[Discuss Chiara’s problem]

[Collect HW]

Remind me to collect section-summaries at 11:45!

Section 5.4: The Fundamental Theorem of the Calculus

Main ideas?

..?..

..?..

The Fundamental Theorem of Calculus:

“Differentiation undoes integration”
“Integration undoes differentiation” (up to a constant)
The definition of the average of a function over the interval [a,b]
The Mean Value Theorem for Integrals

The Fundamental Theorem of Calculus, Part II (also known as the Evaluation Theorem): Suppose f  is continuous on [a,b] and F is an antiderivative of f.  Then

(ab f(x) dx  =  F(b) – F(a)

(Note: This part of the FTC does not say that an antiderivative of f exists; it only says what follows if an antiderivative of f exists.)

The Fundamental Theorem of Calculus, Part I: Suppose f  is continuous on [a,b] (so that f is Riemann integrable on [a,b]), and c is in [a,b].  If we define g(x) = (cx f(t) dt, then g((x) = f(x) (for a < x < b).

(Note: This is the part of the FTC that says that an antiderivative exists; it constructs the antiderivative as a Riemann integral.)
Note that Stewart’s version of FTC I uses c = a, but any c in [a,b] will do, and if [a,b] contains 0, it’s often convenient to take c = 0.

Proof of FTC I: Note that Theorem 5.2.3 from page 270 tells us that f is integrable on [a,b] (because it is continuous).  So the integral (cx f(t) dt exists for all x in [a,b].  We call it g(x).
If x and x+h are in (a,b), then


g(x+h) – g(x)
=   (cx+h f(t) dt – (cx f(t) dt




=   (xx+h f(t) dt
and so for h ( 0,

(2)
(g(x+h) – g(x))/h =  (1/h) (xx+h f(t) dt
Suppose h > 0.  Since f is continuous on [x,x+h], the Extreme Value Theorem says there exist u and v in [x,x+h] such that f(u) = mh and f(v) = Mh, where mh and Mh are the absolute minimum value and absolute maximum value of f on [x,x+h].  [Draw picture.]

Since mh ( f(t) ( Mh for all t in [x,x+h], Property 8 of integrals gives us


mh h = (xx+h mh dt ( (xx+h f(t) dt ( (xx+h Mh dt = Mh h
Since h > 0, we can divide by h to get


mh ( (1/h) (xx+h f(t) dt ( Mh.

Combining this with

(2)
(g(x+h) – g(x))/h =  (1/h) (xx+h f(t) dt

we get

(3)
mh ( (g(x+h) – g(x))/h ( Mh.

You’ll show on the next homework that this inequality also holds for h < 0.

Now we send h(0.  Then u(x and v(x (since u and v lie between x and x+h), so

limh(0 mh = limu(x f(u) = f(x)

and

limh(0 Mh = limv(x f(v) = f(x)

(by the continuity of f  at x).  Applying the Squeeze Theorem to (3), we get

g((x) = limh(0 (g(x+h) – g(x))/h = f(x).  (
Note that FTC I tells us immediately that every continuous function has an antiderivative (the simple case of Theorem 5.2.3), but it doesn’t give us a way to write it down in a simple formula, other than as (cx f(t) dt.
Beware of trying to write an antiderivative of f(x) as

(0x f(x) dx ; the x is doing double-duty, and you’ll get into trouble if you try to evaluate or simplify the integral using the techniques we’ll learn from section 5.5.

The right way to do it is to write  (0x f(w) dw  or  (0x f(t) dt  or something like that, using a variable of integration that’s different from x.

On the whole, the meaning of the FTC is that differentiation and integration are mutually inverse processes:

if you differentiate (with respect to x)

    the integral from c to x of 

a continuous function f,

            you get

..?..

..?..

the function f  you started with;

and,

if you integrate (from c to x)

    the derivative of 

a function F with continuous derivative,

            you get

..?..

..?..

the function F(x) – F(c), which differs by a constant from the function you started with.

The condition that F has a continuous derivative cannot in general be replaced by the looser condition that F have a derivative (that is, by the condition that F is differentiable).  

Remember the example from last time: F(x) = x2 sin 1/x2 for all x ( 0, and F(0) = limx(0 x2 sin 1/x2 = 0).  F is differentiable, but since F ( is unbounded it is not integrable.  Hence we CANNOT claim 

(ab F ((x) dx = F(b) – F(a)

in this case (if a < 0 < b) because the left hand side is undefined.

