ISOMETRY INVARIANT VALUATIONS ON HYPERBOLIC SPACE

DANIEL A. KLAIN

ABSTRACT. Hyperbolic area is characterized as the unique continuous isometry in-
variant simple valuation on convex polygons in H?. We then show that continuous
isometry invariant simple valuations on polytopes in H?"™! for n > 1 are determined
uniquely by their values at ideal simplices. The proofs exploit a connection between
valuation theory in hyperbolic space and an analogous theory on the Euclidean
sphere. These results lead to characterizations of continuous isometry invariant val-
uations on convex polytopes and convex bodies in the hyperbolic plane H?, a partial
characterization in H?, and a mechanism for deriving many fundamental theorems of
hyperbolic integral geometry, including kinematic formulas, containment theorems,
and isoperimetric and Bonnesen-type inequalities.

2000 AMS subject classification: 52A55; 52A38; 52B45.

A wvaluation on polytopes, convex bodies, or more general class of sets, is a finitely-
additive signed measure; that is, a signed measure that may not behave well (or even be
defined) when evaluated on infinite unions, intersections, or differences. A more precise
definition is given in the next section. Examples of isometry invariant valuations on
Euclidean space include the Euler characteristic, mean width, surface area, and volume
(Lebesgue measure) [KR97, McM93]. Other important valuations on convex bodies
and polytopes include projection functions and cross-section measures [Gar95, KR97,
Sch93], affine surface area [Lut93, Lut91], and Dehn invariants [Sah79]. Unlike the
countably additive measures of classical analysis, which are easily characterized using
well-established tools such as the total variation norm, Jordan decomposition, and
the Riesz representation theorem [Rud87], valuations form a more general class of set
functionals that has so far resisted such sweeping classifications [KR97, McM93].

The study of valuations on hyperbolic polytopes is motivated in part by the char-
acterization of many classes of valuations on polytopes and compact convex sets in
Fuclidean space. Such characterizations have had fundamental impact in convex, in-
tegral, and combinatorial geometry [Ale99, Ale00, Ale01, Had57, KR97, K1a00, Kla04,
Lud99, LR99, Sch96, McM77, McM89, McM93] as well as to the theory of dissection
of polytopes [Bol79, Had57, KR97, McM93, Sah79].

The fundamental theorem of invariant valuation theory, Hadwiger’s characteriza-
tion theorem, classifies all continuous isometry invariant valuations on convex bodies
in R™ as consisting of the linear span of the quermassintegrals (or, equivalently, of
McMullen’s intrinsic volumes [McM93)):
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Theorem 0.1 (Hadwiger). Suppose that ¢ is a continuous valuation on compact con-
vex sets in R™, and that ¢ is invariant under Fuclidean isometries. Then there exist
co,Ci,-..,Cn € R such that

=0

for all compact conver sets K C R™. In particular, if ¢ vanishes on sets K having
dimension less than n, then ¢ is proportional to n-dimensional Euclidean volume V,,.

Here the functionals V; denote extensions of i-dimensional volume to continuous
valuations on bodies in R”, with suitable normalizing constants, so that each Vj is
equal to i-volume when restricted to i-dimensional flats in R™. In particular, V,
denotes volume in R™, V,,_; is one-half of the surface area, and so on down to the
(renormalized) mean width Vi and the Euler characteristic Vp. Hadwiger presented
this theorem in [Had57]; alternative shorter proofs can be found in [Kla95, KR97].

There remain a great many questions regarding how aspects of the Brunn-Minkowski
theory of convex bodies (and polytopes) in Euclidean space can be extended to spaces
having curvature. KEven for spaces of constant curvature, such as the sphere and
hyperbolic space, there are many unanswered questions, although work is being done
to fill the gap (see, for example, [Fu90, GHS03, GHS05, How93]).

In particular, little is yet known about invariant valuations on polytopes and convex
sets in non-Euclidean spaces. A spherical analogue of Theorem 0.1, while plausible for
the n-sphere S™, remains an open question for n > 3 (see, for example, [KR97]). It
also remains an open question whether a version of Theorem 0.1 holds for valuations
defined only on polytopes in Euclidean space (as opposed to the larger class of compact
convex sets) [McM93, MS83].

The present article characterizes hyperbolic area as the unique continuous isometry
invariant valuation on hyperbolic polygons that vanishes when restricted to points
and lines. While in the hyperbolic plane H? all ideal triangles (triangles with all three
vertices at infinity) are isometrically congruent, this is not true for ideal simplices in
higher dimensional hyperbolic spaces. In odd-dimensional spaces H?"*! we show that
hyperbolic volume is the unique continuous isometry invariant valuation on hyperbolic
polygons that vanishes on lower dimensional polytopes and agrees with volume on
all ideal simplices (i.e. simplices having all vertices at infinity). More precisely, we
show that any continuous isometry invariant simple valuation (i.e. vanishing on lower
dimensional sets) is determined uniquely by its values on ideal simplices. It is assumed
throughout that the valuations in question are defined on all compact polyhedra in
H™ as well as those having a finite set of vertices at infinity, although valuations are
permitted to take infinite values on non-compact sets. These theorems then provide
partial analogues to Hadwiger’s Theorem 0.1 for the hyperbolic plane H?.

In analogy to the Euclidean case [Had57, KR97, San76], we also indicate briefly
some consequences of valuation characterizations to integral geometry in hyperbolic
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space. In particular, the principal kinematic formula [KR97, San76] for the Euler char-
acteristic of a random intersection is generalized to a kinematic formula for arbitrary
isometry invariant valuations on H?.

The main theorems of this article are indexed as follows:

Valuation characterization theorems:

Theorem 2.1 Area in H?

Theorem 3.2 Continuous invariant valuations on H?

Theorem 5.3 Finite invariant simple valuations on H?"*!
Theorem 5.5 Continuous invariant simple valuations on H?"+!
Corollary 5.6 Continuous invariant valuations on H?

Kinematic formulas and other consequences:

Theorem 4.1 Valuation proof of the Gauss-Bonnet formula in H?
Theorem 4.3 Kinematic formula for continuous invariant valuations on H?
Corollary 4.4 Principal kinematic formula for H?

Corollary 4.5 Area formula for parallel bodies in H?

