1/2 ≤ t < 1, and zero
elsewhere can be written as g(t) = f(t)+h(t), where h(t) has the value +2
for 0 ≤ t < 1/2, −2 for 1/2 ≤ t < 1, and zero elsewhere, and f(t) takes the
value +1 for 0 ≤ t < 1 and zero elsewhere. Clearly, h(t), which is twice the
Haar wavelet function, is orthogonal to all functions in V0.

Exercise 28.3 Show that the function f(t) can be written uniquely as
f(t) = d(t) + e(t), where d(t) in V−1 and e(t) is in V0 and is orthogo-
nal to every function in V−1. Relate the function e(t) to the Haar wavelet
function.

28.5.3 Wavelets and Multiresolution Analysis

To get an orthogonal wavelet expansion from a general MRA, we write the
set V1 as the direct sum V1 = V0 ⊕W0, so every function g(t) in V1 can be
uniquely written as g(t) = f(t) + h(t), where f(t) is a function in V0 and
h(t) is a function in W0, with f(t) and h(t) orthogonal. Since the scaling
function or father wavelet φ(t) is in V1, it can be written as

φ(t) =
∞∑

k=−∞

pkφ(2t− k), (28.1)
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for some sequence {pk} called the two-scale sequence for φ(t). This most
important identity is the scaling relation for the father wavelet. The mother
wavelet is defined using a similar expression

ψ(t) =
∑
k

(−1)kp1−kφ(2t− k). (28.2)

We define

φjk(t) = 2j/2φ(2jt− k) (28.3)

and

ψjk(t) = 2j/2ψ(2jt− k). (28.4)

The collection {ψjk(t), −∞ < j, k <∞} then forms an orthogonal wavelet
basis for L2(R). For the Haar MRA, the two-scale sequence is p0 = p1 = 1
and pk = 0 for the rest.

Exercise 28.4 Show that the two-scale sequence {pk} has the properties

pk = 2
∫
φ(t)φ(2t− k)dt;

∞∑
k=−∞

pk−2mpk = 0,

for m 6= 0 and equals two when m = 0.

28.6 Signal Processing Using Wavelets

Once we have an orthogonal wavelet basis for L2(R), we can use the basis
to represent and process a signal f(t). Suppose, for example, that f(t) is
band-limited but essentially zero for t not in [0, 1] and we have samples
f( kM ), k = 0, ...,M . We assume that the sampling rate ∆ = 1

M is faster
than the Nyquist rate so that the Fourier transform of f(t) is zero outside,
say, the interval [0, 2πM ]. Roughly speaking, the Wj component of f(t),
given by

gj(t) =
2j−1∑
k=0

βjkψjk(t),

with βjk = 〈f(t), ψjk(t)〉, corresponds to the components of f(t) with fre-
quencies ω between 2j−1 and 2j . For 2j > 2πM we have βjk = 0, so
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gj(t) = 0. Let J be the smallest integer greater than log2(2π) + log2(M).
Then, f(t) is in the space VJ and has the expansion

f(t) =
2J−1∑
k=0

αJkφJk(t),

for αJk = 〈f(t), φJk(t)〉. It is common practice, but not universally ap-
proved, to take M = 2J and to estimate the αJk by the samples f( kM ).
Once we have the sequence {αJk}, we can begin the decomposition of f(t)
into components in Vj and Wj for j < J . As we shall see, the algorithms
for the decomposition and subsequent reconstruction of the signal are quite
similar to the FFT.

28.6.1 Decomposition and Reconstruction

The decomposition and reconstruction algorithms both involve the equa-
tion ∑

k

ajkφjk =
∑
m

aj−1
m φ(j−1),m + bj−1

m ψ(j−1),m ; (28.5)

in the decomposition step we know the {ajk} and want the {aj−1
m } and

{bj−1
m }, while in the reconstruction step we know the {aj−1

m } and {bj−1
m }

and want the {ajk}.

Using Equations (28.1) and (28.3), we obtain

φ(j−1),l = 2−1/2
∑
k

pkφj,(k+2l) = 2−1/2
∑
k

pk−2lφjk; (28.6)

using Equations (28.2), (28.3) and (28.4), we get

ψ(j−1),l = 2−1/2
∑
k

(−1)kp1−k+2lφjk. (28.7)

Therefore,

〈φjk, φ(j−1),l〉 = 2−1/2pk−2l; (28.8)

this comes from substituting φ(j−1),l as in Equation (28.6) into the second
term in the inner product. Similarly, we have

〈φjk, ψ(j−1),l〉 = 2−1/2(−1)kp1−k+2l. (28.9)

These relationships are then used to derive the decomposition and recon-
struction algorithms.
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The decomposition step: To find aj−1
l we take the inner product of

both sides of Equation (28.5) with the function φ(j−1),l. Using Equation
(28.8) and the fact that φ(j−1),l is orthogonal to all the φ(j−1),m except for
m = l and is orthogonal to all the ψ(j−1),m, we obtain

2−1/2
∑
k

ajkpk−2l = aj−1
l ;

similarly, using Equation (28.9), we get

2−1/2
∑
k

ajk(−1)kp1−k+2l = bj−1
l .

The decomposition step is to apply these two equations to get the {aj−1
l }

and {bj−1
l } from the {ajk}.

The reconstruction step: Now we use Equations (28.6) and (28.7)
to substitute into the right hand side of Equation (28.5). Combining terms,
we get

ajk = 2−1/2
∑
l

aj−1
l pk−2l + bj−1

l (−1)kp1−k+2l.

This takes us from the {aj−1
l } and {bj−1

l } to the {ajk}.
We have assumed that we have already obtained the scaling function

φ(t) with the property that {φ(t − k)} is an orthogonal basis for V0. But
how do we actually obtain such functions?

28.7 Generating the Scaling Function

The scaling function φ(t) is generated from the two-scale sequence {pk}
using the following iterative procedure. Start with φ0(t) = φHaar(t), the
Haar scaling function that is one on [0, 1] and zero elsewhere. Now, for
each n = 1, 2, ..., define

φn(t) =
∞∑

k=−∞

pkφn−1(2t− k).

Provided that the sequence {pk} has certain properties to be discussed
below, this sequence of functions converges and the limit is the desired
scaling function.

The properties of {pk} that are needed can be expressed in terms of
properties of the function

P (z) =
1
2

∞∑
k=−∞

pkz
k.
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For the Haar MRA, this function is P (z) = 1
2 (1 + z). We require that

1. P (1) = 1,

2. |P (eiθ)|2 + |P (ei(θ+π))|2 = 1, for 0 ≤ θ ≤ π, and

3. |P (eiθ)| > 0 for −π
2 ≤ θ ≤ π

2 .

28.8 Generating the Two-scale Sequence

The final piece of the puzzle is the generation of the sequence {pk} itself,
or, equivalently, finding a function P (z) with the properties listed above.
The following example, also used in [17], illustrates Daubechies’ method
[88].

We begin with the identity

cos2
θ

2
+ sin2 θ

2
= 1

and then raise both sides to an odd power n = 2N−1. Here we use N = 2,
obtaining

1 = cos6
θ

2
+ 3 cos4

θ

2
sin2 θ

2

+ cos6
(θ + π)

2
+ 3 cos4

(θ + π)
2

sin2 (θ + π)
2

.

We then let
|P (eiθ)|2 = cos6

θ

2
+ 3 cos4

θ

2
sin2 θ

2
,

so that
|P (eiθ)|2 + |P (ei(θ+π))|2 = 1

for 0 ≤ θ ≤ π. Now we have to find P (eiθ).
Writing

|P (eiθ)|2 = cos4
θ

2
[cos2

θ

2
+ 3 sin2 θ

2
],

we have
P (eiθ) = cos2

θ

2
[cos

θ

2
+
√

3i sin
θ

2
]eiα(θ),

where the real function α(θ) is arbitrary. Selecting α(θ) = 3 θ2 , we get

P (eiθ) = p0 + p1e
iθ + p2e

2iθ + p3e
3iθ,

for

p0 =
1 +

√
3

4
,
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p1 =
3 +

√
3

4
,

p2 =
3−

√
3

4
,

p3 =
1−

√
3

4
,

and all the other coefficients are zero. The resulting Daubechies’ wavelet is
compactly supported and continuous, but not differentiable [17, 88]. Figure
28.1 shows the scaling function and mother wavelet for N = 2. When larger
values of N are used, the resulting wavelet, often denoted ψN (t), which is
again compactly supported, has approximately N/5 continuous derivatives.

Figure 28.1: Daubechies’ scaling function and mother wavelet for N = 2.

These notions extend to nonorthogonal wavelet bases and to frames.
Algorithms similar to the fast Fourier transform provide the wavelet de-
composition and reconstruction of signals. The recent text by Boggess and
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Narcowich [17] is a nice introduction to this fast-growing area; the more
advanced book by Chui [74] is also a good source. Wavelets in the context
of Riesz bases and frames are discussed in Christensen’s book [73]. Appli-
cations of wavelets to medical imaging are found in [177], as well as in the
other papers in that special issue.

28.9 Wavelets and Filter Banks

In [198] Strang and Nguyen take a somewhat different approach to wavelets,
emphasizing the role of filters and matrices. To illustrate one of their main
points, we consider the two-point moving average filter.

The two-point moving average filter transforms an input sequence x =
{x(n)} to output y = {y(n)}, with y(n) = 1

2x(n) + 1
2x(n − 1). The filter

h = {h(k)} has h(0) = h(1) = 1
2 and all the remaining h(n) are zero. This

filter is a finite impulse response (FIR) low-pass filter and is not invertible;
the input sequence with x(n) = (−1)n has output zero. Similarly, the two-
point moving difference filter g = {g(k)}, with g(0) = 1

2 , g(1) = − 1
2 , and

the rest zero, is a FIR high-pass filter, also not invertible. However, if we
perform these filters in parallel, as a filter bank, no information is lost and
the input can be completely reconstructed, with a unit delay. In addition,
the outputs of the two filters contain redundancy that can be removed by
decimation, which is taken here to mean downsampling, that is, throwing
away every other term of a sequence.

The authors treat the more general problem of obtaining perfect recon-
struction of the input from the output of a filter bank of low- and high-pass
filters followed by downsampling. The properties that must be required of
the filters are those we encountered earlier with regard to the two-scale se-
quences for the father and mother wavelets. When the filter operations are
construed as matrix multiplications, the decomposition and reconstruction
algorithms become matrix factorizations.

28.10 Using Wavelets

We consider the Daubechies mother wavelet ψN (t), for N = 1, 2, ..., and
n = 2N−1. The two-scale sequence {pk} then has nonzero terms p0, ..., pn.
For example, when N = 1, we get the Haar wavelet, with p0 = p1 = 1/2,
and all the other pk = 0.

The wavelet signal analysis usually begins by sampling the signal f(t)
closely enough so that we can approximate the aj+1

k by the samples f(k/2j+1).
An important aspect of the Daubechies wavelets is the vanishing of

moments. For k = 0, 1, ..., N − 1 we have∫
tkψN (t)dt = 0;
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for the Haar case we have only that
∫
ψ1(t)dt = 0. We consider now the

significance of vanishing moments for detection.
For an arbitrary signal f(t) the wavelet coefficients bjk are given by

bjk =
∫
f(t)2j/2ψN (2jt− k)dt.

We focus on N = 2
The function ψ2(2jt− k) is supported on the interval [k/2j , (k+ 3)/2j ]

so we have

bjk =
∫ 3/2j

0

f(t+ k/2j)ψ2(2jt)dt.

If f(t) is smooth near t = k/2j , and j is large enough, then

f(t+ k/2j) = f(k/2j) + f ′(k/2j)t+
1
2!
f ′′(k/2j)t2 + · · ·,

and so

bjk ' 2j/2[f(k/2j)
∫ 3/2j

0

ψ2(2jt)dt

+f ′(k/2j)
∫ 3/2j

0

tψ2(2jt)dt+ f ′′(k/2j)
∫ 3/2j

0

t2ψ2(2jt)dt].

Since ∫
ψ2(t)dt =

∫
tψ2(t)dt = 0

and ∫
t2ψ2(t)dt ' −1

8

√
3
2π
,

we have

bjk ' − 1
16

√
3
2π

2−5j/2f ′′(k/2j).

On the other hand, if f(t) is not smooth near t = k/2j , we expect the bjk
to have a larger magnitude.

Example 1 Suppose that f(t) is piecewise linear. Then f ′′(t) = 0, except
at the places where the lines meet. So we expect the bjk to be zero, except
at the nodes.

Example 2 Let f(t) = t(1−t), for t ∈ [0, 1], and zero elsewhere. We might
begin with the sample values f(k/27) and then consider b6k. Again using
N = 2, we find that b6k ' f ′′(k/26) = 2, independent of k, except near the
endpoints t = 0 and t = 1. The discontinuity of f ′(t) at the ends will make
the b6k there larger.
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Example 3 Now let g(t) = t2(1 − t)2, for t ∈ [0, 1], and zero elsewhere.
The first derivative is continuous at the endpoints t = 0 and t = 1, but the
second derivative is discontinuous there. Using N = 2, we won’t be able to
detect this discontinuity, but using N = 3 we will.

Example 4 Suppose that f(t) = eiωt. Then we have

bjk = 2−j/2eiωk/2
j

ΨN (ω/2j),

independent of k, where ΨN denotes the Fourier transform of ψN . If we
plot these values for various j, the maximum is reached when

ω/2j = argmax ΨN ,

from which we can find ω.
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Chapter 29

Appendix: Fourier Series
and Analytic Functions

We first encounter infinite series expansions for functions in calculus when
we study Maclaurin and Taylor series. Fourier series are usually first met
in different contexts, such as partial differential equations and boundary
value problems. Laurent expansions come later when we study functions of
a complex variable. There are, nevertheless, important connections among
these different types of infinite series expansions, which provide the subject
for this chapter.

29.1 Laurent Series

Suppose that f(z) is analytic in an annulus containing the unit circle C =
{z | |z| = 1}. Then f(z) has a Laurent series expansion

f(z) =
∞∑

n=−∞
fnz

n

valid for z within that annulus. Substituting z = eiθ, we get f(eiθ), also
written as f(θ), defined for θ in the interval [−π, π] by

f(θ) = f(eiθ) =
∞∑

n=−∞
fne

inθ;

here the Fourier series for f(θ) is derived from the Laurent series for the
analytic function f(z). If f(z) is actually analytic in (1 + ε)D, where
D = {z| |z| < 1} is the open unit disk, then f(z) has a Taylor series
expansion and the Fourier series for f(θ) contains only terms corresponding
to nonnegative n.

