Questions about the homework?

..?..

Section 5.2:

Main ideas? ...

..?..

..?..

Definition of integration (partitions, mesh)
Interpretation of integral as “signed area”

Properties of integration

Estimating integrals

Integrability of all continuous functions

Imagine a game (the “Riemann Integrability Game”) between two players, Adam and Eve.  First Adam picks an ( > 0; then Eve get to pick a ( > 0 that depends on Adam’s choice of ( (sometimes I write ( as ((() to remind you of this dependence); then Adam gets to pick any partition 

[x0, x1], [x1, x2], [x2, x3], ..., [xn–1, xn] of the interval [a, b] = [x0, xn] with mesh less than (((), and Adam gets to pick any sample points xi* in those subintervals.  

These choices determine a Riemann sum. 

If despite Adam’s best efforts, the Riemann sum differs from A by less than (, Eve wins; but if Adam can force the Riemann sum to differ from A by ( or more, Adam wins.

If Eve has a winning strategy for this game, we say the function f is Riemann integrable on the interval [a,b], with Riemann integral equal to A.

Examples: 

Every continuous function is Riemann integrable (Theorem 5.2.3).

Every bounded function with only finitely many discontinuities (e.g., the Heaviside function H(x)) is Riemann integrable.

Non-examples: 

Functions that are not bounded are not Riemann integrable.  Functions that are discontinuous everywhere (such as the function f(x) that’s 1 if x is rational and 2 if x is irrational) are not Riemann integrable.

The definition of the definite integral: If a<b and f  is a function defined on [a,b], then (ab f(x) dx is defined as lim_{max (xi ( 0} (i=1n  f(xi*) (xi if this limit exists (otherwise we say that f  is not Riemann integrable on [a,b] and that (ab f(x) dx is undefined).  See Stewart, page 270.

That is, (ab f(x) dx is defined as the unique value I (if it exists) such that Eve has a winning strategy in the following game:

Adam picks a number ( > 0.

Eve picks a number ( > 0.

Adam picks a partition P of [a,b] of mesh < (, along with a choice of sample points xi* for this partition, determining a Riemann sum S.

If  | S – I | < (, Eve wins; otherwise, Adam wins.

I is called the Riemann integral of the function f on the interval [a,b].

If I use the term “integral” during the next few weeks, I’ll always mean the Riemann integral.  (In Chapter 6 we’ll learn about “improper integrals”, but for now that’s not what I mean.)

The dx in (ab f(x) dx doesn’t mean anything literal; the notation is just supposed to be reminiscent of a Riemann sum.  (Historically, the integral sign arose as a variant of the letter S, analogous to the sigma in the Riemann sum.)

Variant notations are (ab dx f(x) (I first ran across this in a physics class) and the shorthand (ab f  (only feasible if the function you’re integrating has a name like f or g). 

Note that (ab f(x) dx can also be written as (ab f(u) du; the variable x is what’s called a “dummy variable”.  However, it’s important that we use the same name in both places.  If we write (ab f(u) dx, then f(u) is a constant function (because it doesn’t depend on the variable of integration), so (looking ahead to our rules for integration) (ab f(u) dx = …

..?..

(b–a) f(u).

Likewise (ab f(x) du = (b–a) f(x), which is not at all the same as (ab f(x) dx.
This is why I don’t want you to write  (ab f(x)  (without a dx or a du)!
Note that a and b are called the (lower and upper) “limits of integration”; this standard terminology is unfortunately potentially misleading, since it has nothing to do with the “(, (” limit concept.  Also, don’t confuse this terminology with lower estimates and upper estimates of the value of an integral (also called lower bounds and upper bounds).

Before we discuss Theorem 5.2.3, let’s discuss (and prove) a special case, so we can see what the main ideas behind the proof are.

Claim: Let f(x) = x2, and let [x0,x1],[x1,x2],[x2,x3],...,[xn–1,xn] be any partition of the interval [0,1] such that the mesh max1(i(n (xi is smaller than ( > 0, and let x1*, x2*, ..., xn* be any selection of sample points from these n respective intervals, with xi–1(xi*(xi .  Then the Riemann sum

(*)

S = f(x1*) (x1 + f(x2*) (x2 + ... + f(xn*) (xn
differs from A = 1/3 by less than (.