1. Convexity in hyperbolic space

Let H" denote n-dimensional hyperbolic space; that is, the open upper half-space
of R”,
H" = {(z1,...,2pn) | zn, > 0}
endowed with the hyperbolic distance metric. Recall that hyperplanes (flats) in H"
correspond to Euclidean hemispheres and half-hyperplanes that are orthogonal, in the
Euclidean sense, to R"~1. See, for example, either of [And99, Sti92].

We will denote by D™ the disk (n-ball) model of hyperbolic space. (See again
[And99, Sti92].)

A set P C H" is a convex polytope if P can be expressed as a finite intersection
of half-spaces so that P is either compact or has at most a finite number of points
(vertices) that lie at infinity (on the boundary of H" or D™). Denote by P(H™) the set
of all convex polytopes in H”. A polytope is a finite union of convex polytopes.

More generally, a set K C H" will be called conver if any two points of K can
be connected by a hyperbolic line segment inside K. Let X(H") denote the union of
P(H"™) with the set of all compact convex sets in H”. Note that the only non-compact
sets in K(H™) are the convex polytopes having a finite collection of vertices at infinity.
If K € X(H™) is non-compact, then K can be expressed in the form

K =C=xL = convex hull of CUL,
where C' C H" is a compact convex set and L C JH" is a finite set of points at infinity.

Let 8§ be a family of subsets of H" closed under intersection and containing the
empty set (). A function ¢ : § — RU{+o00} is called a valuation on 8 if, for K, L € §:

(1) ¢(0) = 0.
(2) p(K) € R (that is, ¢(K) # £o0) whenever K is compact.
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(3) If KUL € § as well, and if at least three of the values ¢(K), p(L), p(K N L),
and (K U L) are finite, then

p(KUL)+@(KNL)= oK)+ ¢(L).
This third condition is known as the inclusion-exclusion identity for valuations.

A valuation ¢ on § will be called invariant if p(gK) = ¢(K) for all isometries g of
H" such that K,gK € 8. A valuation ¢ on 8 will be called finite if ¢(K) € R (that
is, p(K) # +o0) for all K € 8. A valuation ¢ on a family of sets in H" is simple if ¢
vanishes on sets of dimension strictly less than n.

We apply the notion of Hausdorff topology on compact subsets of H” with respect
to hyperbolic distance.

Definition 1.1. If C,, € X(H") is a sequence of compact sets, and if
limy, o0 Coy, = C' in the Hausdorff topology, then we say Cp, — C.

More generally, suppose that Cp, € KX(H"™) is a sequence of compact sets and that L
is finite subset of OH"™. Let K., = C,, * L, the convex hull. Then we say that K,, — K
iff Cpy — C.

Using this definition we can now define continuous valuations on P(H") and K(H").

Definition 1.2. A real-valued function ¢ on P(H™) (resp. K(H"™)) will be called con-
tinuous iff

SO(K) = lim QD(Km)7

m—00

whenever K; — K in P(H™) (resp. K(H")).

The following is an adaptation of a theorem of Groemer [Gro78] for H" and for the
Euclidean sphere S™.

Theorem 1.3 (Groemer’s Extension Theorem).

(i) A wvaluation ¢ defined on convex polytopes in H" (resp. S") admits a unique
extension to a valuation on the lattice of all polytopes in H" (resp. S™).

(ii) A continuous valuation ¢ on compact convex sets in H" (resp. S") admits
a unique extension to a valuation on the lattice of finite unions of compact
convez sets in H" (resp. S™).

In each case the extension of ¢ to finite unions is defined by suitable iteration of the
inclusion-exclusion identity.

The proof of Theorem 1.3 for the Euclidean case (Groemer’s original result) goes
through for H" and S™ without essential change, since the original proof is based not
on the geometry of R”, but rather on the algebra of indicator functions and the fact
that a polytope is the intersection of half spaces in R™, a property that carries over
analogously to convex polytopes in H" and S™ as well. For the details of Groemer’s
original proof, see [Gro78] or [KR97, p. 44].
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In the arguments that follow, the unique extension of valuation ¢ given by Theo-
rem 1.3 will allow us to consider the value of ¢ on all finite unions of convex polytopes
(or compact convex sets in H" or S™), whether or not such unions are actually convex.

Moreover, definition 1.2 allows us to consider the continuity of valuations at non-
compact polytopes having vertices at infinity. Note however, that only converging
sequences of convex polytopes (or bodies) are considered. A continuous valuation on
P(H") (resp. K(H™)) may not necessarily respect convergent sequences of non-convex
sets. (Surface area and perimeter generally do not, for example, even in the Euclidean
context.)

2. A characterization for hyperbolic area

We now turn our attention to the 2-dimensional space H?. Important examples of
continuous invariant valuations on P(H?) and K(H?) include hyperbolic area, denoted
A, hyperbolic perimeter P, the Fuler characteristic x, and a related functional x, to
be defined later.

The perimeter P(K) of a convex region K with non-empty interior in H? is given
by the length of the boundary 0K in the hyperbolic metric. If K is a 1-dimensional
convex set (i.e., a line segment) then P(K) is equal to twice the length of K. This
normalization guarantees that the perimeter functional is a continuous valuation on
K(H?).

The Euler characteristic x(K) of a compact set K € KX(H") is defined by x(K) =1
if K # (), while x(#) = 0. Theorem 1.3 insures that x has a unique continuous and
invariant extension to all finite unions of compact convex sets in K(H"). This extension
agrees with the usual definition of Euler characteristic on cell complexes [Mun84, p.
124]. In particular, it follows that a compact polygon P decomposed into fy vertices,
f1 edges, and fs5 triangles has Euler characteristic x = fo — f1 + fo.

We can extend x to non-compact sets K € K(H") as follows. If a convex set
K € X(H") has exactly m points at infinity; that is, m limit points on OH", then
define

X(K)=1—m.
Once again y extends to a valuation on finite unions of (possibly non-compact) sets
in K € X(H")

This extension of x to polytopes having vertices at infinity is not unique. We will
always denote by x the extension just given. All other possibilities are accounted for
by introducing a related (but distinct) invariant valuation x.o that is special to the
hyperbolic case (and does not appear in the Euclidean or spherical contexts). This
functional will be defined and used in Section 3.

