Section 5.5: The Substitution Rule (continued)
Substitution Theorem for Indefinite Integrals
My version is a bit different from Stewart; one difference is that my version doesn’t require f to be continuous, but there are more serious differences, as we’ll see.
If u = g(x) is a function that is differentiable on some interval J, and f  has an antiderivative on I = g(J), then f(g(x)) g((x) has an antiderivative on J, and

(*)
( f(g(x)) g((x) dx = (( f(u) du)|u=g(x)
[Put it on the board for later reference.]

Example: Compute ( sin2 x cos x dx.

[Have students spend three minutes doing this, identifying the functions f and g and the intervals I and J.]

Solution: Let

u = g(x) = sin x,

a function on J = R whose range is I = g(J) = [–1,1], and 

f(u) = u2,

a function that is continuous on I = [–1,1] and hence has an antiderivative on I.  Then

f(g(x)) g((x) = sin2 x cos x,

so the theorem tells us that

( sin2 x cos x dx = ( u2 du 
  = (1/3)u3 + C 

  = (1/3) sin3 x + C.
Check: Differentiating (1/3) sin3 x with the Chain Rule gives (1/3) 3 sin2 x cos x = sin2 x cos x.

Proof of the Substitution Theorem for Indefinite Integrals: Let F be an antiderivative of f on g(J).  Then (d/du) F(u) = f(u) on g(J), and 

(d/dx) F(g(x)) = F ((g(x)) g((x) = f(g(x)) g((x) on J by the Chain Rule.  (The appeal to the Chain Rule is justified by the assumptions that the function g is differentiable on J and the function F is differentiable on g(J).)  Since the derivative of F(g(x)) is f(g(x)) g((x), we see that F(g(x)) is an antiderivative of f(g(x)) g((x), so 

( f(g(x)) g((x) dx = F(g(x)) + C.  
On the other hand,


(( f(u) du) |u=g(x) = (F(u)+C) |u=g(x) = F(g(x)) + C. 

(
Stewart’s approach (avoiding explicit reference to J) sweeps all sorts of details under the rug, such as “For what values of x is g(x) defined/continuous/differentiable? For what values of u is f(u) defined/continuous/differentiable?” In many applications this suppression of detail is helpful, but in some applications it can lead to errors or at least confusion.
Note that we can turn the left side of the formula

(*)
( f(g(x)) g((x) dx = ( f(u) du
into the right side if we replace g(x) by u and g((x) dx by du.  Moreover, the Chain Rule tells us that if u = g(x) then du/dx = g((x), which one is tempted to view as equivalent to du = g((x) dx.  Hence Stewart paraphrases the Substitution Rule as follows:  “It is permissible to operate with dx and du after integral signs as if they were differentials.”

What does this mean?

Recall from our work on linear approximation and differentials that if x and u are two variables with x the independent variable and u the dependent variable, and with x and u related by u = g(x), then we get two more variables, dx and du, called “differentials”, that satisfy the relation du = g((x) dx.

Now, this is NOT what’s going on in (*); dx and du in (*) are just reminders saying “integrate with respect to x and u, respectively”.  But if we pretend dx and du are differentials, then f(g(x)) g((x) dx is equal to f(g(x)) (g((x) dx) = f(u) du, and then sticking a “ ( ” in front of both sides of the equation, we get (*).

Since we had to deliberately misinterpret our notation, this is not a proof of (*); it’s more of a mnemonic.
Also, note that (*) isn’t exactly right, since the left hand side is a function of x and the right hand side is a function of u; we have to replace u by g(x) in the right hand side to get the correct statement of the theorem.
There’s a slight technical problem with Stewart’s way of stating the Rule, even in as simple an application as the one given on the next page of Stewart (Example 2).

Did anyone spot the problem?
..?..

..?..

Think about it for tomorrow!

The art of using the Change of Variable Theorem lies in knowing what variable u = g(x) to introduce.

In most of the examples we’ve treated so far, the right u to introduce is a sub-expression of the original integrand.

Sometimes, though, some trickery is involved (and one learns these tricks through experience, much as chess-players learn standard lines of play).

Example: Evaluate (0a sqrt(a2–x2) dx (with a > 0).

Solution: Put x = a sin (, so that x goes from 0 to a as 

( = arcsin x/a goes from …

..?..

..?..

0 to …

..?..

..?..

(/2.

Then a2 – x2 = a2 – a2 sin2 ( = a2 (1 – sin2 () = a2 cos2 (, so sqrt(a2–x2) = a | cos ( |, which (for ( in [0, (/2]) = a cos (.

Also, dx = …
..?..

..?..

a cos ( d(.  So (0a sqrt(a2–x2) dx = (0(/2 (a cos () (a cos () d( = a2 (0(/2 cos2 ( d( = …

..?..

..?..

a2 (0(/2 (1/2)(1 + cos 2() d( = …

..?..

...?..

(a2/2) (( + (1/2) sin 2() (0(/2
= (a2/2) ((/2 + 0 – 0) = (a2/4.

(Check: Under the area interpretation of the integral, the integral is the area of a quarter-circle of radius a.)

Trig substitutions are treated in section 6.2 (which we’ll skip over so we can focus on more interesting stuff).

They are often useful when the integrand has sub-expressions of the form sqrt(a2–x2), sqrt(a2+x2), and 

sqrt(x2–a2).

[Discuss True-False questions.]