Proof: Since f  is increasing, we have f(xi–1)(f(xi*)(f(xi) for all i, so the sum S lies between

L = f(x0) (x1 + f(x1) (x2 + ... + f(xn–1) (xn
and

R = f(x1) (x1 + f(x2) (x2 + ... + f(xn) (xn.

Also, the true area A lies between L and R.

That is, we have


L ( S ( R
and


L ( A ( R
So, to show that S and A differ by less than (, it’s enough to show that L and R differ by less than (.

Write R – L as

(f(x1) – f(x0))(x1 + (f(x2) – f(x1))(x2 + ... + (f(xn) – f(xn–1))(xn
The “restacking” trick we used last week lets us stack 

an (f(x1) – f(x0)) by (x1 rectangle,

an (f(x2) – f(x1)) by (x2 rectangle,

..., and

an (f(xn) – f(xn–1)) by (xn rectangle

inside a rectangle of height 1 and width max (xi < (,

so |R – L| < (, which is what we wanted to show. (
Notice how the mesh plays a key role in this argument!

So we have proved (using ((() = () that the function f(x) = x2 is Riemann integrable on the interval [0,1], and the Riemann integral has value 1/3.

More generally: If f is a continuous non-negative function on an interval [a,b], then f is Riemann integrable on [a,b], and the value of the Riemann integral is precisely the area A of the region bounded between the curve y = f(x), the horizontal line y = 0, and the vertical lines x = a and x = b.

That is, for every ( > 0, no matter how small, there exists a ( > 0 such that every Riemann sum


f(x1*) (x1 + f(x2*) (x2 + ... + f(xn*) (xn
with mesh < ( has value differing from A by less than (.

(In the case of f(x) = x2 and [a,b] = [0,1], we saw that Eve can win by taking ( = (; regardless of what Adam does, the value of the Riemann sum will be within ( of 1/3, because the mesh of Adam’s partition is less than (.  For other functions and other intervals, a different choice of ( = ((() might be needed to give Eve a winning strategy, but the idea is the same.)

Theorem 5.2.3 says that if the function f is continuous on [a,b], or has only (a finite number of) jump discontinuities on [a,b], then f is Riemann integrable on [a,b].

We won’t prove this for functions with jump discontinuities, but we will later use the Fundamental Theorem of Calculus (part I) to prove that continuous functions are Riemann integrable.

Theorem 5.2.4 says that if a function f is Riemann integrable, then its Riemann integral is equal to limn(( Rn, where Rn is the Riemann sum f(x1) (x + …+ f(xn) (x, with xi = a + i(b – a)/n.

That’s because the Riemann sum Rn has mesh (b–a)/n, which goes to 0 as n goes to infinity.   
Remember: The definition of Riemann integrability says that a function is Riemann integrable with integral I if sending the mesh to 0 forces the value of the Riemann sum to go to I.
Recall that Definition 2 from section 5.1 defined area as limn(( Rn, in the case where the function f is continuous and non-negative.

So what Theorem 5.2.4 is saying is that if f is a continuous non-negative function on [a,b],  (ab f(x) dx is equal to the area between the line y=0 and the curve y=f(x) between the lines x=a and x=b.

Let’s go back to Theorem 5.2.3 and look at an example in which the function f has jump discontinuities.
Recall the Heaviside function



{  0
if x < 0

H(x)   = 
{



{  1
if x ( 0
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Is f(x) Riemann integrable on [–1,1]? And if it is, what is the value of the definite integral?

..?..

..?..

Theorem 5.2.3 tells us that this function is Riemann integrable, since it’s continuous except at 0 (where it has a jump discontinuity).

To integrate a function with jump discontinuities on [a,b], just break [a,b] into sub-intervals, changing the value of the function at the break-points to make the integrand on each subinterval continuous, and add the integrals.

For instance, in the case of the Heaviside function, since H(x) is 0 on (–1,0) and 1 on (0,1), (–11 H(x) dx = (–10 0 dx + (01 1 dx = 0 + 1 = 1.

However, I’ll want you to solve problem D of assignment #2 directly from the definition of the Riemann integral, NOT by appealing to this principle.
