Please remind me to return HW #1 at 11:45.

Questions on homework #2?

[Discuss password and show video clip]
There’s an unclaimed $1 (a deliberate “error” in the notes for past lectures); find it!
Last time I challenged you to show that a Riemann integrable function need not have an antiderivative, and vice versa.

Did anyone come up with an example of a function that is Riemann integrable but does not have an antiderivative?

..?..

..?..

There’s one you’ve been looking at on the homework!

..?..

Let f(x) be a function with one or more (but only finitely many) jump discontinuities, like the Heaviside function or the function from homework problem D, that’s continuous away from its discontinuities.
Then f is Riemann integrable on every interval, but it doesn’t have an antiderivative on [a,b] if one of the jump discontinuities is in [a,b], because “derivatives can jitter, but they can’t jump!”  That is, if F is a differentiable function, F ( can’t have jump discontinuities.

Did anyone come up with an example of a function on a closed interval that has an antiderivative but is not Riemann integrable?

..?..

..?..

We’ll come back to this at the end of the class.
Evaluation Theorem:

(ab f(x) dx  = ( f(x) dx(ab





= F(x) (ab
= F(b) – F(a)

(where F is an antiderivative of f).

Last time we wrote the Evaluation Theorem in the form

(ab ((d/dx) F(x)) dx = F(x)(ab .

This formula holds if …

..?..

..?..

F is a differentiable function AND …

..?..

the derivative of F(x) is continuous.

(What’s an example of a differentiable function whose derivative is not continuous?

..?..

..?..

The function f(x) that is x2 sin 1/x for x ( 0 and 0 for x = 0.)
Special case of (ab ((d/dx) F(x)) dx = F(x)(ab :

(0b ((d/dx) F(x)) dx = F(b) – F(0).

What if we now treat b as a variable?  Then we can define a new function g(b) = (0b ((d/dx) F(x)) dx.

The Evaluation Theorem says that this new function g is

just the function F plus some constant C = – F(0) (we call C a constant because it doesn’t depend on b).  That is, g(b) = F(b) – F(0).

This point of view will play a role in section 5.4.

Questions on section 5.3?

Note 1: In multivariate contexts, we already saw last term that when you differentiate, you have to say what variable you’re differentiating with respect toY  Thus (d/dx) x2y = 2xy but (d/dy) x2y = x2O  Similar care is required when we’re doing antidifferentiation U  In particular, when we say that the antiderivative of f(x,y) with respect to x is F(x,y) plus a constant, “constant” means “not depending on the variable of integration” (in this case, x) G  Thus

( x2y dx = (1/3)x3y + C1(y) 

where I write C1 as C1(y) to emphasize that it might depend on y E  Likewise

( x2y dy = (1/2)x2y2 + C2(x)

Observe that these right-hand sides are really different, so it’s really important to include the dx and dy to show what the variable of integration is T 

Note 2: Similar care is required for definite integrals $
(01 x2y dx = (1/3)x3y (x=0x=1 = (1/3)y – 0 = (1/3)y, whereas

(01 x2y dy = (1/2)x2y2(y=0y=1 = (1/2)x2 – 0 = (1/2)x2 1
So it’s often very important to keep that dx or dy in your notation !
Getting back to that challenge question:

An example of a function on a closed interval [a,b] that has an antiderivative but is not Riemann integrable is the function F ((x), where F(x) = x2 sin 1/x2 for x ( 0, F(0) = 0.

Here’s what F(x) and F ((x) look like:
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F is differentiable at 0 [discuss!], but F ( is unbounded on every interval containing 0: for x ( 0, F ((x) = 2x sin 1/x2 – (1/x)(2 cos 1/x2).  So F ( isn’t Riemann integrable (because unbounded functions aren’t integrable).
Preparation for Part I of the Fundamental Theorem:

Pretend it’s December again, and you know nothing about Riemann sums, or integrals, or the Evaluation Theorem.

Here’s a way we could compute the area A under the curve y=x2 between x=0 and x=1:

Call this area A(1), where we define A(r) as the area under the curve y=x2 between x=0 and x=r.

Claim: For all r > 0, A((r) = r2.

Proof: Recall A((r) = limh(0 (A(r+h) – A(r))/h.  When h > 0, the difference A(r+h) – A(r) equals the area of a region that fits inside a rectangle of width h and height (r+h)2 and contains a rectangle of width h and height r2.  Therefore

h r2 < A(r+h) – A(r) < h (r+h)2
and


r2 < (A(r+h) – A(r))/h < (r+h)2.

So by the squeeze theorem,

limh(0+ (A(r+h) – A(r))/h = r2
and a similar argument gives

limh(0– (A(r+h) – A(r))/h = r2
so the two-sided limit (also known as A((r)) also equals r2. (
How does this help us find A(1)?

We already know (from first-semester calculus) a function F(r) such that F((r) = r2, namely F(r) = (1/3)r3.

Since any two antiderivatives of r2 must differ by a constant, we have A(r) = (1/3)r3 + C for some constant C.

How can we find C?

..?..

..?..

Substitute r = 0!

We get 0 = A(0) = (1/3)03 + C = C, so A(r) = (1/3)r3
for all r, whence A(1) = 1/3.

So we’ve computed the area without using integration; instead, we used an antiderivative.

This leads us to the Fundamental Theorem of Calculus.

We needed a new variable, r, so we could define A via “A(r) = the area under the curve y=x2 between x=0 and x=r.”  It wouldn’t have made any sense to write “We define A(x) as the area under the curve y=x2 between x=0 and x=x”.

This kind of problem crops up all the time in the theory of integration.  You frequently need to introduce a new variable because the name you want to use already means something else.

Another example of this annoying phenomenon is the equation

g(b) = (0b (d/dx) F(x) dx
with x ranging between 0 and b in the integral (which we encountered about a third of the way through today’s lecture).

If we wrote


g(x) = (0x (d/dx) F(x) dx
we’d have to imagine x as ranging from 0 to x, which makes no sense.