It has been shown that every continuous invariant valuation on polygons in the
Euclidean plane (or 2-sphere) a linear combination of the valuations x, P, and A (see
[Had57] for the Euclidean case or [KR97, p. 156] for both the Euclidean and spherical
cases). In Section 3 we will prove an analogous theorem for the hyperbolic plane: that
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every continuous invariant valuation on P(H?) (or K (H?)) is a linear combination of
the valuations x, Xeo, P, and A. As a fundamental step towards the results of Section 3,
we first prove a characterization theorem for hyperbolic area.

Recall that a valuation ¢ on P(H?) is simple if ¢ vanishes on points and on all
1-dimensional sets.

Theorem 2.1 (Area characterization theorem). Suppose that ¢ is a continuous in-
variant simple valuation on P(H?). Then there exists ¢ € R such that p(K) = cA(K),
for all K € P(H?).

It will be seen that continuity is a necessary condition for Theorem 2.1 to hold
(see note after Proposition 2.3). Before the proof of Theorem 2.1, we consider some
preliminary cases.

Proposition 2.2. Suppose that ¢ is a continuous invariant simple valuation on P(H?).
Then ¢ is finite on P(H?).

Proof. From the definition of valuations we know that ¢(K) is finite whenever K is
compact.

Suppose that T is a triangle in H? having exactly one vertex at infinity, such as
AACX in Figure 1, and suppose that o(T) = toc.

Let M denote the midpoint of A and C. Note that AACX = AAMX UAMCX,
while AAMX NAMCX = M X, a hyperbolic ray.

Suppose that p(AAMX) and ¢(AMCX) are both finite. Because ¢ is simple, we
have (M X) = 0. The inclusion-exclusion identity would then yield

p(T) = p(AACK) = p(AAMX) + o(AMCX) — p(M X)),

a finite value, contradicting our assumption that ¢(7) = t+oo. In other words, if
©(T') = £oo then either p(AAMX) = +oo or o(AMCX) = oo as well. Without
loss of generality suppose that (AAMX) = £oo.

Iterating this procedure yields a sequence of points My, Ms,... — A such that
©(AAM;X) = +oo. Since these triangles converge to the hyperbolic ray AX =
NAAX, the continuity of ¢ implies that ¢(AX) = 4oo. But this contradicts the
fact that ¢ is a simple valuation, which requires that (AX) = 0. It follows that

@(T) # £oc.

We have shown that if T is a triangle in H? having exactly one vertex at infinity,
then ¢(7T) is finite. More generally, if K is a polygon with (some or all) vertices at
infinity, then K can be expressed as a finite union of triangles each having at most one
vertex at infinity (using barycentric subdivision, for example). Since ¢ is simple, ¢(K)
is equal to the sum of ¢ over these triangular pieces, so that ¢(K) is also finite. [

The next proposition is elementary (although useful).

Proposition 2.3. Suppose that ¢ is an invariant simple valuation on closed line
segments in R, and suppose that ¢([a, B]) = 0 for some > a € R. Then ¢(L) =0



ISOMETRY INVARIANT VALUATIONS ON HYPERBOLIC SPACE 7

FIGURE 1. A hyperbolic triangle is a difference of semi-ideal triangles.

for all closed line segments L C R having length q(8 — o), where q is any non-negative
rational number.

If ¢ is also continuous, then ¢(L) =0 for all closed line segments L C R.

A hyperbolic triangle I is called ideal if its three distinct vertices all lie on the line at
infinity, or, equivalently, if I has non-empty interior and its three angles each measure
zero. Ideal polygons in H? are defined similarly. Recall that all ideal hyperbolic
triangles in H? are isometrically congruent [Sti92, p. 100].

A hyperbolic triangle S will be called semi-ideal if two of its three vertices lie on
the line at infinity. If a semi-ideal triangle S has single non-zero angle 8, then we will
typically denote it by Sg. Recall that two semi-ideal hyperbolic triangles in H? having
the same non-zero angle 0 are isometrically congruent.

Proposition 2.4. Suppose that ¢ is an invariant simple valuation on P(H?), and
suppose that p(Sp) = 0 for all semi-ideal triangles Sy C H2. Then ¢(T) = 0 for all
triangles T € P(H?).

Proof. To begin, suppose that a hyperbolic triangle T" has one vertex at infinity. (See,
for example, AACX in Figure 1.) In this case T can be expressed in terms of two semi-
ideal triangles S and S’, namely TUS = S’. For example, AACXUACY X = ANAY X
in Figure 1. Since ¢ is a simple valuation (so that ¢ vanishes on edges and vertices),
we have p(T'N S) =0, so that

P(T) = (T) +0=p(T) +¢(5) =p(TUS) + (T NS)=¢(S)+0=0.
More generally, consider a typical hyperbolic triangle 7. In this case T can be

expressed in terms of triangles 77,75, each having at least one vertex at infinity;
that is, T U Ty = Ts. For example, AABC U AACX = ANABX in Figure 1. Since



8 DANIEL A. KLAIN

o(Th) = p(Tz) = 0, it follows that
o(T)=p(T)+0=9(T)+o(Th) = p(TUT1)+ (T NT1) = p(T2) + 0 =0.
]

Proposition 2.5. Suppose that o is a continuous invariant simple valuation on P(H?),
and suppose that o(I) = 0 for all ideal triangles I C H2. Then o(T) = 0 for all
triangles T € P(H?).

Proof. Define an invariant simple valuation 1 on closed arcs of the unit circle as follows.
Suppose that L, is a closed arc in S! of length «, where o € [0, 7). Let S, be the
semi-ideal hyperbolic triangle having non-zero angle « induced by the disc model D?
for the hyperbolic plane, where we have chosen a fixed base point zy as the center of
D?. (See Figure 2.) Define 1)(Ly) = ¢(Sa). The function v is well-defined since ¢
is invariant (and since any two semi-ideal triangles having the same non-zero angle «
are congruent by some isometry). Moreover, the function v is a valuation on arcs of
the circle, because ¢ vanishes on ideal triangles. To see this, suppose that two arcs L,
and Lg are adjacent in the circle, having endpoints AB and BC respectively. Then

Y(La) + (L) = $(AB) +4(BC) =

= (AAOB) + p(ABOC) = p(AAOC) + p(AABC) = h(AC) + 0 = 1h(Lass).

since AABC is ideal, as in Figure 2. Groemer’s Theorem 1.3 then implies that 1) has
a unique well-defined extension to all finite unions of arcs in S!, including arcs longer
than 7.

