Lectures notes on affine transformations (with exercises)
92.221 - Linear Algebra I - Fall 2009
by D. Klain

Corrections and comments are welcome!

1. Affine transformations

Recall that the 2 x 2 matrix

sin 6 cos

Ry — lcos& —sin@] (1)

rotates the plane R? counter-clockwise by the angle # around the origin, while the matrix

cos 20 sin 20 ]

(2)

My = [ sin20 — cos 20

reflects the plane across the line passing through the origin at an angle 8 to the z-axis.

How can we compute rotations around other points in the plane besides the origin? Or
reflections across lines that do not pass through the origin?

First consider rotations: To rotate around a point b € R? by an angle 6, we would first
translate b to the origin (that is, translate by —b, then rotate as necessary around the
origin (using the matrix (1)), then translate the origin back to b.

More specifically, let Rgp denote the counter-clockwise rotation of the plane by angle ¢
around the point b. For all X € R, we have

Rop(X)=Rg(X —b)+b=RyX — Ryb+b =RyX + (I — Ry)b, (3)
where [ is the 2 x 2 identity matrix.

Similarly, to reflect across a line through the point b that makes an angle § with the
horizontal, we use the transformation

Mpp(X) = MpX + (I — Mp)b. (4)

Note that these transformations are not linear when b # 0. They belong to a larger class
of functions on vector spaces called affine transformations. Let V and W denote vector
spaces. An affine transformation is function f : V' — W of the form

f(X)=T(X) +b,

where T : V. — W is linear and b € W is a constant vector in W. In other words, an
affine transformation is a combination of a linear transformation and a translation by some
constant vector b.

Just as linear transformations from R™ to R are represented by an m X n matrix, an affine
transformation f from R"™ to R" will have the form

F(X) = AX +b,

for some m x n matrix A and a constant m X 1 column vector b € R™.



2. Homogeneous coordinates

In this section we will focus on R?, although entirely analogous methods can be used for
R"™ as well.

In order to represent affine transformations from R? to R? by matrices, we switch from
Cartesian coordinates (used until now) to homogeneous coordinates. We do this by repre-
senting the point (z,y) in R? using the 3-dimensional vector (z,y,1). In other words, we
identify the plane R? with the plane z = 1 in R3:

One advantage to using homogeneous coordinates is that translations can be computed
using matrix multiplication. To see this, note that

1 0 b T x+ b
0 1 b2 Yy = y+b2
0 0 1 1 1

So the translation X — X + b is represented in homogeneous coordinates by multiplication
by the matrix

b1

2 |

1
0
0 1

S = O
=

where b = (by, b2).
Meanwhile, linear transformations are also easily represented by matrices in homogeneous
coordinates. If
A= [ a1l a12 ] ’
az1 a2

then the linear transformation X — AX on R? is represented in homogeneous coordinates
by the transformation:

X ailp a2 0 X
y — az az O y
1 0 0 1 1

Putting these two observations together, we find that the affine transformation
f(X)=AX+Db
on R? is represented in homogeneous coordinates as left matrix multiplication:
ain aiz b x

f(X)=1] an a2 b y (5)
0 0 1 1



3. Examples of rotations and reflections.

Example 1. Let F: R2 — R? denote the rotation of the plane by the counter-clockwise
angle % around the point (2, —3).

(a) Find the matrix that represents this rotation in homogeneous coordinates.
(b) Compute F(0,4).

Solution: To solve part (a), we first translate by —b = (—2,3) to move the point (2, —3)
to the origin. Then we rotate around the origin by angle /3. Then we translate by
b = (2, —3) to move the origin back to (2, —3). This has the net effect of rotating around
the point (2,—3). The composition of these three operations will be represented by the
matrix product:

1 0 2 cosg —sing 0 1 0 -2
01 -3 sing cosg 0 01 3
00 1 0 0 1 00 1
10 2 5% 0710 —2] 1/2 -2 2253
=10 1 -3 V31 01 3 |=|8 1 =324
2 2 2 2 2
00 1 0 0 1 00 1 | 0 0 1

Note well the order of the matrices in this product! The first operation is on the right, and
subsequent operations correspond to multiplying by subsequent matrices on the left side.

This completes part (a).

To solve part (b), use the matrix from part (a) to compute:

3 2-3V3 2-7V3
1/2 _% 2\[ 0 2\f
V3 1 —-3-2V3 4 | = | 1=2v38
2 2 2 2 ’
0 0 1 1 1

S

so that F(0,4) = (273 : 17%\/5).



Alternative Solution to Example 1(a): We can use the formula (3) instead. Recall
from (3) that

2
Rr/3,2,-3)(X) = Rry3X + (I — Ryy3) [ _3 ]

RS w1 o] L -y 2
Tl v3 1 0 1 V3 o1 -3
2 2 2 2

1 V3 1 w3 9
2 2 2 2
= [ V- I U i IV S ] 3]
2 2 2 2 L
1 2-3V3 |
2
V3 o1 X+ —2/3-3
2 2 2 i
Applying the formula (5) we conclude that
1 V3 2-33
2 2 2
— | v 1 —2v/3-3
fn=|py s |x
0 0 1

once again. 1

Example 2. Find the matrix in homogeneous coordinates that reflects the plane across
the line x = 2.