275
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29.2 An Example

As an example, consider the rational function

f(z) =
1

z − 1
2

− 1
z − 3

= −5
2
/(z − 1

2
)(z − 3).

In an annulus containing the unit circle this function has the Laurent series
expansion

f(z) =
−1∑

n=−∞
2n+1zn +

∞∑
n=0

(
1
3
)n+1zn;

replacing z with eiθ, we obtain the Fourier series for the function f(θ) =
f(eiθ) defined for θ in the interval [−π, π].

The function F (z) = 1/f(z) is analytic for all complex z, but because
it has a root inside the unit circle, its reciprocal, f(z), is not analytic in
a disk containing the unit circle. Consequently, the Fourier series for f(θ)
is doubly infinite. We saw in the chapter on complex varables that the
function G(z) = z−a

1−az has |G(eiθ)| = 1. With a = 2 and H(z) = F (z)G(z),
we have

H(z) =
1
5
(z − 3)(z − 2),

and its reciprocal has the form

1/H(z) =
∞∑
n=0

anz
n.

Because
G(eiθ)/H(eiθ) = 1/F (eiθ),

it follows that
|1/H(eiθ)| = |1/F (eiθ)| = |f(θ)|

and so

|f(θ)| = |
∞∑
n=0

ane
inθ|.

Multiplication by G(z) permits us to move a root from inside C to outside
C without altering the magnitude of the function’s values on C.

The relationships between functions defined on C and functions ana-
lytic (or harmonic) in D form the core of harmonic analysis [127]. The
factorization F (z) = H(z)/G(z) above is a special case of the inner-outer
factorization for functions in Hardy spaces; the function H(z) is an outer
function, and the functions G(z) and 1/G(z) are inner functions.
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29.3 Fejér-Riesz Factorization

Sometimes we start with an analytic function and restrict it to the unit
circle. Other times we start with a function f(eiθ) defined on the unit
circle, or, equivalently, a function of the form f(θ) for θ in [−π, π], and
view this function as the restriction to the unit circle of a function that is
analytic in a region containing the unit circle. One application of this idea
is the Fejér-Riesz factorization theorem:

Theorem 29.1 Let h(eiθ) be a finite trigonometric polynomial

h(eiθ) =
N∑

n=−N
hne

inθ,

such that h(eiθ) ≥ 0 for all θ in the interval [−π, π]. Then there is

y(z) =
N∑
n=0

ynz
n

with h(eiθ) = |y(eiθ)|2. The function y(z) is unique if we require, in addi-
tion, that all its roots be outside D.

To prove this theorem we consider the function

h(z) =
N∑

n=−N
hnz

n,

which is analytic in an annulus containing the unit circle. The rest of the
proof is contained in the following exercise.

Exercise 29.1 Use the fact that h−n = hn to show that zj is a root of h(z)
if and only if 1/zj is also a root. From the nonnegativity of h(eiθ), conclude
that if h(z) has a root on the unit circle then it has even multiplicity. Take
y(z) to be proportional to the product of factors z− zj for all the zj outside
D; for roots on C, include them with half their multiplicities.

29.4 Burg Entropy

The Fejér-Riesz theorem is used in the derivation of Burg’s maximum en-
tropy method for spectrum estimation. The problem there is to estimate a
function R(θ) > 0 knowing only the values

rn =
1
2π

∫ π

−π
R(θ)e−inθdθ,
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for |n| ≤ N . The approach is to estimate R(θ) by the function S(θ) > 0
that maximizes the so-called Burg entropy,

∫ π
−π logS(θ)dθ, subject to the

data constraints.
The Euler-Lagrange equation from the calculus of variations allows us

to conclude that S(θ) has the form

S(θ) = 1/
N∑

n=−N
hne

inθ.

The function

h(θ) =
N∑

n=−N
hne

inθ

is nonnegative, so, by the Fejér-Riesz theorem, it factors as h(θ) = |y(θ)|2.
We then have S(θ)y(θ) = 1/y(θ). Since all the roots of y(z) lie outside D
and none are on C, the function 1/y(z) is analytic in a region containing C
and D so it has a Taylor series expansion in that region. Restricting this
Taylor series to C, we obtain a one-sided Fourier series having zero terms
for the negative indices.

Exercise 29.2 Show that the coefficients yn in y(z) satisfy a system of
linear equations whose coefficients are the rn.

Hint: Compare the coefficients of the terms on both sides of the equation
S(θ)y(θ) = 1/y(θ) that correspond to negative indices.
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Appendix: The Problem
of Finite Data

30.1 What Shannon Did Not Say

Shannon’s Sampling Theorem tells us that if the function F (ω) is zero for
ω outside the interval [−Ω,Ω], then sampling the inverse Fourier transform
f(x) at the spacing of ∆ = π

Ω is sufficient to recover completely the func-
tions F (ω) and f(x). It is common to view this theorem as saying that
there is no need to sample f(x) faster, that is, at any smaller value of ∆.
While this is true in theory, when we imagine having the doubly infinite
sequence {f(n∆)}∞n=−∞, it is not true in practice, when, of course, we have
only finitely many data values. In this chapter we investigate further the
problem posed by finite data and the various ways to combat this problem,
as we try to estimate F (ω).

We shall assume throughout this chapter that F (ω) = 0, for |ω| > Ω
and that the data is f(n∆), for n = 0, 1, ..., N − 1. Notice that there is a
certain degree of arbitrariness in how we label the sampling points n∆. We
know that we have N consecutive samples, spaced ∆ apart, but how do we
know that the first one is at x = 0? Why not at x = 107.54? One reason
for the arbitrariness is that, in many applications, the function F (ω) is
non-negative, which makes f(0) ≥ |f(x)| for all x. Another reason is that,
even when F (ω) is not non-negative, we are primarily interested in |F (ω)|,
in which case shifting f(x) makes no difference.

From the theory of Fourier transforms, we know that if the function
F (ω) has the property ∫ Ω

−Ω

|F (ω)|dω < +∞,

279
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then

lim
|x|→+∞

|f(x)| = 0.

When we set out to estimate F (ω), we implicitly assume that the data
we have measured is significant data, from which we can learn something
about the function F (ω). We imagine that the data has been collected at
points x for which f(x) has significant values, which, more or less, means
that x is not too far from zero. For that reason, it is common practice
to say that the data is f(n∆), for n = 0, 1, ..., N − 1, or perhaps, f(n∆)
for n = −M,−M + 1, ...,M − 1. Which of these two we adopt may seem
trivial, but, as we shall see, when we model F (ω) as a step function, it will
matter which choice we make.

30.2 A General Finite-Parameter Model

Regardless of how we arrive at it, out estimate of F (ω) will be something we
can calculate from the finite data. We begin with a general class of finite-
parameter models for F (ω). For convenience, we shall index the various
models with subscripts.

Suppose that

F0(ω) =
N−1∑
k=0

akGk(ω), (30.1)

where the functions Gk(ω) are known functions supported on the interval
[−Ω,Ω], but the coefficients ak are unknown and are to be determined from
the data. The inverse Fourier transform of F0 is

f0(x) =
N−1∑
k=0

akgk(x), (30.2)

where gk(x) is the inverse Fourier transform of Gk(ω). Inserting the sample
points x = n∆, we get

f(n∆) =
N−1∑
k=0

akgk(n∆), (30.3)

for n = 0, 1, ..., N − 1. We then solve this system of N linear equations in
N unknowns to find the ak.
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30.3 The Finite Fourier Series Model

The finite Fourier series model employs an estimate of the form

F1(ω) = χΩ(ω)
N−1∑
k=0

ake
ik∆ω. (30.4)

Here we have
Gk(ω) = χΩ(ω)eik∆ω.

The inverse Fourier transform of Gk(x) is

gk(x) =
1
2π

∫ Ω

−Ω

ei(k∆−x)ωdω =
sin(Ω(k∆− x))
π(k∆− x)

.

Therefore, the equations to be solved for the ak are

f(n∆) =
N−1∑
k=0

ak
sin(Ω(k − n)∆)
π(k − n)∆

, (30.5)

for n = 0, 1, ..., N − 1. Now we consider the choice of the sample spacing
∆.

30.3.1 Nyquist Sampling

When the sample spacing is the Nyquist spacing ∆ = π
Ω no calculation

is required to get the estimate, since the solution to the system of equa-
tions is simply ak = ∆f(k∆). The estimate of F (ω) is the DFT. With
dn = ∆f(n∆)(−1)n, for n = 0, 1, ..., N − 1, the entries of the vector
DFT are values of the estimate at the N equi-spaced points −Ω + 2kΩ

N ,
k = 0, 1, ..., N − 1.

30.3.2 Over-sampling

If ∆ < π
Ω we say that the data is over-sampled. Now the equations (30.5)

no longer have for their solution ak = ∆f(k∆). The resulting estimate is
the MDFT.

30.3.3 Using a Prior Weighting Function

Suppose that we have a prior estimate P (ω) > 0 of the magnitude of F (ω).
Then we may take

Gk(ω) = P (ω)eik∆ω.
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With p(x) the inverse Fourier transform of P (ω), we find that the equations
to be solved are

f(n∆) =
N−1∑
k=0

akp((k − n)∆),

for n = 0, 1, ..., N − 1. The resulting estimate of F (ω) is the PDFT,

FPDFT (ω) = P (ω)
N−1∑
k=0

ake
ik∆ω.

30.4 Involving the Vector DFT

We consider now what happens when the functions Gk(ω) are translations
of a single function, that is,

Gk(ω) = G(ω − αk), (30.6)

for some known function G(ω) and known values αk. Our estimate of F (ω)
is then

F2(ω) =
N−1∑
k=0

akG(ω − αk). (30.7)

Since
gk(x) = e−ixαkg(x),

it follows that the equations to be solved for the ak are now

f(n∆) = g(n∆)
N1∑
k=0

ake
−in∆αk . (30.8)

Taking this one step further, suppose that

αk = −Ω +
(2k + 1)Ω

N
,

for k = 0, 1, ..., N − 1. This means that we divide up the interval [−Ω,Ω]
into N non-overlapping intervals [−Ω + 2kΩ

N ,−Ω + 2(k+1)Ω
N ] and take αk to

be the midpoint of the kth interval. Since

e−in∆αk = ein∆Ωe−in∆ Ω
N e−in∆ 2kΩ

N ,

the equations to be solved are now

f(n∆) = g(n∆)ein∆Ωe−in∆ Ω
N

N−1∑
k=0

ake
−in∆ 2kΩ

N . (30.9)



30.4. INVOLVING THE VECTOR DFT 283

Finally, if we select ∆ = π
Ω , then the equations become

f(n∆) = g(n∆)einπe−i
nπ
N

N−1∑
k=0

ake
−i 2π

N kn. (30.10)

If we define

dn =
1
N

f(n∆)
g(n∆)

e−inπei
nπ
N , (30.11)

then the ak will be the entries of the vector DFT of the vector d =
(d0, d1, ..., dN−1)T . Since the vector DFT can be calculated quickly us-
ing the FFT, this estimator will be particularly simple to use. One obvious
problem is that g(n∆) could be zero or very small.

30.4.1 A Pixel Model for F (ω)

Suppose now that
Gk(ω) = G(ω − αk),

where
G(x) = χΩ/N (ω)

and

αk = −Ω +
2Ω
N
k +

Ω
N
.

Then the estimate of F (ω) is

F3(ω) =
N−1∑
k=0

akχΩ/N (ω − αk).

The inverse Fourier transform of G(ω) is

g(x) =
sin Ω

N x

πx
,

so we have

f3(x) = g(x)e−ixΩeix
Ω
N

N−1∑
k=0

ake
−i 2ΩN kx.

We can see from this formula for f3(x) how this function goes to zero as
|x| → +∞. Since g(x) = 0 when Ω

N x = mπ, for any integer m, this model
imposes restrictions on the values of f3(x) that may not be true of the
actual f(x).
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When ∆ = π
Ω , we get

f(n∆) = g(n∆)e−inπein
π
N

N−1∑
k=0

ake
−i 2π

N kn.

If we define

dn =
f(n∆)
g(n∆)

einπe−in
π
N ,

we find that the vector DFT of the vector d = (d0, ..., dN−1)T has for its
entries Dk = ak. The FFT can therefore be used to calculate the ak.

There is one obvious problem with this approach. In order to define dn
we must divide by g(n∆). Since, in this example, we have

g(n∆) =
1
∆

sin π
N n

πn
,

for n near N we will be dividing by a small number, thereby enhancing the
effect of noise in the data. One way out of this is to assume that the data
is f(n∆) for n = −M,−M + 1, ...,M . Then, when we divide by g(n∆), no
n is near N .

30.5 Delta-Function Models

There is one more way to formulate a finite-parameter model that involves
the vector DFT and the FFT, and that is to adopt a delta-function model
for F (ω). In this case, we let

F4(ω) =
N−1∑
k=0

akδ(ω − ωk),

where

ωk = −Ω +
2Ω
N
k,

for k = 0, 1, ..., N − 1. Then the inverse Fourier transform of F4(ω) is

f4(x) =
1
2π
eixΩ

N−1∑
k=0

ake
−i 2ΩN kx.

When ∆ = π
Ω , we have

f(n∆) =
1
2π

(−1)n
N−1∑
k=0

ake
−i 2π

N kn,
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for n = 0, 1, ..., N − 1. If we then define

dn =
2π
N

(−1)n,

and take the vector DFT of the vector d = (d0, ..., dN−1)T , we find that
ak = Dk.
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Chapter 31

Appendix: Matrix Theory

31.1 Matrix Inverses

A square matrix A is said to have inverse A−1 provided that

AA−1 = A−1A = I,

where I is the identity matrix. The 2 by 2 matrix A =
[
a b
c d

]
has an

inverse

A−1 =
1

ad− bc

[
d −b
−c a

]
whenever the determinant of A, det(A) = ad− bc is not zero. More gener-
ally, associated with every complex square matrix is the complex number
called its determinant, which is obtained from the entries of the matrix
using formulas that can be found in any text on linear algebra. The sig-
nificance of the determinant is that the matrix is invertible if and only
if its determinant is not zero. This is of more theoretical than practical
importance, since no computer can tell when a number is precisely zero.
A matrix A that is not square cannot have an inverse, but does have a
pseudo-inverse, which is found using the singular-value decomposition.