We now consider the case a = 7. In this instance Sy is a line segment having area
zero, so that ¢(S;) = 0 by the simplicity of ¢. It now follows from Proposition 2.3
that 1(Lgx) = 0 for all non-negative rational numbers g.

This argument holds regardless of which base point in D? or H? we choose to play
the role of the center x, since a change of center can be accomplished by an isometry.
It follows that ¢(S,) = 0 for any triangle S, having two vertices at infinity and angle
a = gr at the remaining vertex in H?, where ¢ is any rational number. Note that
a varies continuously as the center x is moved along a hyperbolic line in H?, while
the two vertices at infinity remain fixed. (Although this motion is, of course, not an
isometry.) Because ¢ is continuous, it now follows that ¢ vanishes on all semi-ideal
triangles. By Proposition 2.4 the valuation ¢ must vanish on all triangles. U

Proof of Theorem 2.1. Suppose that ¢ is a continuous invariant simple valuation on
P(H?). Tt follows from Proposition 2.2 that ¢ is finite. Let I denote an ideal triangle
in B2, and let ¢ = Lo(I). Define v(K) = ¢(K)—cA(K) for all K € P(H?). Recall that
an ideal triangle I in H? has area 7, so that v(I) = 0. Since the valuation v satisfies
the conditions of Proposition 2.5, it follows that v(T") = 0 for all triangles T' € P(H?).

For a general hyperbolic polygon K € P(H?) we can express K as a union of triangles

K=Ti1U---UT,,
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FIGURE 2. Arcs in the circle vs. semi-ideal hyperbolic triangles

where dim(7; NTj) < 2 for all ¢ # j. Since v is simple, it follows that
v(K) =Y v(Ti) =0,
i=1
for all K € P(H?), so that
p(K) = cA(K),
for all K € P(H?). O

Since any continuous invariant simple valuation ¢ on K (H?) restricts such a valua-
tion on the dense subspace P(H?) of convex polytopes, the continuity of ¢, combined
with Theorem 2.1, immediately yields the following.

Corollary 2.6. Suppose that o is a continuous invariant simple valuation on K(H?).
Let I denote an ideal triangle in H?. Then p(K) = @A(K), for all K € X(H?).

3. Invariant valuations on the hyperbolic plane

Theorem 2.1 can be used to characterize all isometry invariant valuations on polyg-
onal regions of the hyperbolic plane. To this end we must first address the one-
dimensional case. It is an immediate consequence of Proposition 2.3 that a continuous
simple translation invariant valuation on compact closed intervals of R must be a multi-
ple of Euclidean length. More generally, it follows (or see [KR97]) that any continuous
translation invariant valuation on closed intervals of R must be a linear combination
of Euclidean length and the Euler characteristic x. However, in the hyperbolic plane
we must also allow for polygons that have vertices at infinity. In the one dimensional
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context this means we must allow for valuations that are defined on closed rays as well
as closed intervals. Denote by P(H!) the collection of all finite unions and intersections
of closed rays and closed intervals in the real line. Note that closed rays have infinite
length and Euler characteristic zero (since a closed ray consists of one 0-cell and one
1-cell).

Aside from length and the Euler characteristic x there is an additional valuation
defined on P(H') that is continuous and translation invariant. Define the valuation
Xoo o0 K € P(H') by

Xoo(K) = ah—{go X(K N {a7 _a})‘
Since x is a valuation, it follows that y.o is also a valuation. Evidently xoo(K) =
0 whenever K is a closed interval — indeed, whenever K is compact. Meanwhile
Xoo(K) = 1 whenever K is a closed ray, while xoo(H') = 2. Evidently Yo is also
continuous and isometry invariant.

Proposition 3.1. Suppose that ¢ is a continuous isometry invariant valuation on
P(HY).

If ¢ takes finite walues on closed rays then there exist constants
€0y Coo € R such that

P(K) = cox(K) + cooXoo(K),

for all K € P(HY).

If ¢ takes either value 00 on closed rays then there exist constants cg,c1 € R such
that

p(K) = cox(K) + c1Length(K),

for all K € P(H').

Proof. Since ¢ is invariant, ¢ takes the same value on all singletons. Let ¢y = ¢({0}).

Similarly, since ¢ is invariant, ¢ takes the same value on all closed rays. Suppose
this is a finite value ¢, € R. Write R as a union of two rays Rj, Ry (positive and
negative) sharing a common endpoint at the origin, {0} = R N Ry. Then

o(R) = ¢(R1) + ¢(R2) — ¢(R1 N R2) = 2¢o0 — Co-

More generally, if C' is any closed interval, we can express C' is an intersection of two
rays Ri, Ro whose union is all of R, so that

P(C) = p(R1) + p(R2) — p(R) = oo + Coo — (2¢00 — o) = <o

It follows that p(K) = coX(K) + cooXoo(K) for all K € P(H!) This completes the
proof for the case in which ¢ takes a finite value on a closed ray.

Suppose instead that ¢ takes either value +00 on closed rays. Once again, since ¢
is invariant, ¢ takes the same value ¢y on all singletons. Since the valuation ¢ — cgx
now vanishes on singletons (points), it follows from Proposition 2.3 that ¢ — coy is
a constant multiple of length when applied to closed intervals. In other words, there
exists ¢; € R such that ¢ = cox + c1Length when applied to finite unions of points
and closed intervals. g
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The valuation Y. is extended to polygons in H? as follows. Choose a base point
xo € H? and let C, denote the set of points that lie at a distance r > 0 from .

For convex polygons K € P(H?) define
Xoo(K) = lim x(K NCy).

Since x is a valuation, it follows that y.o is also a valuation. Evidently yoo(K) = 0
whenever K is compact, since K N C, = () for sufficiently large » when K is compact.
More generally, for a convex polygon K the value of xo(K) is exactly the number of
“vertices at infinity” of K. For example, xoo = 3 for ideal triangles, while xo, = 1 for
rays and Xo, = 2 for hyperbolic lines, generalizing the definition above for the case
of H'. Evidently yo is independent of the choice of base point . Moreover, for all
K € X(H?) we have x(K) + Xoo(K) = 1.

Recall that the length functional on the hyperbolic line H' extends to the hyperbolic
perimeter functional (1/2)P on polygons in H?, where the normalization factor of 1/2
makes the perimeter functional continuous — a line segment in H? is a hyperbolic “2-

>

gon”, whose perimeter is twice its hyperbolic length, since the line segment can be
expressed as the limit of a sequence of flattening triangles.