Solution: First, translate the vertical line 2 = 2 by the vector —b = (—2,0) to the y-
axis. Then reflect acorss the y-axis. Then translate back! To do this, compute the matrix
product:

1 0 2 -1 0 0 1 0 -2 -1 0 4
010 0 10 01 0 (=] 0 10
0 01 0 01 0 0 1 0 01

Note once again the order of the matrix multiplication. The matrix in the middle of the
triple product negates the z-coordinate, providing the reflection of R? across the y-axis (in
homogeneous coordinates). 11

Alternative Solution: Using the equations (2) and (4) we obtain

-1 0 -1 0 -1 0 20 2
-1 0 4
- [ o 1[*T]o ]
Applying the formula (5) we conclude that
-1 0 4
fX)=0 10|x
0 01

once again. 11



4. General affine transformations

Recall that if T : R?> — R? is a linear transformation, then T is determined by its action
on any basis of R%. That is, if you know T(X1) and T(Xs) for some basis {X7, X5} of R?,
then you can find the matrix of T'.

An affine transformation on R? is similarly determined by its action on any three non-
collinear points, that is, any three points that form a proper triangle. !.

Specifically, let f : R? — R? be an affine transformation. Suppose you are given three
non-collinear points X1, X2, X3 in R? and suppose you also know the values Y; = f(X1),
Y2 = f(XQ), and Y3 = f(Xg)

Since f is affine, it has the form f(X) = AX + b for some 2 x 2 matrix A and some vector
b € R%. In homogeneous coordinates this means that

A |b Xi| _| Y
0 0 |1 1 1
for i = 1,2,3. In other words,
A |b X1 Xp X3 | _ |1 Y2V
00 |1 1 1 1 1 1 1
so that .
A b| |1 Y2 13 X1 X2 X3
00 |1 1 1 1 1 1 1

It will be possible to take necessary matrix inverse in the equation above, because we made
sure the vectors X; were not collinear. (It’s a good exercise to verify this assertion.)

Example: Suppose that f : R?> — R? is an affine transformation such that

f(17 1) = (37 _4)
f(()? 2) = <_17_1)
f(_171) = (170)

(a) Find the matrix that represents f in homogeneous coordinates.

(b) Compute f(6,—8).

More generally, an affine transformation on R™ is uniquely determined by its action on any n + 1
non-coplanar points.



Solution: To solve part (a) we compute

1

3 -11 10 —1] 3 -11 : -1 1 -3 5
-4 -1 0 1 2 1 =| -4 -1 0 0 1 -1 (=2 1 =3
1 1 1 111 111 -3 -1 1 0 1
For part (b), use the matrix above to compute:
1 -3 5 6 35
2 1 -3 || -8|=]-23],
0 0 1 1 1

so that f(6,—8) = (35, —23).
|

Exercises:

1. Compute the matrix that rotates the plane R? counter-clockwise by the angle 7 around
the point (3,2) using homogeneous coordinates.

2. Compute the matrix that rotates the plane R? clockwise by the angle 7 around the point
(3,2) using homogeneous coordinates.

3. Compute the matrix that reflects the plane R? across the line y = —4 using homogeneous
coordinates.

4. Compute the matrix that dilates the plane R? by 3 from the point (7, 2) using homoge-
neous coordinates.

5. Find the image of the point (20,9) under the counter-clockwise rotation by 7/3 around
the point (2, -3).
(Hint: See the example presented earlier in these notes.)

6. Find the image of the point (—4, 1) under the rotation of Exercise 1. above.
7. Find the image of the point (—4, 1) under the rotation of Exercise 3. above.

8. An affine transformation F' : R> — R? maps the three points
(1,2) (1) (3,3

to the points
(07 _2) (L _1) (41 0)

respectively. Find the matrix that represents the transformation F' in homogeneous coor-
dinates.

9. Compute F(6,—3), where F' is the affine transformation of Exercise 8. above.



10. In analogy to the 2-dimensional case, homogeneous coordinates for R? use 4-dimensional
vectors with final coordinate 1 and suitably arranged 4 x 4 matrices.

Problem: Compute the 4 x 4 matrix that reflects 3-dimensional space R? across the plane
z = 6 using homogeneous coordinates.

Answers to Selected Exercises:

r L _1 g_ 1 7

V2 V2 V2

1 1 1 9 5

Tl v2 V2 V2

L O 0 1

r L 1L g3_ 5 1

V2 V2 V2

2 -1 1 9_ 1

) V2 V2 V2
0 0 1

1 0 0] 3 0 —14
3 -1 -8 4. |0 3 -4
0 0 1 0 0 1
1 0 o[ -4 —4
7 -1 -8 1= -9
0 0 1 1 1

8. The matrix A of this affine transformation satisfies:

12 3 0 1 4
Al2 1 3|=|-2 -1 0|,
111 1 11
so that
0 1 4)[1 23] 0 141[-F § 1 52 3
A=|-2 -1 0| |2 1 3 =|-2 -10 3 -3 1|=]10 -3
1 1
1 1 1]]111 1 11 T 00 1
10 00
01 00
10- 05 0 -1 12
00 0 1