31.2 Basic Linear Algebra

In this section we discuss systems of linear equations, Gaussian elimination,
and the notions of basic and non-basic variables.

31.2.1 Bases and Dimension

The notions of a basis and of linear independence are fundamental in linear
algebra. Let V be a vector space.

287
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Definition 31.1 A collection of vectors {u1, ..., uN} in V is linearly inde-
pendent if there is no choice of scalars α1, ..., αN , not all zero, such that

0 = α1u
1 + ...+ αNu

N . (31.1)

Definition 31.2 The span of a collection of vectors {u1, ..., uN} in V is
the set of all vectors x that can be written as linear combinations of the un;
that is, for which there are scalars c1, ..., cN , such that

x = c1u
1 + ...+ cNu

N . (31.2)

Definition 31.3 A collection of vectors {w1, ..., wN} in V is called a span-
ning set for a subspace S if the set S is their span.

Definition 31.4 A collection of vectors {u1, ..., uN} in V is called a basis
for a subspace S if the collection is linearly independent and S is their span.

Definition 31.5 A collection of vectors {u1, ..., uN} in an inner product
space V is called orthonormal if ||un||2 = 1, for all n, and 〈um, un〉 = 0,
for m 6= n.

Suppose that S is a subspace of V, that {w1, ..., wN} is a spanning set
for S, and {u1, ..., uM} is a linearly independent subset of S. Beginning
with w1, we augment the set {u1, ..., uM} with wj if wj is not in the span of
the um and the wk previously included. At the end of this process, we have
a linearly independent spanning set, and therefore, a basis, for S (Why?).
Similarly, beginning with w1, we remove wj from the set {w1, ..., wN} if wj
is a linear combination of the wk, k = 1, ..., j − 1. In this way we obtain
a linearly independent set that spans S, hence another basis for S. The
following lemma will allow us to prove that all bases for a subspace S have
the same number of elements.

Lemma 31.1 Let W = {w1, ..., wN} be a spanning set for a subspace S
in RI , and V = {v1, ..., vM} a linearly independent subset of S. Then
M ≤ N .

Proof: Suppose that M > N . Let B0 = {w1, ..., wN}. To obtain the set
B1, form the set C1 = {v1, w1, ..., wN} and remove the first member of C1

that is a linear combination of members of C1 that occur to its left in the
listing; since v1 has no members to its left, it is not removed. Since W is
a spanning set, v1 is a linear combination of the members of W , so that
some member of W is a linear combination of v1 and the members of W
that precede it in the list; remove the first member of W for which this is
true.

We note that the set B1 is a spanning set for S and has N members.
Having obtained the spanning set Bk, with N members and whose first k
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members are vk, ..., v1, we form the set Ck+1 = Bk ∪ {vk+1}, listing the
members so that the first k+1 of them are {vk+1, vk, ..., v1}. To get the set
Bk+1 we remove the first member of Ck+1 that is a linear combination of
the members to its left; there must be one, since Bk is a spanning set, and
so vk+1 is a linear combination of the members of Bk. Since the set V is
linearly independent, the member removed is from the set W . Continuing
in this fashion, we obtain a sequence of spanning sets B1, ..., BN , each with
N members. The set BN is BN = {v1, ..., vN} and vN+1 must then be
a linear combination of the members of BN , which contradicts the linear
independence of V .

Corollary 31.1 Every basis for a subspace S has the same number of el-
ements.

Exercise 31.1 Let W = {w1, ..., wN} be a spanning set for a subspace S
in RI , and V = {v1, ..., vM} a linearly independent subset of S. Let A be
the matrix whose columns are the vm, B the matrix whose columns are the
wn. Show that there is an N by M matrix C such that A = BC. Prove
Lemma 31.1 by showing that, if M > N , then there is a non-zero vector x
with Cx = Ax = 0.

Definition 31.6 The dimension of a subspace S is the number of elements
in any basis.

Lemma 31.2 For any matrix A, the maximum number of linearly inde-
pendent rows equals the maximum number of linearly independent columns.

Proof: Suppose that A is an I by J matrix, and that K ≤ J is the
maximum number of linearly independent columns of A. Select K linearly
independent columns of A and use them as the K columns of an I by K
matrix U . Since every column of A must be a linear combination of these
K selected ones, there is a K by J matrix M such that A = UM . From
AT = MTUT we conclude that every column of AT is a linear combination
of the K columns of the matrix MT . Therefore, there can be at most K
linearly independent columns of AT .

Definition 31.7 The rank of A is the maximum number of linearly inde-
pendent rows or of linearly independent columns of A.

31.2.2 Systems of Linear Equations

Consider the system of three linear equations in five unknowns given by

x1 +2x2 +2x4 +x5 = 0
−x1 −x2 +x3 +x4 = 0
x1 +2x2 −3x3 −x4 −2x5 = 0

. (31.3)
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This system can be written in matrix form as Ax = 0, with A the coefficient
matrix

A =

 1 2 0 2 1
−1 −1 1 1 0
1 2 −3 −1 −2

 , (31.4)

and x = (x1, x2, x3, x4, x5)T . Applying Gaussian elimination to this sys-
tem, we obtain a second, simpler, system with the same solutions:

x1 −2x4 +x5 = 0
x2 +2x4 = 0

x3 +x4 +x5 = 0
. (31.5)

From this simpler system we see that the variables x4 and x5 can be freely
chosen, with the other three variables then determined by this system of
equations. The variables x4 and x5 are then independent, the others de-
pendent. The variables x1, x2 and x3 are then called basic variables. To
obtain a basis of solutions we can let x4 = 1 and x5 = 0, obtaining the
solution x = (2,−2,−1, 1, 0)T , and then choose x4 = 0 and x5 = 1 to get
the solution x = (−1, 0,−1, 0, 1)T . Every solution to Ax = 0 is then a
linear combination of these two solutions. Notice that which variables are
basic and which are non-basic is somewhat arbitrary, in that we could have
chosen as the non-basic variables any two whose columns are independent.

Having decided that x4 and x5 are the non-basic variables, we can write
the original matrix A as A = [B N ], where B is the square invertible
matrix

B =

 1 2 0
−1 −1 1
1 2 −3

 , (31.6)

and N is the matrix

N =

 2 1
1 0
−1 −2

 . (31.7)

With xB = (x1, x2, x3)T and xN = (x4, x5)T we can write

Ax = BxB +NxN = 0, (31.8)

so that

xB = −B−1NxN . (31.9)



31.2. BASIC LINEAR ALGEBRA 291

31.2.3 Real and Complex Systems of Linear Equations

A system Ax = b of linear equations is called a complex system, or a real
system if the entries of A, x and b are complex, or real, respectively. For any
matrix A, we denote by AT and A† the transpose and conjugate transpose
of A, respectively.

Any complex system can be converted to a real system in the following
way. A complex matrix A can be written as A = A1 + iA2, where A1 and
A2 are real matrices and i =

√
−1. Similarly, x = x1 + ix2 and b = b1 + ib2,

where x1, x2, b1 and b2 are real vectors. Denote by Ã the real matrix

Ã =
[
A1 −A2

A2 A1

]
, (31.10)

by x̃ the real vector

x̃ =
[
x1

x2

]
, (31.11)

and by b̃ the real vector

b̃ =
[
b1

b2

]
. (31.12)

Then x satisfies the system Ax = b if and only if x̃ satisfies the system
Ãx̃ = b̃.

Definition 31.8 A square matrix A is symmetric if AT = A and Hermi-
tian if A† = A.

Definition 31.9 A non-zero vector x is said to be an eigenvector of the
square matrix A if there is a scalar λ such that Ax = λx. Then λ is said
to be an eigenvalue of A.

If x is an eigenvector of A with eigenvalue λ, then the matrix A − λI
has no inverse, so its determinant is zero; here I is the identity matrix with
ones on the main diagonal and zeros elsewhere. Solving for the roots of the
determinant is one way to calculate the eigenvalues of A. For example, the
eigenvalues of the Hermitian matrix

B =
[

1 2 + i
2− i 1

]
(31.13)

are λ = 1 +
√

5 and λ = 1 −
√

5, with corresponding eigenvectors u =
(
√

5, 2 − i)T and v = (
√

5, i − 2)T , respectively. Then B̃ has the same
eigenvalues, but both with multiplicity two. Finally, the associated eigen-
vectors of B̃ are [

u1

u2

]
, (31.14)
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and [
−u2

u1

]
, (31.15)

for λ = 1 +
√

5, and [
v1

v2

]
, (31.16)

and [
−v2

v1

]
, (31.17)

for λ = 1−
√

5.

31.3 Solutions of Under-determined Systems
of Linear Equations

Suppose that Ax = b is a consistent linear system of M equations in
N unknowns, where M < N . Then there are infinitely many solutions.
A standard procedure in such cases is to find that solution x having the
smallest norm

||x|| =

√√√√ N∑
n=1

|xn|2.

As we shall see shortly, the minimum norm solution of Ax = b is a vector
of the form x = A†z, where A† denotes the conjugate transpose of the
matrix A. Then Ax = b becomes AA†z = b. Typically, (AA†)−1 will
exist, and we get z = (AA†)−1b, from which it follows that the minimum
norm solution is x = A†(AA†)−1b. When M and N are not too large,
forming the matrix AA† and solving for z is not prohibitively expensive
and time-consuming. However, in image processing the vector x is often a
vectorization of a two-dimensional (or even three-dimensional) image and
M and N can be on the order of tens of thousands or more. The ART
algorithm gives us a fast method for finding the minimum norm solution
without computing AA†.

We begin by proving that the minimum norm solution of Ax = b has
the form x = A†z for some M -dimensional complex vector z.

Let the null space of the matrix A be all N -dimensional complex vectors
w with Aw = 0. If Ax = b then A(x + w) = b for all w in the null space
of A. If x = A†z and w is in the null space of A, then

||x + w||2 = ||A†z + w||2 = (A†z + w)†(A†z + w)
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= (A†z)†(A†z) + (A†z)†w + w†(A†z) + w†w

= ||A†z||2 + (A†z)†w + w†(A†z) + ||w||2

= ||A†z||2 + ||w||2,

since
w†(A†z) = (Aw)†z = 0†z = 0

and
(A†z)†w = z†Aw = z†0 = 0.

Therefore, ||x + w|| = ||A†z + w|| > ||A†z|| = ||x|| unless w = 0. This
completes the proof.

Exercise 31.2 Show that if z = (z1, ..., zN )T is a column vector with com-
plex entries and H = H† is an N by N Hermitian matrix with com-
plex entries then the quadratic form z†Hz is a real number. Show that
the quadratic form z†Hz can be calculated using only real numbers. Let
z = x + iy, with x and y real vectors and let H = A + iB, where A and
B are real matrices. Then show that AT = A, BT = −B, xTBx = 0 and
finally,

z†Hz = [xT yT ]
[
A −B
B A

] [
x
y

]
.

Use the fact that z†Hz is real for every vector z to conclude that the eigen-
values of H are real.

31.4 Eigenvalues and Eigenvectors

Given N by N complex matrix A, we say that a complex number λ is an
eigenvalue of A if there is a nonzero vector u with Au = λu. The column
vector u is then called an eigenvector of A associated with eigenvalue λ;
clearly, if u is an eigenvector of A, then so is cu, for any constant c 6= 0.
If λ is an eigenvalue of A, then the matrix A− λI fails to have an inverse,
since (A − λI)u = 0 but u 6= 0. If we treat λ as a variable and compute
the determinant of A − λI, we obtain a polynomial of degree N in λ. Its
roots λ1, ..., λN are then the eigenvalues of A. If ||u||2 = u†u = 1 then
u†Au = λu†u = λ.

It can be shown that it is possible to find a set of N mutually orthogonal
eigenvectors of the Hermitian matrixH; call them {u1, ...,uN}. The matrix
H can then be written as

H =
N∑
n=1

λnun(un)†,
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a linear superposition of the dyad matrices un(un)†. We can also write H =
ULU†, where U is the matrix whose nth column is the column vector un

and L is the diagonal matrix with the eigenvalues down the main diagonal
and zero elsewhere.

The matrix H is invertible if and only if none of the λ are zero and its
inverse is

H−1 =
N∑
n=1

λ−1
n un(un)†.

We also have H−1 = UL−1U†.
A Hermitian matrix Q is said to be nonnegative-definite (positive-

definite) if all the eigenvalues of Q are nonnegative (positive). The matrix
Q is a nonnegative-definite matrix if and only if there is another matrix
C such that Q = C†C. Since the eigenvalues of Q are nonnegative, the
diagonal matrix L has a square root,

√
L. Using the fact that U†U = I,

we have
Q = ULU† = U

√
LU†U

√
LU†;

we then take C = U
√
LU†, so C† = C. Then z†Qz = z†C†Cz = ||Cz||2,

so that Q is positive-definite if and only if C is invertible.

Exercise 31.3 Let A be an M by N matrix with complex entries. View
A as a linear function with domain CN , the space of all N -dimensional
complex column vectors, and range contained within CM , via the expression
A(x) = Ax. Suppose that M > N . The range of A, denoted R(A), cannot
be all of CM . Show that every vector z in CM can be written uniquely in
the form z = Ax + w, where A†w = 0. Show that ‖z‖2 = ‖Ax‖2 + ‖w‖2,
where ‖z‖2 denotes the square of the norm of z.

Hint: If z = Ax + w then consider A†z. Assume A†A is invertible.

31.5 Vectorization of a Matrix

When the complex M by N matrix A is stored in the computer it is usually
vectorized; that is, the matrix

A =


A11 A12 . . . A1N

A21 A22 . . . A2N

.

.

.
AM1 AM2 . . . AMN


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becomes

vec(A) = (A11, A21, ..., AM1, A12, A22, ..., AM2, ..., AMN )T .