Theorem 2.1 can now be applied to derive following characterization theorem for
continuous invariant valuations on polygons and convex bodies in H2.
Theorem 3.2 (Invariant valuation characterization theorem for HQ). Suppose that ¢
is a continuous invariant valuation on P(H?).

If ¢ takes finite values on closed rays then there exist cg, c2, coo € R such that,
(1) @(K) = COX(K) + C2A(K) + CooXoo(K)v
for all K € P(H?).

If p takes either value 00 on closed rays then there exist cg,c1,co € R such that,
P(K) = cox(K) + ai P(K) + c2A(K),
for all K € P(H?).

Since the set P(H?) is dense in K(H?), Theorem 3.2 also holds if P(H?) is re-
placed with the larger collection K(H?). Theorem 3.2 provides a partial analogue
of Hadwiger’s characterization theorem 0.1, as described in the introduction (see also

[Had57, K1a95, KR97)).

Note that Theorem 3.2 may seem incomplete, since it does not appear to account for
the valuation P+ xo, for example. However, this is not a problem, since P+ xo = P.
Since Yo vanishes on all compact polygonal regions, we can add any scalar multiple
of Xco to a valuation having a nontrivial P component without changing the valuation
on any K € K(H?2).

Proof of Theorem 3.2. Let ¢ denote a continuous invariant valuation on P(H?2).
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Suppose that ¢ takes finite values on closed rays. By Proposition 3.1 the restriction
of ¢ to a hyperbolic line £ has the form ¢ = ¢y x+CooXoo, Where ¢g, €, € R are constants
independent of the choice of hyperbolic line ¢ (because ¢ is isometry invariant).

It follows that the valuation v on P(H?2) given by
V=¢ = CX ~ CooXoo

vanishes on all K € P(H?) of dimension less than 2; that is, v is a continuous invariant
simple valuation on P(H?). Theorem 2.1 then implies the existence of cz € R such
that v(K) = coA(K) for all K € P(H?).

Suppose instead that ¢ takes infinite values on closed rays. A similar argument
using Proposition 3.1 yields the analogous result, in which x., is replaced by the
perimeter P. [l

Note that valuations of type (1) in Theorem 3.2 are constant on line segments. This
provides a simple test for when Y, can be omitted from consideration.

Corollary 3.3. Suppose that ¢ is a continuous invariant valuation on P(H?) that

s not constant on line segments. Then there exist cg,c1,co € R such that, for all
K € P(H?),
P(K) = cox(K) + c1 P(K) + 2 A(K).

Meanwhile, a finiteness condition will determine when the perimeter P is omitted.

Corollary 3.4. Suppose that ¢ is a continuous invariant finite valuation on P(H?).
Then there exist cg, ca, Coo € R such that, for all K € P(H?),

O(K) = cox(K) + c2A(K) + CooXoo-

Theorem 3.2 also implies that any continuous invariant valuation on P(H?) is deter-
mined up to a multiple of x by its values on a hyperbolic disc D, of radius r. Recall
that

(2) P(D,) =2nsinhr and A(D,) = 2m(coshr —1).
See, for example, [Sti92, p. 85]. Since x(D,) =1 for all r > 0, we have
©(Dy) = co + 2mey sinhr + 2weg(coshr — 1).

The coefficients ¢; in Theorem 3.2 are easily computed once ¢(D,) is known for three
suitable values of r.

4. Integral geometry in the hyperbolic plane

Hadwiger’s Characterization Theorem 0.1 for invariant valuations on
Fuclidean space provides a powerful mechanism for deriving fundamental integral-
geometric identities. For a number of applications and consequences of Hadwiger’s
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theorem, see, for example, [Had57, KR97]. The Area Theorem 2.1 and the equivalent
characterization Theorem 3.2 provide similar advantages in the context of hyperbolic
integral geometry. A simple though fundamental example is the area formula for hy-

perbolic triangles and polygons, a special case of the Gauss-Bonnet theorem [Sti92, p.
100].

Corollary 4.1 (Gauss-Bonnet theorem for polygons). Suppose that K is a simple
closed polygonal curve in H?, and suppose that the boundary of K has n vertices
(possibly at infinity), with corresponding interior angle measures oy, ..., oy € [0,7].
Then the area of K is given by:

A(K) = (n = 2)m(x(K) + Xoo(K)) = > @i
=1

Note that the yo term vanishes when K is compact.

Proof. For a convex polygon K define 3(K) to be the sum of the angles between
unit outer normals of K wherever two adjacent edges meet at a vertex. If K and
L are convex polygons such that K U L is also convex, then the boundaries 0K and
OL must meet either at vertices or at edges having the same unit normal, so that
Y(KUL)+X(KNL)=X(K)+X(L). It follows from Groemer’s Theorem 1.3 that ¥
extends to a valuation on P(H?). Evidently ¥ is invariant and continuous. Moreover,
>} = 27 for all points, line segments, and rays. By Theorem 3.2 there exist a,b,c € R
such that ¥ = ax + bA + ¢xso- Since ¥ = 27 on points, a = 27. Since X = 27 on rays,
¢ = 27. Because ¥ = 3w on ideal triangles (while y 4+ xoo = 1 and A = 7) we obtain
% =2m(x + Xoo) + A

Let o(K) denote the sum of the interior angles at the vertices of K. (Note that o
is not a valuation.) If K has n vertices then o(K) + X(K) = mn, so that

A(K) = 3(K) = 21 (X(K) + Xoo(K)) = (70 — 0(K)) = 27 (X (K) + Xoo(K)) = - --

= (1= 27 () + Xool(K)) = D e
=1

Recall that if T is a hyperbolic triangle then n = 3 and x(T") + xoo(7T') = 1.

Corollary 4.2 (Area of a hyperbolic triangle). If a triangle T in H? has interior angle
measures «, 3,y € [0, 7] then the area of T is then given by the angle deficit:

AT)=m—(a+LB+7).

Theorem 3.2 also yields a quick proof of the principal kinematic formula for compact
convex sets in H2, a fundamental theorem of geometric probability [KR97, San76).
While a classical proof of the principal kinematic formula can be found in [San76, p.
321], Theorem 3.2 immediately implies the following stronger result.
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Theorem 4.3 (Kinematic formula for invariant valuations on H2). Suppose that o is
a continuous isometry invariant valuation on P(H?) (or K(H?)). Then there erists a
constant real 4 x 4 symmetric matrix C such that

3) / S(KngL)dg = [ x(K) P(K) AK) x=o(K)] C

for all K, L € P(H?) (or K(H?2)).

