Who prefers to prove formulas using the constant sequence property and the increasing sequence property rather than mathematical induction?  Who prefers using mathematical induction?  (In 2011, it broke down 9 to 5; in 2013, it broke down 3 to 4.) 
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Section 5.2, continued: 

A different example: Let 



{1/x if x ( 0

f(x)   =     {



{  0  if x = 0.

Is f(x) integrable on [1,2]?

..?..

Yes, because it is continuous (and you will compute the integral in the next assignment).

Is it integrable on [0,1]?

..?..

For any choice of partition, the interval [x0, x1] will contain positive numbers arbitrarily close to 0, so the player choosing the sample points can make f(x1*) as large as he likes, thus making the term f(x1*) (x1 as large as he likes.  

(“But can’t we make (x1 really small?” …

..?..

..?..

“Eve doesn’t get to pick x1*; Adam does!”)

So no matter how small the mesh of the partition is, the value of the Riemann sum can be as large as Adam wants it to be.  So Eve has no chance of winning.

More generally, Eve loses if the function f is unbounded on the interval [a,b].

We’ve seen that integrals measure area.  However, integrals are sometimes negative, whereas area (in the usual sense) can’t be.  How do we reconcile this? ..?..

..?..

..?..

Integrals in general measure signed area.

If f(x) ( 0 for all x in the interval [a,b], then (ab f(x) dx is the area bounded by the graph of y=f(x) and the x-axis between x=a and x=b.  We call this the “area under the curve” (the condition “and above the x-axis” is tacit).

But:
If f(x) ( 0 for all x in the interval [a,b], then (ab f(x) dx is the negative of the area bounded by the graph of y=f(x) and the x-axis between x=a and x=b.

More generally, if f is integrable on [a,b], then (ab f(x) dx = A1 – A2, where A1 is the area of the region above the x-axis and below the graph of f, and A2 is the area of the region below the x-axis and above the graph of f (between x=a and x=b).  [Draw picture.] We call this the “net area” or “signed area” or “algebraic area” (as opposed to “geometric area” which can never be negative).

There’s another kind of situation in which an integral is the negative of an area, rather than an area: 

When a>b, it turns out to be convenient to define (ab f(x) dx as –(ba f(x) dx (where this integral is defined as above).  E.g., (21 1 dx [draw picture] is equal to … 

..?..

..?..

(21 1 dx = –(12 1 dx = –1.

So for example, (21 –1 dx [draw picture] is equal to … 

..?..

..?..

(21 –1 dx = –(12 –1 dx = +1.

Likewise, when a=b, it turns out to be convenient to define (ab f(x) dx as 0.

(Without these conventions, Property 5 on page 277 wouldn’t be true in full generality.)

[Omit in 2014:]
Here’s the way of stating things that takes into account both the situation with a > b and the situation with f(x) being negative for some values of x between a and b:

If f(x) is continuous between x=a and x=b, then (ab f(x) dx = A+ – A– , where A+ (resp. A–) is the area enclosed in the counterclockwise (resp. clockwise) direction by the closed curve that goes 

from (a,0)

to (b,0)

(along the x-axis)

to (b,f(b))

(vertically)

to (a,f(a))

(along the curve y=f(x))

to (a,0)

(vertically).

(You can check that this agrees with the previous way of stating the theorem.)]
True or false: If f is integrable on [a,b] then 

as max((x1, …, (xn) goes to 0,  

(i=1n f(xi*) (xi goes to (ab f(x) dx.

..?..

..?..

True: This is the definition of integrability.

True or false: If f is integrable on [a,b] then 

as min((x1, …, (xn) goes to 0,  

(i=1n f(xi*) (xi goes to (ab f(x) dx.

..?..

..?..

False: If the narrowest intervals get narrower but the widest intervals stay wide, there’s no guarantee that the Riemann sums will get closer and closer to the integral.
Properties of the definite integral (pages 270-271).  (These properties assume a < b unless otherwise stated, but they do NOT assume that any of the functions f, g involved are continuous – only that they are are integrable.)

Property 1: (ab c dx = c(b–a).

Formal proof: For any Riemann sum for this integral, we have (x1 + (x2 + ... + (xn = (x1– x0)+(x2– x1)+...+(xn– xn–1) = xn – x0 = b – a , so  f(x1*) (x1 + f(x2*) (x2 + ... + f(xn*) (xn = c(x1 + c(x2 + ... + c(xn = c((x1 + (x2 + ... + (xn) = c(b–a).  (Notice that the epsilons and deltas don’t even play a role here: every Riemann sum for the integral, regardless of its mesh-size, has the exact right value.)

Geometrical proof: If c > 0, then the graph of y=c lies above the x-axis, and the integral is the area of the rectangle with corners (a,0),(a,c),(b,0), and (b,c), which is c(b–a).  If c < 0, then the graph of y=c lies below the x-axis, and the integral is the negative of the area of the rectangle with corners (a,0),(a,c),(b,0), and (b,c), which is –(–c)(b–a).  If c=0, then no area is enclosed, so the integral is 0.

What property of the function y=c is being implicitly used in the geometrical proof? …

..?..

..?..

The fact that it’s continuous.  

Remember, the relationship between integral and area hinges on the definition of area that appears on page 262 (Definition 2), which requires that the function f be continuous.
The formal proof of Property 1 is nice because it doesn’t require dividing things into cases; the geometrical proof is nice because it doesn’t require use of Riemann sums.

Property 2: If f, g, and f+g are integrable on [a,b], then

(ab (f+g)(x) dx = (ab f(x) dx + (ab g(x) dx.

Stewart’s proof: Theorem 4 (on page 271) says that if a function is known to be integrable, then you might as well use Riemann sums with equal-width subintervals using the right end-point of each subinterval as your sample-point; then (ab f(x) dx = limn(( Rn.  (Compare this theorem of Stewart’s, whose proof appears on the top half of page 271, with Stewart’s definition of area on page 262.)  We can write Rn as Rn(f) to indicate that f  is the function being sampled at the sample-points.  So then Stewart uses the fact that Rn(f+g) = Rn(f) + Rn(g) to prove that 

(ab (f+g)(x) dx = limn(( Rn(f+g) 

                       = limn(( Rn(f)+Rn(g) 

                       = limn(( Rn(f) + limn(( Rn(g) 

                       = (ab f(x) dx + (ab g(x) dx. 

But this proof leaves open the possibility that f and g are integrable but f+g is not — a possibility which we will now rule out.

Property 2(: If f  and g are integrable on [a,b], then f+g is too, and (ab (f+g)(x) dx = (ab f(x) dx + (ab g(x) dx.

Proof: Stay tuned!