Exercise 31.4 (a) Show that the complex dot product vec(A)·vec(B) =
vec(B)†vec(A) can be obtained by

vec(A)·vec(B) = trace (AB†) = tr(AB†),

where, for a square matrix C, trace (C) means the sum of the entries along
the main diagonal of C. We can therefore use the trace to define an inner
product between matrices: < A,B >= trace (AB†).

(b) Show that trace (AA†) ≥ 0 for all A, so that we can use the trace to
define a norm on matrices: ||A||2 = trace (AA†).

Exercise 31.5 Let B = ULD† be an M by N matrix in diagonalized form;
that is, L is an M by N diagonal matrix with entries λ1, ..., λK on its main
diagonal, where K = min(M,N), and U and V are square matrices. Let
the n-th column of U be denoted un and similarly for the columns of V .
Such a diagonal decomposition occurs in the singular value decomposition
(SVD). Show that we can write

B = λ1u1(v1)† + ...+ λKuK(vK)†.

If B is an N by N Hermitian matrix, then we can take U = V and K =
M = N , with the columns of U the eigenvectors of B, normalized to
have Euclidean norm equal to one, and the λn to be the eigenvalues of
B. In this case we may also assume that U is a unitary matrix; that is,
UU† = U†U = I, where I denotes the identity matrix.

31.6 The Singular Value Decomposition (SVD)

We have just seen that an N by N Hermitian matrix H can be written in
terms of its eigenvalues and eigenvectors as H = ULU† or as

H =
N∑
n=1

λnun(un)†.

The singular value decomposition (SVD) is a similar result that applies to
any rectangular matrix. It is an important tool in image compression and
pseudo-inversion.
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Let C be any N by K complex matrix. In presenting the SVD of C
we shall assume that K ≥ N ; the SVD of C† will come from that of C.
Let A = C†C and B = CC†; we assume, reasonably, that B, the smaller
of the two matrices, is invertible, so all the eigenvalues λ1, ..., λN of B are
positive. Then, write the eigenvalue/eigenvector decomposition of B as
B = ULU†.

Exercise 31.6 Show that the nonzero eigenvalues of A and B are the
same.

Let V be the K by K matrix whose first N columns are those of the
matrix C†UL−1/2 and whose remaining K −N columns are any mutually
orthogonal norm-one vectors that are all orthogonal to each of the first
N columns. Let M be the N by K matrix with diagonal entries Mnn =√
λn for n = 1, ..., N and whose remaining entries are zero. The nonzero

entries of M ,
√
λn, are called the singular values of C. The singular value

decomposition (SVD) of C is C = UMV †. The SVD of C† is C† = VMTU†.

Exercise 31.7 Show that UMV † equals C.

Using the SVD of C we can write

C =
N∑
n=1

√
λnun(vn)†,

where vn denotes the nth column of the matrix V .
In image processing, matrices such as C are used to represent discrete

two-dimensional images, with the entries of C corresponding to the grey
level or color at each pixel. It is common to find that most of the N singular
values of C are nearly zero, so that C can be written approximately as a
sum of far fewer than N dyads; this is SVD image compression.

If N 6= K then C cannot have an inverse; it does, however, have a
pseudo-inverse, C∗ = VM∗U†, where M∗ is the matrix obtained from M
by taking the inverse of each of its nonzero entries and leaving the remaining
zeros the same. The pseudo-inverse of C† is

(C†)∗ = (C∗)† = U(M∗)TV † = U(M†)∗V †.

Some important properties of the pseudo-inverse are the following:

1. CC∗C = C,
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2. C∗CC∗ = C∗,

3. (C∗C)† = C∗C,

4. (CC∗)† = CC∗.

The pseudo-inverse of an arbitrary I by J matrix G can be used in much
the same way as the inverse of nonsingular matrices to find approximate or
exact solutions of systems of equations Gx = d. The following examples
illustrate this point.

Exercise 31.8 If I > J the system Gx = d probably has no exact solution.
Show that whenever G†G is invertible the pseudo-inverse of G is G∗ =
(G†G)−1G† so that the vector x = G∗d is the least squares approximate
solution.

Exercise 31.9 If I < J the system Gx = d probably has infinitely many
solutions. Show that whenever the matrix GG† is invertible the pseudo-
inverse of G is G∗ = G†(GG†)−1, so that the vector x = G∗d is the exact
solution of Gx = d closest to the origin; that is, it is the minimum norm
solution.

31.7 Singular Values of Sparse Matrices

In image reconstruction from projections the M by N matrix A is usually
quite large and often ε-sparse; that is, most of its elements do not exceed ε
in absolute value, where ε denotes a small positive quantity. In transmission
tomography each column of A corresponds to a single pixel in the digitized
image, while each row of A corresponds to a line segment through the
object, along which an x-ray beam has traveled. The entries of a given
row of A are nonzero only for those columns whose associated pixel lies on
that line segment; clearly, most of the entries of any given row of A will
then be zero. In emission tomography the I by J nonnegative matrix P
has entries Pij ≥ 0; for each detector i and pixel j, Pij is the probability
that an emission at the jth pixel will be detected at the ith detector.
When a detection is recorded at the ith detector, we want the likely source
of the emission to be one of only a small number of pixels. For single
photon emission tomography (SPECT), a lead collimator is used to permit
detection of only those photons approaching the detector straight on. In
positron emission tomography (PET), coincidence detection serves much
the same purpose. In both cases the probabilities Pij will be zero (or
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nearly zero) for most combinations of i and j. Such matrices are called
sparse (or almost sparse). We discuss now a convenient estimate for the
largest singular value of an almost sparse matrix A, which, for notational
convenience only, we take to be real.

In [42] it was shown that if A is normalized so that each row has length
one, then the spectral radius of ATA, which is the square of the largest
singular value of A itself, does not exceed the maximum number of nonzero
elements in any column of A. A similar upper bound on ρ(ATA) can be
obtained for non-normalized, ε-sparse A.

Let A be an M by N matrix. For each n = 1, ..., N , let sn > 0 be
the number of nonzero entries in the nth column of A, and let s be the
maximum of the sn. Let G be the M by N matrix with entries

Gmn = Amn/(
N∑
l=1

slA
2
ml)

1/2.

Lent has shown that the eigenvalues of the matrix GTG do not exceed one
[151]. This result suggested the following proposition, whose proof was
given in [42].

Proposition 31.1 Let A be an M by N matrix. For each m = 1, ...,M let
νm =

∑N
n=1A

2
mn > 0. For each n = 1, ..., N let σn =

∑M
m=1 emnνm, where

emn = 1 if Amn 6= 0 and emn = 0 otherwise. Let σ denote the maximum
of the σn. Then the eigenvalues of the matrix ATA do not exceed σ. If A
is normalized so that the Euclidean length of each of its rows is one, then
the eigenvalues of ATA do not exceed s, the maximum number of nonzero
elements in any column of A.

Proof: For simplicity, we consider only the normalized case; the proof for
the more general case is similar.

Let ATAv = cv for some nonzero vector v. We show that c ≤ s. We
have AATAv = cAv and so wTAATw = vTATAATAv = cvTATAv =
cwTw, for w = Av. Then, with emn = 1 if Amn 6= 0 and emn = 0
otherwise, we have

(
M∑
m=1

Amnwm)2 = (
M∑
m=1

Amnemnwm)2

≤ (
M∑
m=1

A2
mnw

2
m)(

M∑
m=1

e2mn) =

(
M∑
m=1

A2
mnw

2
m)sj ≤ (

M∑
m=1

A2
mnw

2
m)s.
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Therefore,

wTAATw =
N∑
n=1

(
M∑
m=1

Amnwm)2 ≤
N∑
n=1

(
M∑
m=1

A2
mnw

2
m)s,

and

wTAATw = c
M∑
m=1

w2
m = c

M∑
m=1

w2
m(

N∑
n=1

A2
mn)

= c
M∑
m=1

N∑
n=1

w2
mA

2
mn.

The result follows immediately.
If we normalize A so that its rows have length one, then the trace of

the matrix AAT is tr(AAT ) = M , which is also the sum of the eigenvalues
of ATA. Consequently, the maximum eigenvalue of ATA does not exceed
M ; this result improves that upper bound considerably, if A is sparse and
so s << M .

In image reconstruction from projection data that includes scattering we
often encounter matrices A most of whose entries are small, if not exactly
zero. A slight modification of the proof provides us with a useful upper
bound for L, the largest eigenvalue of ATA, in such cases. Assume that
the rows of A have length one. For ε > 0 let s be the largest number of
entries in any column of A whose magnitudes exceed ε. Then we have

L ≤ s+MNε2 + 2ε(MNs)1/2.

The proof of this result is similar to that for Proposition 31.1.
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Chapter 32

Appendix: Matrix and
Vector Differentiation

32.1 Functions of Vectors and Matrices

As we saw in the previous chapter, the least squares approximate solution
of Ax = b is a vector x̂ that minimizes the function ||Ax−b||. In our dis-
cussion of band-limited extrapolation we showed that, for any nonnegative
definite matrixQ, the vector having norm one that maximizes the quadratic
form x†Qx is an eigenvector of Q associated with the largest eigenvalue.
In the chapter on best linear unbiased optimization we seek a matrix that
minimizes a certain function. All of these examples involve what we can
call matrix-vector differentiation, that is, the differentiation of a function
with respect to a matrix or a vector. The gradient of a function of several
variables is a well-known example and we begin there. Since there is some
possibility of confusion, we remind the reader of our notational convention
that x is a column vector and x is a scalar.

32.2 Differentiation with Respect to a Vector

Let x = (x1, ..., xN )T be an N -dimensional real column vector. Let z =
f(x) be a real-valued function of the entries of x. The derivative of z with
respect to x, also called the gradient of z, is the column vector

∂z

∂x
= a = (a1, ..., aN )T

with entries
an =

∂z

∂xn
.
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Exercise 32.1 Let y be a fixed real column vector and z = f(x) = yTx.
Show that

∂z

∂x
= y.

Exercise 32.2 Let Q be a real symmetric nonnegative definite matrix, and
let z = f(x) = xTQx. Show that the gradient of this quadratic form is

∂z

∂x
= 2Qx.

Hint: Write Q as a linear combination of dyads involving the eigenvectors.

Exercise 32.3 Let z = ||Ax− b||2. Show that

∂z

∂x
= 2ATAx− 2ATb.

Hint: Use z = (Ax− b)T (Ax− b).
We can also consider the second derivative of z = f(x), which is the

Hessian matrix of z
∂2z

∂x2
= A

with entries

Amn =
∂2z

∂xm∂xn
.

If the entries of the vector z = (z1, ..., zM )T are real-valued functions of
the vector x, the derivative of z is the matrix whose mth column is the
derivative of the real-valued function zm. This matrix is usually called the
Jacobian matrix of z. If M = N the determinant of the Jacobian matrix is
the Jacobian.

Exercise 32.4 Suppose (u, v) = (u(x, y), v(x, y)) is a change of variables
from the Cartesian (x, y) coordinate system to some other (u, v) coordinate
system. Let x = (x, y)T and z = (u(x), v(x))T .

(a) Calculate the Jacobian for the rectangular coordinate system obtained
by rotating the (x, y) system through an angle of θ.

(b) Calculate the Jacobian for the transformation from the (x, y) system
to polar coordinates.



32.3. DIFFERENTIATION WITH RESPECT TO A MATRIX 303

32.3 Differentiation with Respect to a Ma-
trix

Now we consider real-valued functions z = f(A) of a real matrix A. As an
example, for square matrices A we have

z = f(A) = trace (A) =
N∑
n=1

Ann,

the sum of the entries along the main diagonal of A.
The derivative of z = f(A) is the matrix

∂z

∂A
= B

whose entries are
Bmn =

∂z

∂Amn
.

Exercise 32.5 Show that the derivative of trace (A) is B = I, the identity
matrix.

Exercise 32.6 Show that the derivative of z = trace (DAC) with respect
to A is

∂z

∂A
= DTCT . (32.1)

We note in passing that the derivative of det(DAC) with respect to A is
the matrix det(DAC)(A−1)T .

Although the trace is not independent of the order of the matrices in a
product, it is independent of cyclic permutation of the factors:

trace (ABC) = trace (CAB) = trace (BCA).

Therefore, the trace is independent of the order for the product of two
matrices:

trace (AB) = trace (BA).

From this fact we conclude that

xTx = trace (xTx) = trace (xxT ).

If x is a random vector with correlation matrix

R = E(xxT ),
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then

E(xTx) = E(trace (xxT )) = trace (E(xxT )) = trace (R).

We shall use this trick in the chapter on detection.

Exercise 32.7 Let z = trace (ATCA). Show that the derivative of z with
respect to the matrix A is

∂z

∂A
= CA+ CTA. (32.2)

Therefore, if C = Q is symmetric, then the derivative is 2QA.

We have restricted the discussion here to real matrices and vectors. It
often happens that we want to optimize a real quantity with respect to a
complex vector. We can rewrite such quantities in terms of the real and
imaginary parts of the complex values involved, to reduce everything to
the real case just considered. For example, let Q be a hermitian matrix;
then the quadratic form k†Qk is real, for any complex vector k. As we saw
in Exercise 31.2, we can write the quadratic form entirely in terms of real
matrices and vectors.

If w = u+ iv is a complex number with real part u and imaginary part
v, the function z = f(w) = |w|2 is real-valued. The derivative of z = f(w)
with respect to the complex variable w does not exist. When we write
z = u2 +v2, we consider z as a function of the real vector x = (u, v)T . The
derivative of z with respect to x is the vector (2u, 2v)T .

Similarly, when we consider the real quadratic form k†Qk, we view each
of the complex entries of the N by 1 vector k as two real numbers forming a
two-dimensional real vector. We then differentiate the quadratic form with
respect to the 2N by 1 real vector formed from these real and imaginary
parts. If we turn the resulting 2N by 1 real vector back into an N by
1 complex vector, we get 2Qk as the derivative; so, it appears as if the
formula for differentiating in real case carries over to the complex case.

32.4 Eigenvectors and Optimization

We can use these results concerning differentiation with respect to a vector
to show that eigenvectors solve certain optimization problems.