The integral on the left-hand side of (3) is taken with respect to the hyperbolic
area on H? and the invariant Haar probability measure on the group Gy of hyperbolic
isometries which fix a base point zg € H2. To define this more precisely, denote by %,
the unique hyperbolic translation of H? that maps g to a point « € H?. Then define
(4) [ewagryag= [ [ punnion) s,

g z€H? JyEG)

where we use the probabilistic normalization ngGo dg = 1.
Proof of Theorem 4.3. To begin, define

(K, L) = /@(KﬂgL) dg.
g

For fixed K, the set function ¢(K, L) is a valuation in the variable L; in fact, it is an
invariant valuation, since

P(KogoL) = [ o5 Ngant) dg = [ o 0 9L) dg
for each isometry gg.

It follows from Theorem 3.2 that we can express ¢(K, L) as a linear combination of
the valuations x, P, A, Xoo, With coefficients ¢;(K) depending on K:

P(K,g90L) = co(K)x(L) + c1(K)P(L) + c2(K)A(L) + oo () Xoo (L)

Meanwhile, for fixed L, the set function ¢(K, L) is a valuation in the variable K. It
follows that each of the coefficients ¢;(K) is a valuation in the variable K. Moreover,
since the valuation ¢ and the Haar integral in the left hand side of (3) are both
isometry invariant, we have

¢(K, L) Z/so(KﬂgL) dg:/so(g‘lKﬂL) dg:/so(gKﬂL) dg = (L, K).

Therefore, each ¢;(K) is an invariant valuation in the variable K, so that Theorem 3.2

applies, yielding the matrix equation
X (L)
P(L)
plK.L) = [ X(K) P(E) AK) xx(K)]C | i)

Xoo(K)

where C' = [ci5]; jef0,1,2,00} 15 @ 4 X 4 matrix of real constants, independent of K and
L. Since (K, L) = ¢(L, K), it follows that c¢;; = cj;. O
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The following special case is of fundamental importance in integral geometry and
geometric probability. See, for example, [Fu90, How93, KR97, San76, SW93].

Corollary 4.4 (Principal kinematic formula for H?). For K, L € X(H?),

() [X(KngL)dg = X(E)AL)+ 5 PUOP(L) + AN + 5 AUK)A(L)
g

In order to verify (5) we require the notion of the parallel body. The parallel body
of K having radius € > 0 is the set K. of points in H? (or H") whose (hyperbolic)
Hausdorff distance to the set K is at most €. See, for example, [Sch93].

Let D, denote the set of points that lie at most a distance e from x(y, where x( is
a chosen base point. Note that gD. = D, for all isometries ¢ € Gy. When K is a

compact convex set, the indicator function of K. is given by
_ 1 if ze K,
IKe (.CL‘) - X(K N tx(De)> - { 0 lf T ¢ Ke

since t;(D,) is the set of points a distance at most € from the point x.

Since we have gD, = D, for all isometries g € Gg. The area of the parallel body K.
is then given by

A(Kg)_/ I, d:c—/ V(K A t,(Dy) da
z€EH? TEH?

(© = [ ] k(D) g de = (5. D),

Since x is a valuation and integration is linear, it follows that the mapping K — A(K)
is a wvaluation in the parameter K (where € is a fixed constant).

Proof of Corollary 4.4. In order to compute the values of the coefficients ¢;;, we eval-
uate x(K, L) by calculating for the cases in which K = L = D,., for some r > 0. For
example, it is evident from (4) that x (K, L) = 0 when K and L are points, or when K
is a point and L is a line segment, so that cog = c10 = co1 = 0. More generally, if L is
a point, then x(K,L) = x(K,Dy) = A(K) = A(K)x(L) by (6), so that co; = cjo =0
for all j # 2, while cgo = co9 = 1.

Next, note that if K, is a line segment of length a and dim L > 1, then the family
of motions of L that meet K, is strictly increasing as a increases. By Corollary 3.3
the valuation xo does not appear anywhere in the expression for y (K, L), so that
Cooj = Cjoo = 0 for all j.

To compute the remaining c;; we will use the identity
(7) P(D,)? = mA(Dy,) for a >0,
an elementary consequence of (2).

Denote by 0D the boundary of a hyperbolic disk D. Note that x(0D) = A(0D) = 0,
while P(0D) = 2P(D), since the “perimeter” of a one-dimensional curve is twice its
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length. (Recall that a one-dimensional curve is, in the limiting sense, a “two-sided”
polygon.) We will now compute

X(@Da,ﬁDa), X(aDaaDa)a and X(DayDa)-

Since D, is the set of points which lie at most a distance a from zg, we have
gD, = D, for all isometries g € Gy, and similarly for 9D,. By (6),

X(K7 Da) - A(Ka)a
where K, is the a-parallel body of K. In particular, x(Dg, Ds) = A(D2a).

If two closed disks intersect, they do so as a compact set, while their boundaries
generically intersect in exactly two points. In particular, since x(Dg Ntz (0D,)) =
X(Dg Nty (D)) for all x # wg, while x(0Dg Nt (0D,)) = 2x(Dg N ty(Dy)) for all
x ¢ 0Da, with x # 9. Therefore

(8) %X(aDa, 0Dy) = X(Dg4, Dg) = A(D2g) = %P(Da)Q,

by (7).
Since x(0D,) = A(0D,) = 0, it follows from (3) and (8) that

2
;P(Da)z = x(0Dq,0D,) = ¢11P(0D,)P(0D,) = 4c11P(D,)?,

so that ¢13 = 1/27. Similar elementary considerations lead to coo = 1/27 and ¢ =
co1 = 0, completing the proof of the kinematic formula (5). O

The following corollary can be derived directly (see [San76, p. 322]), but follows
immediately from (6) and Corollary 4.4.

Corollary 4.5 (The area of a parallel body). For K € X(H?) and ¢ > 0,

A(K) = A(D) + %P(DE)P(K) + (1 + ;TA(DE)) A(K)

= 2m(coshe — 1) + (sinh e) P(K) + (coshe) A(K).