For most purposes, this is an arcane point, since differentiable functions with non-continuous derivatives don’t arise very often in real-world applications.

Challenge for next time: Find an antiderivative of f(x) = |x| by applying the Fundamental Theorem of Calculus.

Averages

We define the average value of f  on [a,b] as

fave = ((ab f(t) dt)/(b – a).

Note that if f(x) = c for all x in [a,b], then

fave = c(b – a)/(b – a) = c.

Also, if m ( f(x) ( M for all x in [a,b], then, dividing


m(b – a) ( (ab f(t) dt ( M(b – a)

by b – a, we have

m ( fave ( M.

Example: What is the average value of the Heaviside function H(t) on [–1,1]?

..?..

..?..

(1/(1 – (–1))) (–11 H(t) dt =

..?..

..?..

(1/2) 1 = 1/2, which lies between m=0 and M=1.

Note that the function f must be integrable on [a,b] in order for it to have an average value on [a,b].

Suppose f is integrable on [a,b].  Must there exist a point in [a,b] where f achieves its average value?

..?..

..?..

No; consider for instance the Heaviside function, whose average value on [–1,1] is 1/2, even though there is no x in [–1,1] with f(x) = 1/2.

Might we be able to prove a theorem with the conclusion “...then there is a number c in [a,b] such that f(c) = fave(a,b)” by adding an extra hypothesis?

..?..

..?..

Yes (and if you read section 5.4, this should ring a bell): add the hypothesis that f is continuous.

The Mean Value Theorem for Integrals: If f is continuous on [a,b], then there exists a number c in (a,b) such that

f(c) = fave = (1/(b–a)) (ab f(x) dx,

that is,

(ab f(x) dx = f(c) (b–a).

Proof: Let F(x) = (ax f(t) dt for a ( x ( b.

(How do we know that this function is well defined?

..?..

..?..

We are assuming f  is continuous, so f  is integrable, by Theorem 3 on page 270.)

By the Mean Value Theorem for derivatives, there is a number c between a and b such that

(1)
F(b) – F(a) = F ((c) (b – a).

(How do we know F is differentiable?

..?..

..?..

FTC1 tells us this; specifically, it tells us that F ( = f.)

Since F ((x) = f(x) by FTC1, (1) can be rewritten as

(2)
(ab f(t) dt – 0 = f(c) (b – a).

which is what we were trying to prove. (
Problem: Suppose a particle travels with velocity f(t) for all t in [a,b], with f a positive and continuous function C  

Using the definition of “average” given above, show that the average velocity of the particle from time a to time b equals the distance the particle travels divided by the time elapsed L
Proof: Since f is continuous, it has an antiderivative F, and physics tells us how to interpret F: F(t) is the position of the particle at time t relative to its position at time a A  The particle’s average velocity is ((ab f(t) dt)/(b – a), and by applying the FTC to the numerator we can rewrite the particle’s average velocity as (F(b) – F(a))/(b – a) I
Indeed, the (ordinary) Mean Value Theorem from last term can be rephrased as the assertion that “There must exist some c in (a,b) such that the derivative of F at c equals the average value of the derivative of F over the interval [a,b] M”

Now that we understand averages-as-integrals, take another look at

(2)
(g(x+h) – g(x))/h =  (1/h) (xx+h f(t) dt

from the proof of FTC I and note that the RHS can be interpreted as the average value of f(t) for t in [x,x+h] Y 

Also, look back at the proof of the Evaluation Theorem O  We wrote F(b) – F(a) as (i=1n [F(xi) – F(xi–1)] and then wrote each term F(xi) – F(xi–1) as F((xi*) (xi–xi–1) = f(xi*) (x for suitable choice of xi* given by the Mean Value Theorem U  That choice of sample points may have seemed unmotivated, but now we see that we were just choosing xi* so that the value of f at xi* would equal the average value of f throughout the interval [xi–1,xi] R  Equivalently, we made sure that the area f(xi*) (x of the rectangle contributing to our Riemann sum for the interval [xi–1,xi] would equal the area under the curve y = f(x) between x = xi–1 and x = xi  $