Consider the problem of maximizing the quadratic form x†Qx, subject
to x†x = 1; here the matrix Q is Hermitian, positive-definite, so that all
of its eigenvalues are positive. We use the Lagrange-multiplier approach,
with the Lagrangian

L(x, λ) = x†Qx− λx†x,
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where the scalar variable λ is the Lagrange multiplier. We differentiate
L(x, λ) with respect to x and set the result equal to zero, obtaining

2Qx− 2λx = 0,

or
Qx = λx.

Therefore, x is an eigenvector of Q and λ is its eigenvalue. Since

x†Qx = λx†x = λ,

we conclude that λ = λ1, the largest eigenvalue of Q, and x = u1, a norm-
one eigenvector associated with λ1.

Now consider the problem of maximizing x†Qx, subject to x†x = 1,
and x†u1 = 0. The Lagrangian is now

L(x, λ, α) = x†Qx− λx†x− αx†u1.

Differentiating with respect to the vector x and setting the result equal to
zero, we find that

2Qx− 2λx− αu1 = 0,

or
Qx = λx+ βu1,

for β = α/2. But, we know that

(u1)†Qx = λ(u1)†x+ β(u1)†u1 = β,

and
(u1)†Qx = (Qu1)†x = λ1(u1)†x = 0,

so β = 0 and we have
Qx = λx.

Since
x†Qx = λ,

we conclude that x is a norm-one eigenvector of Q associated with the
second-largest eigenvalue, λ = λ2.

Continuing in this fashion, we can show that the norm-one eigenvector
of Q associated with the nth largest eigenvalue λn maximizes the quadratic
form x†Qx, subject to the constraints x†x = 1 and x†um = 0, for m =
1, 2, ..., n− 1.
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Chapter 33

Appendix: The Vector
Wiener Filter

33.1 The Vector Wiener Filter in Estimation

The vector Wiener filter (VWF) provides another method for estimating
the vector x given noisy measurements z, where

z = Hx + v,

with x and v independent random vectors and H a known matrix. We
shall assume throughout this chapter that E(v) = 0 and let Q = E(vv†).

It is common to formulate the VWF in the context of filtering a signal
vector s from signal plus noise. The data is the vector

z = s + v,

and we want to estimate s. Each entry of our estimate of the vector s
will be a linear combination of the data values; that is, our estimate is
ŝ = B†z for some matrix B to be determined. This B will be called the
vector Wiener filter. To extract the signal from the noise, we must know
something about possible signals and possible noises. We consider several
stages of increasing complexity and correspondence with reality.

33.2 The Simplest Case

Suppose, initially, that all signals must have the form s = au, where a is
an unknown scalar and u is a known vector. Suppose that all noises must
have the form v = bw, where b is an unknown scalar and w is a known
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vector. Then, to estimate s, we must find a. So long as J ≥ 2, we should
be able to solve for a and b. We form the two equations

u†z = au†u + bu†w

and
w†z = aw†u + bw†w.

This system of two equations in two unknowns will have a unique solu-
tion unless u and w are proportional, in which case we cannot expect to
distinguish signal from noise.

33.3 A More General Case

We move now to a somewhat more complicated model. Suppose that all
signals must have the form

s =
N∑
n=1

anun,

where the an are unknown scalars and the un are known vectors. Suppose
that all noises must have the form

v =
M∑
m=1

bmwm,

where the bm are unknown scalars and wm are known vectors. Then, to
estimate s, we must find the an. So long as J ≥ N +M , we should be able
to solve for the unique an and bm. However, we usually do not know a great
deal about the signal and the noise, so we find ourselves in the situation
in which the N and M are large. Let U be the J by N matrix whose nth
column is un and W the J by M matrix whose mth column is wm. Let V
be the J by N + M matrix whose first N columns contain U and whose
last M columns contain W ; so, V = [U W ]. Let c be the N + M by 1
column vector whose first N entries are the an and whose last M entries
are the bm. We want to solve z = V c. But this system of linear equations
has too many unknowns when N +M > J , so we seek the minimum norm
solution. In closed form this solution is

ĉ = V †(V V †)−1z.

The matrix V V † = (UU† + WW †) involves the signal correlation matrix
UU† and the noise correlation matrix WW †. Consider UU†. The matrix
UU† is J by J and the (i, j) entry of UU† is given by

UU†ij =
N∑
n=1

uni u
n
j ,
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so the matrix 1
NUU

† has for its entries the average, over all the n = 1, ..., N ,
of the product of the ith and jth entries of the vectors un. Therefore,
1
NUU

† is statistical information about the signal; it tells us how these
products look, on average, over all members of the family {un}, the en-
semble, to use the statistical word.

33.4 The Stochastic Case

To pass to a more formal statistical framework, we let the coefficient vec-
tors a = (a1, a2, ..., aN )T and b = (b1, b2, ..., bM )T be independent ran-
dom white-noise vectors, both with mean zero and covariance matrices
E(aa†) = I and E(bb†) = I. Then,

UU† = E(ss†) = Rs

and
WW † = E(vv†) = Q = Rv.

The estimate of s is the result of applying the vector Wiener filter to the
vector z and is given by

ŝ = UU†(UU† +WW †)−1z.

Exercise 33.1 Apply the vector Wiener filter to the simplest problem dis-
cussed earlier in the chapter on the BLUE; let N = 1 and assume that c is
a random variable with mean zero and variance one. It will help to use the
matrix-inversion identity

(Q+ uu†)−1 = Q−1 − (1 + u†Q−1u)−1Q−1uu†Q−1. (33.1)

33.5 The VWF and the BLUE

To apply the VWF to the problem considered in the discussion of the
BLUE, let the vector s be Hx. We assume, in addition, that the vector x
is a white-noise vector; that is, E(xx†) = σ2I. Then, Rs = σ2HH†.

In the VWF approach we estimate s using

ŝ = B†z,

where the matrix B is chosen so as to minimize the mean squared error,
E||ŝ− s||2. This is equivalent to minimizing

traceE((B†z− s)(B†z− s)†).
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Expanding the matrix products and using the previous definitions, we see
that we must minimize

trace (B†(Rs +Rv)B −RsB −B†Rs +Rs).

Differentiating with respect to the matrix B using Equations (32.1) and
(32.2), we find

(Rs +Rv)B −Rs = 0,

so that
B = (Rs +Rv)−1Rs.

Our estimate of the signal component is then

ŝ = Rs(Rs +Rv)−1z.

With s = Hx, our estimate of s is

ŝ = σ2HH†(σ2HH† +Q)−1z,

and the VWF estimate of x is

x̂ = σ2H†(σ2HH† +Q)−1z.

How does this estimate relate to the one we got from the BLUE?
The BLUE estimate of x is

x̂ = (H†Q−1H)−1H†Q−1z.

From the matrix identity in Equation (15.5), we know that

(H†Q−1H + σ−2I)−1H†Q−1 = σ2H†(σ2HH† +Q)−1.

Therefore, the VWF estimate of x is

x̂ = (H†Q−1H + σ−2I)−1H†Q−1z.

Note that the BLUE estimate is unbiased and unaffected by changes in
the signal strength or the noise strength. In contrast, the VWF is not
unbiased and does depend on the signal-to-noise ratio; that is, it depends
on the ratio σ2/trace (Q). The BLUE estimate is the limiting case of the
VWF estimate, as the signal-to-noise ratio goes to infinity.

The BLUE estimates s = Hx by first finding the BLUE estimate of x
and then multiplying it by H to get the estimate of the signal s.

Exercise 33.2 Show that the mean-squared error in the estimation of s is

E(||ŝ− s||2) = trace (H(H†Q−1H)−1H†).
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The VWF finds the linear estimate of s = Hx that minimizes the mean-
squared error E(||ŝ − s||2). Consequently, the mean squared error in the
VWF is less than that in the BLUE.

Exercise 33.3 Assume that E(xx†) = σ2I. Show that the mean squared
error for the VWF estimate is

E(||ŝ− s||2) = trace (H(H†Q−1H + σ−2I)−1H†).

33.6 Wiener Filtering of Functions

The Wiener filter is often presented in the context of random functions of,
say, time. In this model the signal is s(t) and the noise is q(t), where these
functions of time are viewed as random functions (stochastic processes).
The data is taken to be z(t), a function of t, so that the matrices UU†

and WW † are now infinite matrices; the discrete index j = 1, ..., J is now
replaced by the continuous index variable t. Instead of the finite family
{un, n = 1..., N}, we now have an infinite family of functions u(t) in U . The
entries of UU† are essentially the average values of the products u(t1)u(t2)
over all the members of U . It is often assumed that this average of products
is a function not of t1 and t2 separately, but only of their difference t1− t2;
this is called stationarity. So, aver{u(t1)u(t2)} = rs(t1 − t2) comes from a
function rs(τ) of a single variable. The Fourier transform of rs(τ) is Rs(ω),
the signal power spectrum. The matrix UU† is then an infinite Toeplitz
matrix, constant on each diagonal. The Wiener filtering can actually be
achieved by taking Fourier transforms and multiplying and dividing by
power spectra, instead of inverting infinite matrices. It is also common to
discretize the time variable and to consider the Wiener filter operating on
infinite sequences, as we see in the next chapter.
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Chapter 34

Appendix: Wiener Filter
Approximation

34.1 Wiener Filtering of Random Processes

As we saw in the previous chapter, when the data is a finite vector composed
of signal plus noise the vector Wiener filter can be used to estimate the
signal component, provided we know something about the possible signals
and possible noises. In theoretical discussion of filtering signal from signal
plus noise, it is traditional to assume that both components are doubly
infinite sequences of random variables. In this case the Wiener filter is a
convolution filter that operates on the input signal plus noise sequence to
produce the output estimate of the signal-only sequence. The derivation
of the Wiener filter is in terms of the autocorrelation sequences of the two
components, as well as their respective power spectra.

34.2 The Discrete Stationary Case

Suppose now that the discrete stationary random process to be filtered is
the doubly infinite sequence {zn = sn+ qn}∞n=−∞, where {sn} is the signal
component with autocorrelation function rs(k) = E(sn+ksn) and power
spectrum Rs(ω) defined for ω in the interval [−π, π], and {qn} is the noise
component with autocorrelation function rq(k) and power spectrum Rq(ω)
defined for ω in [−π, π]. We assume that for each n the random variables
sn and qn have mean zero and that the signal and noise are independent
of one another. Then the autocorrelation function for the signal-plus-noise
sequence {zn} is

rz(n) = rs(n) + rq(n)
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for all n and
Rz(ω) = Rs(ω) +Rq(ω).

is the signal-plus-noise power spectrum.
Let h = {hk}∞k=−∞ be a linear filter with transfer function

H(ω) =
∞∑

k=−∞

hke
ikω,

for ω in [−π, π]. Given the sequence {zn} as input to this filter, the output
is the sequence

yn =
∞∑

k=−∞

hkzn−k. (34.1)

The goal of Wiener filtering is to select the filter h so that the output se-
quence yn approximates the signal sn sequence as well as possible. Specifi-
cally, we seek h so as to minimize the expected squared error, E(|yn−sn|2),
which, because of stationarity, is independent of n. We have

E(|yn|2) =
∞∑

k=−∞

hk(
∞∑

j=−∞
hj(rs(j − k) + rq(j − k)))

=
∞∑

k=−∞

hk(rz ∗ h)k

which, by the Parseval equation, equals

1
2π

∫
H(ω)Rz(ω)H(ω)dω =

1
2π

∫
|H(ω)|2Rz(ω)dω.

Similarly,

E(snyn) =
∞∑

j=−∞
hjrs(j),

which equals
1
2π

∫
Rs(ω)H(ω)dω,

and
E(|sn|2) =

1
2π

∫
Rs(ω)dω.

Therefore,

E(|yn − sn|2) =
1
2π

∫
|H(ω)|2Rz(ω)dω − 1

2π

∫
Rs(ω)H(ω)dω
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− 1
2π

∫
Rs(ω)H(ω)dω +

1
2π

∫
Rs(ω)dω.

As we shall see shortly, minimizing E(|yn − sn|2) with respect to the func-
tion H(ω) leads to the equation

Rz(ω)H(ω) = Rs(ω),

so that the transfer function of the optimal filter is

H(ω) = Rs(ω)/Rz(ω).

The Wiener filter is then the sequence {hk} of the Fourier coefficients of
this function H(ω).

To prove that this choice of H(ω) minimizes E(|yn−sn|2), we note that

|H(ω)|2Rz(ω)−Rs(ω)H(ω)−Rs(ω)H(ω) +Rs(ω)

= Rz|H(ω)−Rs(ω)/Rz(ω)|2 +Rs(ω)−Rs(ω)2/Rz(ω).

Only the first term involves the function H(ω).

34.3 Approximating the Wiener Filter

Since H(ω) is a nonnegative function of ω, therefore real-valued, its Fourier
coefficients hk will be conjugate symmetric; that is, h−k = hk. This poses
a problem when the random process zn is a discrete time series, with zn
denoting the measurement recorded at time n. From Equation (34.1) we
see that to produce the output yn corresponding to time n we need the
input for every time, past and future. To remedy this we can obtain the
best causal approximation of the Wiener filter h.

A filter g = {gk}∞k=−∞ is said to be causal if gk = 0 for k < 0; this
means that given the input sequence {zn}, the output

wn =
∞∑

k=−∞

gkzn−k =
∞∑
k=0

gkzn−k

requires only values of zm up to m = n. To obtain the causal filter g
that best approximates the Wiener filter, we find the coefficients gk that
minimize the quantity E(|yn − wn|2), or, equivalently,∫ π

−π
|H(ω)−

+∞∑
k=0

gke
ikω|2Rz(ω)dω. (34.2)

The orthogonality principle tells us that the optimal coefficients must sat-
isfy the equations

rs(m) =
+∞∑
k=0

gkrz(m− k), (34.3)
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for all m. These are the Wiener-Hopf equations [171].
Even having a causal filter does not completely solve the problem, since

we would have to record and store the infinite past. Instead, we can decide
to use a filter f = {fk}∞k=−∞ for which fk = 0 unless −K ≤ k ≤ L for
some positive integers K and L. This means we must store L values and
wait until time n+K to obtain the output for time n. Such a linear filter
is a finite memory, finite delay filter, also called a finite impulse response
(FIR) filter. Given the input sequence {zn} the output of the FIR filter is

vn =
L∑

k=−K

fkzn−k.