Corollary 4.5 gives the hyperbolic analogue of Steiner’s formula for the area (or
volume) of a Euclidean parallel body [Sch93]. It would be interesting to see how a
suitable variation of Corollary 4.4 (possibly using integration over a suitable chosen
proper subgroup of isometries) might yield hyperbolic analogues of Minkowski’s mized
volumes and the related Brunn-Minkowski theory [Sch93].

Corollary 4.4 and its higher dimensional generalizations have numerous applications
to questions in geometric probability, leading, for example, to hyperbolic analogues of
Hadwiger’s containment theorem for planar regions [KR97, San76] and to Bonnesen’s
inequality for area (see [Kla04] and [San76, p. 120]), a generalization of the classical
isoperimetric inequality (see also [Oss79]). Variations of these kinematic techniques
can also be found in [Kla04] and [San76, p. 324].
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5. Characterizing valuations in H"

The proof of the hyperbolic area characterization, Theorem 2.1, relied in part on a
relationship between an invariant valuation on H? and a derived invariant valuation
on the unit circle, which was in turn easily characterized. Equally important was the
fact that all ideal triangles in H? are congruent with respect to an hyperbolic isometry.

For dimensions n > 3, ideal simplices in H" are no longer necessarily congruent.
Moreover, while spherical area in the 2-dimensional sphere S? has a valuation charac-
terization (see [KR97, p. 156]), the analogous characterization of spherical volume in
S™ remains an open conjecture for n > 3. As a result, the methods of the previous
sections do not entirely generalize to higher dimensional hyperbolic space.

In order to extend some of the previous results to higher dimensional hyperbolic
space, we will make do with the following partial result regarding invariant valuations
on spherical polytopes in an even dimensional sphere S?".

Define a lune in S*" to be a subset of S consisting of the intersection of at most
2n hemispheres.

Theorem 5.1. Suppose that ¢ is an isometry invariant simple valuation on P(S*").
If o(L) = 0 for all lunes L C S*", then p(K) =0 for all K € P(S*").

Theorem 5.1 will play a role analogous to that of Proposition 2.3 characterizing
hyperbolic volume in higher dimensions. Note that continuity plays no role in this
theorem. Theorem 5.1 can be found [KR97, p. 165]. For completeness we include a
proof here.

Proof of Theorem 5.1. Suppose that A is a spherical simplex in S?” given by the in-
tersection of hemispheres A = Hy N --- N Hopy1.

For X C $?, denote by X¢ the closure of the complement $?” — X. Note that
2n+1 ¢ 2n+1
(U H) = () H =-A.
i=1 i=1

Because ¢ vanishes on lunes, ¢(S?") = 0. Since ¢ is simple and invariant,

2n+1 2n+1 ¢
(9) ¢ ( U H) = o(s) — ¢ (( U H) ) =0—p(=A) = —p(A).
=1

i=1
Meanwhile, since ¢ is a valuation, the inclusion-exclusion identity yields

2n+1 2n+1

(10) ¢ ( U Hz) = > w(H)= > o(Hiy NHyy)++ -+ (=1)*"p(H1N- - -0 Happ).
i=1 i=1 i1<i2

Since ¢ vanishes on hemispheres and lunes, all of the terms on the right-hand side

of (10) vanish except possibly for the last term: (—1)*"¢o(Hy N+ N Hopt1) = @(A).

Combining (9) and (10) then yields

2n+1
(11) p(A) = ¢ ( U Hz) = —p(A),

=1
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so that ¢(A) = 0. Since every polytope K € P(S?") can be expressed as a union of
spherical simplices intersecting in dimension less than 2n, it follows that p(K) = 0 for
all K € P(S?"). O

The sign discrepancy in (11), which in turn implies that ¢ = 0 identically, depends
on the fact that the inclusion-exclusion expansion on right-hand side of (10) terminates
with an even power of —1, a consequence of the even-dimensionality of S”. A version
of Theorem 5.1 for S?"*! remains an open problem.

An hyperbolic n-simplex S will be called semi-ideal if at least n of its n + 1 vertices
lie on the plane at infinity.

Proposition 5.2. Suppose that ¢ is an invariant simple valuation on P(H"), and
suppose that ©(S) = 0 for all ideal and semi-ideal simplices S C H". Then ¢(K) =0
for all polytopes K € P(H").

Proof. Suppose T is a simplex in H" having at least two vertices xg # x1 that do not
lie at infinity. Let z* denote the point at infinity that is collinear with zg and x1,
so that zp lies between zg and z*. If T = [zg, z1,22,...,Ty], let T1 and T, denote
the simplices defined by Th = [z*,z1,29,..., 2] and Ty = [z*, 20,22, ...,2,]. Then
T UT) =T,, while dim(T'N7T7) < n — 1. Since ¢ is a simple valuation, we have

(12) o(T) + (1) = p(TUT) + (T NT1) = p(T2) + 0 = p(T2).

We now proceed by induction on the number of vertices at infinity. If 7" has n — 1
or more vertices at infinity, then T is semi-ideal, so that ¢(7T) = 0, by our initial
assumption. Suppose that ¢(T”) = 0 whenever T” has k vertices at infinity, for some
k > 1. If a simplex T has k — 1 vertices at infinity, then (12) implies that ¢(T") =
o(Ty) — p(T1), for some T4, Ty having k vertices at infinity. Hence, ¢(T) = 0 as well.
It follows that ¢(7") = 0 for all n-simplices 7.

Since every polytope K € P(H") has a finite simplicial decomposition, ¢ vanishes
on P(H"). O

For a compact convex set K in H", denote by V,,(K) the hyperbolic volume of K.
Theorem 5.3 (Ideal determination theorem - finite case). Suppose that 11 and 9
are invariant finite simple valuations on P(H?"*1), where n is a positive integer.

If Y1(I) = o(I) for all ideal (2n + 1)-dimensional simplices I in H?"T', then
Y1 (K) = o(K), for all K € (P(HQn-&-l).

Note: We do not assume that the valuations ; in Theorem 5.3 are continuous.

Proof. Let ¢ = 1)1 — 19, so that ¢(I) = 0 for all ideal I. It now suffices to show that
 is identically zero on all polytopes.

Define an invariant simple valuation 1 on convex spherical polytopes in $?* as fol-
lows. Choose a base point zq € H?"*!. Suppose that L is a convex spherical polytope
in %" having extreme points 21, . . ., 2, that all lie in the same open hemisphere of S?".
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Let @y, denote hyperbolic convex hull of the points zg, 21, . . ., zm in H2**1, where $2”
is viewed as the boundary of the Poincaré ball model D?"*! for the hyperbolic space
H2"+! having center at xg. Define (L) = ¢(Qr). The function 7 is an orthogonal

S?" are restrictions of certain hyper-

invariant since ¢ is invariant (while isometries of
bolic isometries of H2"*1). Moreover, the function 7 satisfies the inclusion-exclusion
condition for valuations, because ¢ vanishes on ideal simplices. (See, for example,
Figure 2.) Groemer’s Theorem 1.3 then implies that 7 has a unique well-defined ex-
tension to all finite unions of convex spherical polytopes, including those no longer
contained in an open hemisphere. The simplicity of n also follows immediately from
the simplicity of .

S%" consisting of the intersection of exactly 2n generically positioned

If L is a lune in
hemispheres, we will call L a minimal lune. In this case L contains exactly one pair of
antipodal points a,a’ € $*, and L = L1 U Lo, where L and Ly are spherical simplices
congruent by a reflection of S*" across the great-(2n — 1)-subsphere Z normal to the
axis aa’. Note that Qp, (resp. Qr,) is a semi-ideal simplex, having one vertex at a
(resp. a’), one vertex at xg, and remaining vertices in the great subsphere Z. Since a
and a’ are antipodal points, the union Qr, U Qr, is an ideal simplex, having a vertex

at each of a and @’ and remaining vertices in Z.

Since Li N Ly has dimension less than 2n in S?7, we have n(Ly N Ly) = 0. Similarly,
since Qr, N Qr, has dimension less than 2n + 1, we have ¢(Qr, NQr,) = 0. It follows
that

n(L) =n(L1) +n(L2) = ¢(Qr,) + ¥(QL,) = p(QL, UQL,) +0 =0,

since ¢ vanishes on ideal simplices. If L is a lune consisting of an intersection of fewer
than 2n hemispheres, then L can be subdivided into a finite union of minimal lunes,
so that n(L) = 0 once again, by the simplicity property of 7.

Theorem 5.1 then implies that n(K) = 0 for all K € P(S?"). In particular, ¢
vanishes on all hyperbolic simplices having one vertex at xg (or, since our choice of xg
was arbitrary, at any other point of H?"*1) and all remaining vertices at infinity (i.e.
on S?, using the Poincaré ball model for H2"*1). In other words, ¢ vanishes on all

semi-ideal simplices in H?"*!. Tt follows from Proposition 5.2 that ¢ must vanish on
all of P(H2"+1). O

The proof of the following proposition is exactly analogous to the proof of Proposi-
tion 2.2.

Proposition 5.4. Suppose that ¢ is a continuous invariant simple valuation on P(H").
Then ¢ is finite on P(H™).

We are now ready to state and prove a partial generalization of the Area Theo-
rem 2.1.

Theorem 5.5 (Ideal determination theorem - continuous case). Suppose that 11 and
Yo are continuous invariant simple valuations on P(H?"*1), where n is a positive
integer.
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If P1(I) = vo(I) for all ideal (2n + 1)-dimensional simplices I in H?""! then
Y1(K) = tho(K), for all K € P(H*).

Proof. Since each of the valuations 1; is continuous, invariant, and simple on P(H?"*1),
each 1); is also a finite valuation by Proposition 5.4, so that Theorem 5.3 applies, and
Y1 (K) = 1o(K) for all K € P(H>"1). <

Note: If each of the valuations v; in Theorem 5.5 is defined on all of K(H?"*1),
then the continuity of the 9; and the density of P(H2"*!) in K(H?"*!) together imply
that 1 (K) = o(K) for all K € X(H?"*!) as well. In other words, continuous
invariant simple valuations on H?"*! are completely determined by their values on
ideal simplices.

In the case of dimension 3, we can also remove the condition of simplicity.

Corollary 5.6 (Ideal determination theorem for H?). Suppose that 1y and s are
invariant continuous valuations on P(H?3).

If 11 and 1o agree on singletons (points), and if (1 — 2)(I) = 0 for all ideal
simplices I in H3, then (Y1 — 1) (K) = 0, for all K € X(H?).

Evidently the conclusion of Corollary 5.6 implies that ¥, = 12 as valuations on
K(H3). In the hypothesis we require (¢1 — 19)(I) = 0 rather than (1) = 12(I) in
order to account more carefully for the possibility that 1 and v take infinite values
on some ideal simplex.

Proof. Let & denote a 2-dimensional hyperbolic plane inside H?. Since the difference
11 — 1 vanishes on hyperbolic lines (ideal 1-simplices), it follows from Theorem 3.2
that

(1 —2)le = coX + CooXoo + C24,
where A denotes hyperbolic area in £. Since 11 — 19 vanishes on points, it follows that
co = 0. Since 11 — o vanishes on hyperbolic lines, ¢, = 0 as well. If I is an ideal
triangle inside £ then

0= (1 —Y2)(I) = c2A(I) = cam,
so that co = 0. In other words, the invariant valuation ¥ — vanishes on all polygons
in ¢, and therefore in any 2-dimensional flat of H3, so that v; — vy is simple.

Theorem 5.5 now applies to the simple valuation 11 — 5. Since (1 — ¥2)(I) =0
for all 3-dimensional ideal simplices in H?, it follows that (¢ — 12)(K) = 0 for all
polytopes K, and, by continuity, for all K € K(H?). O

Open Problem: Theorems 5.3 and 5.5 are stated only for odd-dimensional hyperbolic
spaces. The unsolved case for even-dimensional hyperbolic spaces is a gap that hinders
the generalization of Corollary 5.6 to dimension 4 or greater. This limitation stems
from Theorem 5.1, which has only been proven for even-dimensional spherical spaces.
Generalization of Theorem 5.1 to odd dimensional spheres remains an important open
problem, both for its potential application to valuation characterizations in H" (as



ISOMETRY INVARIANT VALUATIONS ON HYPERBOLIC SPACE 21

outlined above), as well as for characterizing valuations on polytopes in the sphere,

with related applications to the computation of kinematic integral formulas, angle-sum
functionals on Euclidean polytopes, and other aspects of convex and integral geometry.
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