To obtain such an FIR filter f that best approximates the Wiener filter,
we find the coefficients fk that minimize the quantity E(|yn − vn|2), or,
equivalently,

∫ π

−π
|H(ω)−

L∑
k=−K

fke
ikω|2Rz(ω)dω. (34.4)

The orthogonality principle tells us that the optimal coefficients must sat-
isfy the equations

rs(m) =
L∑

k=−K

fkrz(m− k), (34.5)

for −K ≤ m ≤ L.
In [48] it was pointed out that the linear equations that arise in Wiener-

filter approximation also occur in image reconstruction from projections,
with the image to be reconstructed playing the role of the power spectrum
to be approximated. The methods of Wiener-filter approximation were
then used to derive linear and nonlinear image-reconstruction procedures.

34.4 Adaptive Wiener Filters

Once again, we consider a stationary random process zn = sn + vn with
autocorrelation function E(znzn−m) = rz(m) = rs(m) + rv(m). The finite
causal Wiener filter (FCWF) f = (f0, f1, ..., fL)T is convolved with {zn} to
produce an estimate of sn given by

ŝn =
L∑
k=0

fkzn−k.
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With y†n = (zn, zn−1, ..., zn−L) we can write ŝn = y†nf . The FCWF f
minimizes the expected squared error

J(f) = E(|sn − ŝn|2)

and is obtained as the solution of the equations

rs(m) =
L∑
k=0

fkrz(m− k),

for 0 ≤ m ≤ L. Therefore, to use the FCWF we need the values rs(m) and
rz(m− k) for m and k in the set {0, 1, ..., L}. When these autocorrelation
values are not known, we can use adaptive methods to approximate the
FCWF.

34.4.1 An Adaptive Least-Mean-Square Approach

We assume now that we have z0, z1, ..., zN and p0, p1, ..., pN , where pn is a
prior estimate of sn, but that we do not know the correlation functions rz
and rs.

The gradient of the function J(f) is

∇J(f) = Rzzf − rs,

where Rzz is the square matrix with entries rz(m−n) and rs is the vector
with entries rs(m). An iterative gradient descent method for solving the
system of equations Rzzf = rs is

fτ = fτ−1 − µτ∇J(fτ−1),

for some step-size parameters µτ > 0.
The adaptive least-mean-square (LMS) approach [62] replaces the gra-

dient of J(f) with an approximation of the gradient of the function G(f) =
|sn − ŝn|2, which is −2(sn − ŝn)yn. Since we do not know sn, we replace
that term with the estimate pn. The iterative step of the LMS method is

fτ = fτ−1 + µτ (pτ − y†τ fτ−1)yτ , (34.6)

for L ≤ τ ≤ N . Notice that it is the approximate gradient of the function
|sτ − ŝτ |2 that is used at this step, in order to involve all the data z0, ..., zN
as we iterate from τ = L to τ = N . We illustrate the use of this method
in adaptive interference cancellation.
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34.4.2 Adaptive Interference Cancellation (AIC)

Adaptive interference cancellation (AIC) [208] is used to suppress a dom-
inant noise component vn in the discrete sequence zn = sn + vn. It is
assumed that we have available a good estimate qn of vn. The main idea
is to switch the roles of signal and noise in the adaptive LMS method and
design a filter to estimate vn. Once we have that estimate, we subtract it
from zn to get our estimate of sn.

In the role of zn we use

qn = vn + εn,

where εn denotes a low-level error component. In the role of pn, we take
zn, which is approximately vn, since the signal sn is much lower than the
noise vn. Then, y†n = (qn, qn−1, ..., qn−L). The iterative step used to find
the filter f is then

fτ = fτ−1 + µτ (zτ − y†τ fτ−1)yτ ,

for L ≤ τ ≤ N . When the iterative process has converged to f , we take as
our estimate of sn

ŝn = zn −
L∑
k=0

fkqn−k.

It has been suggested that this procedure be used in computerized tomog-
raphy to correct artifacts due to patient motion [93].

34.4.3 Recursive Least Squares (RLS)

An alternative to the LMS method is to find the least squares solution of
the system of N − L+ 1 linear equations

pn =
L∑
k=0

fkzn−k,

for L ≤ n ≤ N . The recursive least squares (RLS) method is a recursive
approach to solving this system.

For L ≤ τ ≤ N let Zτ be the matrix whose rows are y†n for n = L, ..., τ ,
pTτ = (pL, pL+1, ..., pτ ) and Qτ = Z†τZτ . The least squares solution we seek
is

f = Q−1
N Z†NpN .

Exercise 34.1 Show that Qτ = Qτ−1 + yτy†τ , for L < τ ≤ N .
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Exercise 34.2 Use the matrix-inversion identity in Equation (33.1) to
write Q−1

τ in terms of Q−1
τ−1.

Exercise 34.3 Using the previous exercise, show that the desired least
squares solution f is f = fN , where, for L ≤ τ ≤ N we let

fτ = fτ−1 + (
pτ − y†τ fτ−1

1 + y†τQ−1
τ−1yτ

)Q−1
τ−1yτ .

Comparing this iterative step with that given by Equation (34.6), we see
that the former gives an explicit value for µτ and uses Q−1

τ−1yτ instead of yτ
as the direction vector for the iterative step. The RMS iteration produces
a more accurate estimate of the FCWF than does the LMS method, but
requires more computation.
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Chapter 35

Appendix: Compressed
Sensing

One area that has attracted much attention lately is compressed sensing or
compressed sampling (CS) [95]. For applications such as medical imaging,
CS may provide a means of reducing radiation dosage to the patient without
sacrificing image quality. An important aspect of CS is finding sparse
solutions of under-determined systems of linear equations, which can often
be accomplished by one-norm minimization. The best reference to date is
probably [25].

35.1 Compressed Sensing

The objective in CS is exploit sparseness to reconstruct a vector f in RJ

from relatively few linear functional measurements [95].
Let U = {u1, u2, ..., uJ} and V = {v1, v2, ..., vJ} be two orthonormal

bases for RJ , with all members of RJ represented as column vectors. For
i = 1, 2, ..., J , let

µi = max
1≤j≤J

{|〈ui, vj〉|}

and
µ(U, V ) =

I
max
i=1

µi.

We know from Cauchy’s Inequality that

|〈ui, vj〉| ≤ 1,

and from Parseval’s Equation
J∑
j=1

|〈ui, vj〉|2 = ||ui||2 = 1.

321



322 CHAPTER 35. APPENDIX: COMPRESSED SENSING

Therefore, we have
1√
J
≤ µ(U, V ) ≤ 1.

The quantity µ(U, V ) is the coherence measure of the two bases; the closer
µ(U, V ) is to the lower bound of 1√

J
, the more incoherent the two bases

are.
Let f be a fixed member of RJ ; we expand f in the V basis as

f = x1v
1 + x2v

2 + ...+ xJv
J .

We say that the coefficient vector x = (x1, ..., xJ) is S-sparse if S is the
number of non-zero xj .

If S is small, most of the xj are zero, but since we do not know which
ones these are, we would have to compute all the linear functional values

xj = 〈f, vj〉

to recover f exactly. In fact, the smaller S is, the harder it would be to
learn anything from randomly selected xj , since most would be zero. The
idea in CS is to obtain measurements of f with members of a different
orthonormal basis, which we call the U basis. If the members of U are very
much like the members of V , then nothing is gained. But, if the members of
U are quite unlike the members of V , then each inner product measurement

yi = 〈f, ui〉 = fTui

should tell us something about f . If the two bases are sufficiently inco-
herent, then relatively few yi values should tell us quite a bit about f .
Specifically, we have the following result due to Candès and Romberg [60]:
suppose the coefficient vector x for representing f in the V basis is S-sparse.
Select uniformly randomly M ≤ J members of the U basis and compute
the measurements yi = 〈f, ui〉 . Then, if M is sufficiently large, it is highly
probable that z = x also solves the problem of minimizing the one-norm

||z||1 = |z1|+ |z2|+ ...+ |zJ |,

subject to the conditions

yi = 〈g, ai〉 = gTui,

for those M randomly selected ui, where

g = z1v
1 + z2v

2 + ...+ zJv
J .

The smaller µ(U, V ) is, the smaller the M is permitted to be without
reducing the probability of perfect reconstruction.
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35.2 Sparse Solutions

Suppose that A is a real M by N matrix, with M < N , and that the linear
system Ax = b has infinitely many solutions. For any vector x, we define
the support of x to be the subset S of {1, 2, ..., N} consisting of those n
for which the entries xn 6= 0. For any under-determined system Ax = b,
there will, of course, be at least one solution of minimum support, that is,
for which |S|, the size of the support set S, is minimum. However, finding
such a maximally sparse solution requires combinatorial optimization, and
is known to be computationally difficult. It is important, therefore, to have
a computationally tractable method for finding maximally sparse solutions.

35.2.1 Maximally Sparse Solutions

Consider the problem P0: among all solutions x of the consistent system
b = Ax, find one, call it x̂, that is maximally sparse, that is, has the
minimum number of non-zero entries. Obviously, there will be at least
one such solution having minimal support, but finding one, however, is a
combinatorial optimization problem and is generally NP-hard.

35.2.2 Minimum One-Norm Solutions

Instead, we can seek a minimum one-norm solution, that is, solve the
problem P1: minimize

||x||1 =
N∑
n=1

|xn|,

subject to Ax = b. Problem P1 can be formulated as a linear programming
problem, so is more easily solved. The big questions are: when does P1

have a unique solution, and when is it x̂? The problem P1 will have a
unique solution if and only if A is such that the one-norm satisfies

||x̂||1 < ||x̂+ v||1,

for all non-zero v in the null space of A.

35.2.3 Minimum One-Norm as an LP Problem

The entries of x need not be non-negative, so the problem is not yet a linear
programming problem. Let

B = [A −A ] ,

and consider the linear programming problem of minimizing the function

cT z =
2J∑
j=1

zj ,
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subject to the constraints z ≥ 0, and Bz = b. Let z∗ be the solution. We
write

z∗ =
[
u∗

v∗

]
.

Then, as we shall see, x∗ = u∗ − v∗ minimizes the one-norm, subject to
Ax = b.

First, we show that u∗jv
∗
j = 0, for each j. If, say, there is a j such that

0 < vj < uj , then we can create a new vector z by replacing the old u∗j with
u∗j−v∗j and the old v∗j with zero, while maintaining Bz = b. But then, since
u∗j − v∗j < u∗j + v∗j , it follows that cT z < cTZ∗, which is a contradiction.
Consequently, we have ‖x∗‖1 = cT z∗.

Now we select any x with Ax = b. Write uj = xj , if xj ≥ 0, and uj = 0,
otherwise. Let vj = uj − xj , so that x = u− v. Then let

z =
[
u
v

]
.

Then b = Ax = Bz, and cT z = ‖x‖1. Consequently,

‖x∗‖1 = cT z∗ ≤ cT z = ‖x‖1,

and x∗ must be a minimum one-norm solution.

35.2.4 Why the One-Norm?

When a system of linear equations Ax = b is under-determined, we can
find the minimum-two-norm solution that minimizes the square of the two-
norm,

||x||22 =
N∑
n=1

x2
n,

subject to Ax = b. One drawback to this approach is that the two-norm
penalizes relatively large values of xn much more than the smaller ones,
so tends to provide non-sparse solutions. Alternatively, we may seek the
solution for which the one-norm,

||x||1 =
N∑
n=1

|xn|,

is minimized. The one-norm still penalizes relatively large entries xn more
than the smaller ones, but much less than the two-norm does. As a result,
it often happens that the minimum one-norm solution actually solves P0

as well.
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35.2.5 Comparison with the PDFT

The PDFT approach to solving the under-determined system Ax = b is to
select weights wn > 0 and then to find the solution x̃ that minimizes the
weighted two-norm given by

N∑
n=1

|xn|2wn.

Our intention is to select weights wn so that w−1
n is reasonably close to

|x̂n|; consider, therefore, what happens when w−1
n = |x̂n|. We claim that x̃

is also a minimum-one-norm solution.
To see why this is true, note that, for any x, we have

N∑
n=1

|xn| =
N∑
n=1

|xn|√
|x̂n|

√
|x̂n|

≤

√√√√ N∑
n=1

|xn|2
|x̂n|

√√√√ N∑
n=1

|x̂n|.

Therefore,
N∑
n=1

|x̃n| ≤

√√√√ N∑
n=1

|x̃n|2
|x̂n|

√√√√ N∑
n=1

|x̂n|

≤

√√√√ N∑
n=1

|x̂n|2
|x̂n|

√√√√ N∑
n=1

|x̂n| =
N∑
n=1

|x̂n|.

Therefore, x̃ also minimizes the one-norm.

35.2.6 Iterative Reweighting

We want each weight wn to be a good prior estimate of the reciprocal of
|x̂n|. Because we do not yet know x̂, we may take a sequential-optimization
approach, beginning with weights w0

n > 0, finding the PDFT solution using
these weights, then using this PDFT solution to get a (we hope!) a better
choice for the weights, and so on. This sequential approach was successfully
implemented in the early 1980’s by Michael Fiddy and his students [103].

In [61], the same approach is taken, but with respect to the one-norm.
Since the one-norm still penalizes larger values disproportionately, balance
can be achieved by minimizing a weighted-one-norm, with weights close to
the reciprocals of the |x̂n|. Again, not yet knowing x̂, they employ a sequen-
tial approach, using the previous minimum-weighted-one-norm solution to
obtain the new set of weights for the next minimization. At each step of
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the sequential procedure, the previous reconstruction is used to estimate
the true support of the desired solution.

It is interesting to note that an on-going debate among users of the
PDFT has been the nature of the prior weighting. Does wn approximate
|xn| or |xn|2? This is close to the issue treated in [61], the use of a weight
in the minimum-one-norm approach.

It should be noted again that finding a sparse solution is not usually
the goal in the use of the PDFT, but the use of the weights has much the
same effect as using the one-norm to find sparse solutions: to the extent
that the weights approximate the entries of x̂, their use reduces the penalty
associated with the larger entries of an estimated solution.

35.3 Why Sparseness?

One obvious reason for wanting sparse solutions of Ax = b is that we have
prior knowledge that the desired solution is sparse. Such a problem arises
in signal analysis from Fourier-transform data. In other cases, such as in
the reconstruction of locally constant signals, it is not the signal itself, but
its discrete derivative, that is sparse.

35.3.1 Signal Analysis

Suppose that our signal f(t) is known to consist of a small number of
complex exponentials, so that f(t) has the form

f(t) =
J∑
j=1

aje
iωjt,

for some small number of frequencies ωj in the interval [0, 2π). For n =
0, 1, ..., N − 1, let fn = f(n), and let f be the N -vector with entries fn;
we assume that J is much smaller than N . The discrete (vector) Fourier
transform of f is the vector f̂ having the entries

f̂k =
1√
N

N−1∑
n=0

fne
2πikn/N ,

for k = 0, 1, ..., N−1; we write f̂ = Ef , where E is the N by N matrix with
entries Ekn = 1√

N
e2πikn/N . If N is large enough, we may safely assume

that each of the ωj is equal to one of the frequencies 2πik and that the
vector f̂ is J-sparse. The question now is: How many values of f(n) do we
need to calculate in order to be sure that we can recapture f(t) exactly?
We have the following theorem [59]:
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Theorem 35.1 Let N be prime. Let S be any subset of {0, 1, ..., N − 1}
with |S| ≥ 2J . Then the vector f̂ can be uniquely determined from the
measurements fn for n in S.

We know that
f = E†f̂ ,

where E† is the conjugate transpose of the matrix E. The point here is
that, for any matrix R obtained from the identity matrix I by deleting
N − |S| rows, we can recover the vector f̂ from the measurements Rf .

If N is not prime, then the assertion of the theorem may not hold, since
we can have n = 0 modN , without n = 0. However, the assertion remains
valid for most sets of J frequencies and most subsets S of indices; therefore,
with high probability, we can recover the vector f̂ from Rf .

Note that the matrix E is unitary, that is, E†E = I, and, equivalently,
the columns of E form an orthonormal basis for CN . The data vector is

b = Rf = RE†f̂ .

In this example, the vector f is not sparse, but can be represented sparsely
in a particular orthonormal basis, namely as f = E†f̂ , using a sparse vector
f̂ of coefficients. The representing basis then consists of the columns of the
matrix E†. The measurements pertaining to the vector f are the values
fn, for n in S. Since fn can be viewed as the inner product of f with δn,
the nth column of the identity matrix I, that is,

fn = 〈δn, f〉,

the columns of I provide the so-called sampling basis. With A = RE† and
x = f̂ , we then have

Ax = b,

with the vector x sparse. It is important for what follows to note that the
matrix A is random, in the sense that we choose which rows of I to use to
form R.

35.3.2 Locally Constant Signals

Suppose now that the function f(t) is locally constant, consisting of some
number of horizontal lines. We discretize the function f(t) to get the
vector f = (f(0), f(1), ..., f(N))T . The discrete derivative vector is g =
(g1, g2, ..., gN )T , with

gn = f(n)− f(n− 1).

Since f(t) is locally constant, the vector g is sparse. The data we will have
will not typically be values f(n). The goal will be to recover f from M
linear functional values pertaining to f , where M is much smaller than N .
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We shall assume, from now on, that we have measured, or can estimate,
the value f(0).

Our M by 1 data vector d consists of measurements pertaining to the
vector f :

dm =
N∑
n=0

Hmnfn,

for m = 1, ...,M , where the Hmn are known. We can then write

dm = f(0)
( N∑
n=0

Hmn

)
+

N∑
k=1

( N∑
j=k

Hmj

)
gk.

Since f(0) is known, we can write

bm = dm − f(0)
( N∑
n=0

Hmn

)
=

N∑
k=1

Amkgk,

where

Amk =
N∑
j=k

Hmj .

The problem is then to find a sparse solution of Ax = g. As in the previous
example, we often have the freedom to select the linear functions, that is,
the values Hmn, so the matrix A can be viewed as random.

35.3.3 Tomographic Imaging

The reconstruction of tomographic images is an important aspect of med-
ical diagnosis, and one that combines aspects of both of the previous ex-
amples. The data one obtains from the scanning process can often be
interpreted as values of the Fourier transform of the desired image; this is
precisely the case in magnetic-resonance imaging, and approximately true
for x-ray transmission tomography, positron-emission tomography (PET)
and single-photon emission tomography (SPECT). The images one encoun-
ters in medical diagnosis are often approximately locally constant, so the
associated array of discrete partial derivatives will be sparse. If this sparse
derivative array can be recovered from relatively few Fourier-transform val-
ues, then the scanning time can be reduced.

We turn now to the more general problem of compressed sampling.

35.4 Compressed Sampling

Our goal is to recover the vector f = (f1, ..., fN )T from M linear functional
values of f , where M is much less than N . In general, this is not possible
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without prior information about the vector f . In compressed sampling,
the prior information concerns the sparseness of either f itself, or another
vector linearly related to f .

Let U and V be unitary N by N matrices, so that the column vectors
of both U and V form orthonormal bases for CN . We shall refer to the
bases associated with U and V as the sampling basis and the representing
basis, respectively. The first objective is to find a unitary matrix V so that
f = V x, where x is sparse. Then we want to find a second unitary matrix
U such that, when an M by N matrix R is obtained from U by deleting
rows, the sparse vector x can be determined from the data b = RV x = Ax.
Theorems in compressed sensing describe properties of the matrices U and
V such that, when R is obtained from U by a random selection of the rows
of U , the vector x will be uniquely determined, with high probability, as
the unique solution that minimizes the one-norm.



330 CHAPTER 35. APPENDIX: COMPRESSED SENSING



Chapter 36

Appendix: Likelihood
Maximization

A fundamental problem in statistics is the estimation of underlying pop-
ulation parameters from measured data. For example, political pollsters
want to estimate the percentage of voters who favor a particular candidate.
They can’t ask everyone, so they sample the population and estimate the
percentage from the answers they receive from a relative few. Bottlers of
soft drinks want to know if their process of sealing the bottles is effective.
Obviously, they can’t open every bottle to check the process. They open a
few bottles, selected randomly according to some testing scheme, and make
their assessment of the effectiveness of the overall process after opening a
few bottles. As we shall see, optimization plays an important role in the
estimation of parameters from data.

36.1 Maximizing the Likelihood Function

Suppose that Y is a random vector whose probability density function (pdf)
f(y;x) is a function of the vector variable y and is a member of a family
of pdf parametrized by the vector variable x. Our data is one instance of
Y; that is, one particular value of the variable y, which we also denote
by y. We want to estimate the correct value of the variable x, which we
shall also denote by x. This notation is standard and the dual use of the
symbols y and x should not cause confusion. Given the particular y we
can estimate the correct x by viewing f(y;x) as a function of the second
variable, with the first variable held fixed. This function of the parameters
only is called the likelihood function. A maximum likelihood (ML) estimate
of the parameter vector x is any value of the second variable for which the
function is maximized. We consider several examples.

331
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36.1.1 Example 1: Estimating a Gaussian Mean

Let Y1, ..., YI be I independent Gaussian (or normal) random variables
with known variance σ2 = 1 and unknown common mean µ. Let Y =
(Y1, ..., YI)T . The parameter x we wish to estimate is the mean x = µ.
Then, the random vector Y has the pdf

f(y;x) = (2π)−I/2 exp(−1
2

I∑
i=1

(yi − x)2).

Holding y fixed and maximizing over x is equivalent to minimizing

I∑
i=1

(yi − x)2

as a function of x. The ML estimate is the arithmetic mean of the data,

xML =
1
I

I∑
i=1

yi.

Notice that E(Y), the expected value of Y, is the vector x all of whose
entries are x = µ. The ML estimate is the least squares solution of the
over-determined system of equations y = E(Y); that is,

yi = x

for i = 1, ..., I.
The least-squares solution of a system of equations Ax = b is the

vector that minimizes the Euclidean distance between Ax and b; that is,
it minimizes the Euclidean norm of their difference, ||Ax− b||, where, for
any two vectors a and b we define

||a− b||2 =
I∑
i=1

(ai − bi)2.

As we shall see in the next example, another important measure of distance
is the Kullback-Leibler (KL) distance between two nonnegative vectors c
and d, given by

KL(c,d) =
I∑
i=1

ci log(ci/di) + di − ci.
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36.1.2 Example 2: Estimating a Poisson Mean

Let Y1, ..., YI be I independent Poisson random variables with unknown
common mean λ, which is the parameter x we wish to estimate. Let Y =
(Y1, ..., YI)T . Then, the probability function of Y is

f(y;x) =
I∏
i=1

exp(−x)xyi/(yi)!.

Holding y fixed and maximizing this likelihood function over positive values
of x is equivalent to minimizing the Kullback-Leibler distance between the
nonnegative vector y and the vector x whose entries are all equal to x,
given by

KL(y,x) =
I∑
i=1

yi log(yi/x) + x− yi.

The ML estimator is easily seen to be the arithmetic mean of the data,

xML =
1
I

I∑
i=1

yi.

The vector x is again E(Y), so the ML estimate is once again obtained by
finding an approximate solution of the over-determined system of equations
y = E(Y). In the previous example the approximation was in the least
squares sense, whereas here it is in the minimum KL sense; the ML estimate
is the arithmetic mean in both cases because the parameter to be estimated
is one-dimensional.

36.1.3 Example 3: Estimating a Uniform Mean

Suppose now that Y1, ..., YI are independent random variables uniformly
distributed over the interval [0, 2x]. The parameter to be determined is
their common mean, x. The random vector Y = (Y1, ..., YI)T has the pdf

f(y;x) = x−I , for 2x ≥ m,

f(y;x) = 0 , otherwise ,

where m is the maximum of the yi. For fixed vector y the ML estimate
of x is m/2. The expected value of Y is E(Y) = x whose entries are all
equal to x. In this case the ML estimator is not obtained by finding an
approximate solution to the over-determined system y = E(Y).

Since we can always write

y = E(Y) + (y − E(Y)),
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we can model y as the sum of E(Y) and mean-zero error or noise. Since
f(y;x) depends on x, so does E(Y). Therefore, it makes some sense to
consider estimating our parameter vector x using an approximate solution
for the system of equations

y = E(Y).

As the first two examples (as well as many others) illustrate, this is what
the ML approach often amounts to, while the third example shows that
this is not always the case, however. Still to be determined, though, is the
metric with respect to which the approximation is to be performed. As
the Gaussian and Poisson examples showed, the ML formalism can provide
that metric. In those overly simple cases it did not seem to matter which
metric we used, but it does matter.

36.1.4 Example 4: Image Restoration

A standard model for image restoration is the following:

y = Ax + z,

where y is the blurred image, A is an I by J matrix describing the linear
imaging system, x is the desired vectorized restored image, and z is (pos-
sibly correlated) mean-zero additive Gaussian noise. The noise covariance
matrix is Q = E(zzT ). Then E(Y) = Ax, and the pdf is

f(y;x) = c exp(−(y −Ax)TQ−1(y −Ax)),

where c is a constant that does not involve x. Holding y fixed and maxi-
mizing f(y;x) with respect to x is equivalent to minimizing

(y −Ax)TQ−1(y −Ax).

Therefore, the ML solution is obtained by finding a weighted least squares
approximate solution of the over-determined linear system y = E(Y), with
the weights coming from the matrix Q−1. When the noise terms are un-
correlated and have the same variance, this reduces to the least squares
solution.

36.1.5 Example 5: Poisson Sums

The model of sums of independent Poisson random variables is commonly
used in emission tomography and elsewhere. Let P be an I by J matrix
with nonnegative entries, and let x = (x1, ..., xJ)T be a vector of nonneg-
ative parameters. Let Y1, ..., YI be independent Poisson random variables
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with positive means

E(Yi) =
J∑
j=1

Pijxj = (Px)i.

The probability function for the random vector Y is then

f(y;x) = c
I∏
i=1

exp(−(Px)i)((Px)i)yi ,

where c is a constant not involving x. Maximizing this function of x for
fixed y is equivalent to minimizing the KL distance KL(y, Px) over non-
negative x. The expected value of the random vector Y is E(Y) = Px
and once again we see that the ML estimate is a nonnegative approximate
solution of the system of (linear) equations y = E(Y), with the approxi-
mation in the KL sense. The system y = Px may not be over-determined;
there may even be exact solutions. But we require in addition that x ≥ 0
and there need not be a nonnegative solution to y = Px. We see from this
example that constrained optimization plays a role in solving our problems.

36.1.6 Discrete Mixtures

We say that a discrete random variable Z taking values in the set {i =
1, ..., I} is a mixture if there are probability vectors fj and numbers xj > 0,
for j = 1, ..., J , such that the probability vector for Z is

f(i) = Prob(Z = i) =
J∑
j=1

xjfj(i).

We require, of course, that
∑J
j=1 xj = 1.

The data are N realizations of the random variable Z, denoted zn, for
n = 1, ..., N . The column vector x = (x1, ..., xJ)T is the parameter vector
of mixture probabilities to be estimated. The likelihood function is

L(x) =
N∏
n=1

(
x1f1(zn) + ...+ xJfJ(zn)

)
,

which can be written as

L(x) =
I∏
i=1

(
x1f1(i) + ...+ xJfJ(i)

)ni

,

where ni is the cardinality of the set {n| in = i}. Then the log likelihood
function is

LL(x) =
I∑
i=1

ni log
(
x1f1(i) + ...+ xJfJ(i)

)
.
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With y the column vector with entries yi = ni/N , and P the matrix with
entries Pij = fj(i), we see that

I∑
i=1

(Px)i =
I∑
i=1

( J∑
j=1

Pijxj

)
=

J∑
j=1

( I∑
i=1

Pij

)
=

J∑
j=1

xj = 1,

so maximizing LL(x) over non-negative vectors x with
∑J
j=1 xj = 1 is

equivalent to minimizing the KL distance KL(y, Px) over the same vectors.
The restriction that the entries of x sum to one turns out to be redundant,
as we show now.

From the gradient form of the Karush-Kuhn-Tucker Theorem (see [44]),
we know that, for any x̂ that is a non-negative minimizer of KL(y, Px),
we have

I∑
i=1

Pij

(
1− yi

(Px̂)i

)
≥ 0,

and
I∑
i=1

Pij

(
1− yi

(Px̂)i

)
= 0,

for all j such that x̂j > 0. Consequently, we can say that

sj x̂j = x̂j

I∑
i=1

Pij

( yi
(Px̂)i

)
,

for all j. Since, in the mixture problem, we have sj =
∑I
i=1 Pij = 1 for

each j, it follows that

J∑
j=1

x̂j =
I∑
i=1

( J∑
j=1

x̂jPij

) yi
(Px̂)i

=
I∑
i=1

yi = 1.

So we know now that, for this problem, any non-negative minimizer of
KL(y, Px) will be a probability vector that maximizes LL(x).

The EMML algorithm (see [44]) is an iterative procedure for minimizing
KL(y, Px) over non-negative vectors x. The iterative step of the EMML
algorithm is

The EMML Algorithm:

xk+1
j = xkj s

−1
j

I∑
i=1

Pij
yi

(Pxk)i
,

where

sj =
I∑
i=1

Pij > 0.
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Since the EMML algorithm minimizes KL(y, Px) it can be used to find
the maximum-likelihood estimate of the mixture probabilities. It is helpful
to remember that there was no mention of Poisson distributions in this
example, and that the EMML algorithm can be used to find likelihood
maximizers in situations other than that of sums of independent Poisson
random variables.

36.2 Alternative Approaches

The ML approach is not always the best approach. As we have seen, the
ML estimate is often found by solving, at least approximately, the system of
equations y = E(Y). Since noise is always present, this system of equations
is rarely a correct statement of the situation. It is possible to overfit the
mean to the noisy data, in which case the resulting x can be useless. In such
cases Bayesian methods and maximum a posteriori estimation, as well as
other forms of regularization techniques and penalty function techniques,
can help. Other approaches involve stopping iterative algorithms prior to
convergence.

In most applications the data is limited and it is helpful to include prior
information about the parameter vector x to be estimated. In the Poisson
mixture problem the vector x must have nonnegative entries. In certain ap-
plications, such as transmission tomography, we might have upper bounds
on suitable values of the entries of x.

From a mathematical standpoint we are interested in the convergence of
iterative algorithms, while in many applications we want usable estimates
in a reasonable amount of time, often obtained by running an iterative
algorithm for only a few iterations. Algorithms designed to minimize the
same cost function can behave quite differently during the early iterations.
Iterative algorithms, such as block-iterative or incremental methods, that
can provide decent answers quickly will be important.
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de la vapeur de l’alcool, à différentes températures.”Journal de l’Ecole
Polytechnique (Paris) 1(2), pp. 24–76.

[181] Qian, H. (1990) “Inverse Poisson transformation and shot noise fil-
tering.”Rev. Sci. Instrum. 61, pp. 2088–2091.

[182] Ribés, A., Pillay, R., Schmitt, F., and Lahanier,C. (2008) “Studying
That Smile” IEEE Signal Processing Magazine, 25(4), pp. 14–26.

[183] Rockafellar, R. (1970) Convex Analysis. Princeton, NJ: Princeton
University Press.



BIBLIOGRAPHY 353

[184] Rockmore, A., and Macovski, A. (1976) “A maximum likelihood
approach to emission image reconstruction from projections.” IEEE
Transactions on Nuclear Science, NS-23, pp. 1428–1432.

[185] Schmidlin, P. (1972) “Iterative separation of sections in tomographic
scintigrams.”Nucl. Med. 15(1).

[186] Schmidt, R. (1981) A Signal Subspace Approach to Multiple Emitter
Location and Spectral Estimation. PhD thesis, Stanford University.

[187] Schultz, L., Blanpied, G., Borozdin, K., et al. (2007) “Statistical
reconstruction for cosmic ray muon tomography.” IEEE Transactions
on Image Processing, 16(8), pp. 1985–1993.

[188] Schuster, A. (1898) “On the investigation of hidden periodicities with
application to a supposed 26 day period of meteorological phenom-
ena.”Terrestrial Magnetism 3, pp. 13–41.

[189] Shang, E. (1985) “Source depth estimation in waveguides.”Journal
of the Acoustical Society of America 77, pp. 1413–1418.

[190] Shang, E. (1985) “Passive harmonic source ranging in waveguides by
using mode filter.”Journal of the Acoustical Society of America 78,
pp. 172–175.

[191] Shang, E., Wang, H., and Huang, Z. (1988) “Waveguide characteriza-
tion and source localization in shallow water waveguides using Prony’s
method.”Journal of the Acoustical Society of America 83, pp. 103–106.

[192] Shepp, L., and Vardi, Y. (1982) “Maximum likelihood reconstruction
for emission tomography.” IEEE Transactions on Medical Imaging,
MI-1, pp. 113–122.

[193] Shieh, M., Byrne, C., Testorf, M., and Fiddy, M. (2006) “Iterative
image reconstruction using prior knowledge.” Journal of the Optical
Society of America, A, 23(6), pp. 1292–1300.

[194] Smith, C. Ray and Grandy, W.T., editors (1985) Maximum-Entropy
and Bayesian Methods in Inverse Problems. Dordrecht: Reidel Publ.

[195] Smith, C. Ray and Erickson, G., editors (1987) Maximum-Entropy
and Bayesian Spectral Analysis and Estimation Problems. Dordrecht:
Reidel Publ.

[196] Stark, H. and Yang, Y. (1998) Vector Space Projections: A Numerical
Approach to Signal and Image Processing, Neural Nets and Optics.
New York: John Wiley and Sons, Inc.



354 BIBLIOGRAPHY

[197] Strang, G. (1980) Linear Algebra and its Applications. New York:
Academic Press.

[198] Strang, G. and Nguyen, T. (1997) Wavelets and Filter Banks. Welles-
ley, MA: Wellesley-Cambridge Press.

[199] Tanabe, K. (1971) “Projection method for solving a singular system
of linear equations and its applications.”Numer. Math. 17, pp. 203–
214.

[200] Therrien, C. (1992) Discrete Random Signals and Statistical Signal
Processing. Englewood Cliffs, NJ: Prentice-Hall.

[201] Tindle, C., Guthrie, K., Bold, G., Johns, M., Jones, D., Dixon, K.,
and Birdsall, T. (1978) “Measurements of the frequency dependence
of normal modes.”Journal of the Acoustical Society of America 64,
pp. 1178–1185.

[202] Tolstoy, A. (1993) Matched Field Processing for Underwater Acous-
tics. Signapore: World Scientific.

[203] Twomey, S. (1996) Introduction to the Mathematics of Inversion in
Remote Sensing and Indirect Measurement. New York: Dover Publ.

[204] Van Trees, H. (1968) Detection, Estimation and Modulation Theory.
New York: John Wiley and Sons, Inc.

[205] Vardi, Y., Shepp, L.A. and Kaufman, L. (1985) “A statistical model
for positron emission tomography.”Journal of the American Statistical
Association 80, pp. 8–20.

[206] Walnut, D. (2002) An Introduction to Wavelets. Boston: Birkhäuser.

[207] Wernick, M. and Aarsvold, J., editors (2004) Emission Tomography:
The Fundamentals of PET and SPECT. San Diego: Elsevier Academic
Press.

[208] Widrow, B. and Stearns, S. (1985) Adaptive Signal Processing. En-
glewood Cliffs, NJ: Prentice-Hall.

[209] Wiener, N. (1949) Time Series. Cambridge, MA: MIT Press.

[210] Wright, W., Pridham, R., and Kay, S. (1981) “Digital signal process-
ing for sonar.”Proc. IEEE 69, pp. 1451–1506.

[211] Yang, T.C. (1987) “A method of range and depth estimation by
modal decomposition.”Journal of the Acoustical Society of America
82, pp. 1736–1745.



BIBLIOGRAPHY 355

[212] Yin, W., and Zhang, Y. (2008) “Extracting salient features from
less data via l1-minimization.”SIAG/OPT Views-and-News, 19(1),
pp. 11–19.

[213] Youla, D. (1978) “Generalized image restoration by the method of
alternating projections.”IEEE Transactions on Circuits and Systems
CAS-25 (9), pp. 694–702.

[214] Youla, D.C. (1987) “Mathematical theory of image restoration by the
method of convex projections.”in Image Recovery: Theory and Appli-
cations, pp. 29–78, Stark, H., editor (1987) Orlando FL: Academic
Press.

[215] Young, R. (1980) An Introduction to Nonharmonic Fourier Analysis.
Boston: Academic Press.

[216] Zeidler, E. (1990) Nonlinear Functional Analysis and its Applications:
II/B- Nonlinear Monotone Operators. Berlin: Springer-Verlag.



356 BIBLIOGRAPHY



Index

AT , 291
A†, 291, 292
χΩ(ω), 78
ε-sparse matrix, 297

adaptive filter, 147
adaptive interference cancellation, 318
aliasing, 56
aperture, 54
approximate delta function, 79
array aperture, 59, 212, 214
ART, 292
autocorrelation, 99, 132, 161, 165,

192, 313
autoregressive process, 162

band-limited extrapolation, 46
band-limiting, 93
basic variable, 290
basic wavelet, 261
basis, 288
best linear unbiased estimator, 141
BLUE, 141, 142, 152
Bochner, 172
bounded sequence, 100
Burg, 165

causal filter, 315
causal function, 79
causal system, 101
Central Slice Theorem, 228
characteristic function, 118
characteristic function of a set, 78
coherent summation, 37
complex conjugate, 29
complex dot product, 295

complex exponential function, 33
complex numbers, 29
compressed sampling, 321
compressed sensing, 243, 321
conjugate transpose, 292
convolution, 77, 82, 92, 103, 115
convolution of sequences, 96
Cooley, 113
correlated noise, 40, 155
correlation, 140, 155
correlation matrix, 140
covariance matrix, 140, 152

data consistency, 121, 167
degrees of freedom, 199, 200
detection, 151
DFT, 38, 46, 70, 105, 115, 161, 172,

181
DFT matrix, 106
dimension of a subspace, 289
directionality, 245
Dirichlet kernel, 39
discrete convolution, 96
discrete Fourier transform, 38, 46,

70
discrete-time Fourier transform, 106
DTFT, 106
dyad, 302

eigenvalue, 193, 291, 293, 298
eigenvector, 121, 162, 193, 291, 293
emission tomography, 297
EMML algorithm, 336
ESPRIT, 191
Euler, 35

357



358 INDEX

even part, 79
expected squared error, 143, 314

far-field assumption, 47
fast Fourier transform, 38, 71, 105,

113
father wavelet, 264
FFT, 71, 105, 111, 113, 161
finite impulse response filter, 270, 316
FIR filter, 316
Fourier coefficients, 106
Fourier Inversion Formula, 75, 84
Fourier series, 68
Fourier transform, 52, 67, 75, 208
Fourier-transform pair, 75
frequency-domain extrapolation, 83
frequency-response function, 82, 92

gain, 153
gradient field, 238

Haar wavelet, 261, 262
Heaviside function, 78
Helmholtz equation, 57, 209
Herglotz, 172
Hermitian, 294
Hermitian matrix, 291
hertz, 69
Hessian matrix, 302
Hilbert transform, 79
Horner’s method, 113

imaginary part, 29
impulse-response function, 91
incoherent bases, 322
indirect measurement, 9
inner function, 276
inner-outer factorization, 276
integral wavelet transform, 261
interference, 192
Inverse Fourier transform, 67
inverse Fourier transform, 75
IPDFT, 181

Jacobian, 302

Kalman filter, 148
Katznelson, 172
Kullback-Leibler distance, 332

Laplace transform, 81
Larmor frequency, 238
least mean square algorithm, 317
least squares solution, 144, 297
Levinson’s algorithm, 171
likelihood function, 331
line array, 59, 211
linear filter, 161
linear independence, 288
logarithm of a complex number, 35

magnetic-resonance imaging, 237
matrix differentiation, 301
matrix inverse, 293
matrix-inversion identity, 309
maximum entropy, 161, 165
maximum entropy method, 161
maximum likelihood, 331
MDFT, 50
MEM, 161, 165, 181
minimum norm solution, 292, 297
minimum phase, 184
minimum-phase, 168
modified DFT, 50, 118
modulation transfer function, 82
moving average, 162
MRI, 237
multiresolution analysis, 263
MUSIC, 191

narrowband signal, 212
noise power, 152
noise power spectrum, 157
non-iterative band-limited extrapo-

lation, 123, 200
non-periodic convolution, 103, 104
nonnegative-definite, 294
Nyquist rate, 199
Nyquist spacing, 54, 217, 281

odd part, 79



INDEX 359

optical transfer function, 82
optimal filter, 152
orthogonal, 262, 294
orthogonal wavelet, 262
orthonormal, 288
outer function, 276
over-sampled data, 281
over-sampling, 117

Parseval-Plancherel Equation, 81
PDFT, 157, 181
periodic convolution, 103
PET, 297
phase encoding, 240
planar sensor array, 58, 211
planewave, 57, 58, 210
point-spread function, 82
positive-definite, 294
positive-definite sequence, 172
power spectrum, 99, 134, 157, 161,

165, 314
pre-whitening, 194
prediction error, 166
predictor-corrector methods, 148
prewhitening, 143, 154
Prony, 25
pseudo-inverse, 296

quadratic form, 121, 293, 304

radio-frequency field, 238
Radon transform, 228
rank of a matrix, 289
real part, 29
reciprocity principle, 208
recursive least squares, 318
remote sensing, 9, 56, 209
resolution, 40
resolution limit, 200
rf field, 238

sampling, 217
sampling frequency, 76
sampling rate, 69
SAR, 54

scaling function, 264
scaling relation, 265
Schwartz class, 85
Schwartz function, 85
separation of variables, 56, 209
sgn, 78
Shannon MRA, 263
Shannon’s Sampling Theorem, 68, 198,

214, 218
shift-invariant system, 89
sign function, 78
signal power, 152
signal-to-noise ratio, 136, 152
SILO, 90
sinc, 121
sinc function, 208
singular value, 295, 298
singular value decomposition, 295
sinusoid, 36
sinusoidal functions, 107
SNR, 152
span, 288
spanning set, 288
sparse matrix, 297
SPECT, 297
spectral radius, 298
spectrum, 107
stable, 100
state vector, 147
static field, 238
stationarity, 311
SVD, 295
symmetric matrix, 291
synthetic-aperture radar, 54, 214
system transfer function, 82
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