There are two unclaimed dollars on the website; find them!
Both are in the lecture notes.
Did anyone figure out yesterday’s paradox?  I’ll remind you how it goes: On the one hand, 

( 2x+2 dx = x2 + 2x; 

on the other hand, putting u = x+1 and du = dx, we have 

( 2x+2 dx = ( 2(x+1) dx = ( 2u du = u2 = (x+1)2 

= x2 + 2x + 1.

Equating the two answers we get 

x2 + 2x = x2 + 2x + 1 ,

and subtracting x2 + 2x from both sides we get 0 = 1, which is impossible.

What’s wrong with this?

..?..

..?..

Oh, we left out the C, did we?

How about this:

On the one hand, 

( 2x+2 dx = x2 + 2x + C; 

on the other hand, putting u = x+1 and du = dx, we have 

( 2x+2 dx = ( 2(x+1) dx = ( 2u du = u2 + C = (x+1)2 + C 

= x2 + 2x + 1 + C.

Equating the two answers we get 

x2 + 2x + C = x2 + 2x + 1 + C,

and subtracting x2 + 2x + C from both sides we get 0 = 1, which is impossible.

What’s wrong with this?

..?..

..?..

The two C’s can be different constants!

x2 + 2x + C1 = x2 + 2x + 1 + C2 ?  No problem!

Here’s another way to think about it:

( f(x) dx is not a function, but a one-parameter family of functions, any two of which differ by a constant.  And sure enough, x2 + 2x + C and x2 + 2x + 1 + C differ by a constant (namely 1).

Section 5.5 (concluded):

Recall Stewart’s statement of the Substitution Rule:

If u = g(x) is a differentiable function whose range is an interval I and f is continuous on I, then

(*)
( f(g(x)) g((x) dx = ( f(u) du
Example 2: Evaluate ( sqrt(2x+1) dx.

Stewart’s solution: Let u = g(x) = 2x+1 and f(u) = sqrt(u) = u1/2.  Then du/dx = 2, and du = 2 dx, so dx = (1/2) du, so the Substitution Rule gives ( (2x+1)1/2 dx = ( u1/2 (1/2) du = (1/2) (2/3)u3/2 + C = (1/3)u3/2 + C = (1/3)(2x+1)3/2 + C.

This answer is correct, as we can verify by differentiation: the Chain Rule says that the derivative of (1/3)(2x+1)3/2 + C is (1/3)(3/2)(2x+1)1/2(2) = (2x+1)1/2.  But is the proof correct?

..?..

..?..

Are the hypotheses satisfied?

..?..

..?..

Is g(x) (aka 2x+1) a differentiable function whose range is an interval I, and is f continuous on I?

..?..

..?..

The range of g(x)=2x+1 is

..?...

..?..

all of R, which is the interval (–(,(); but f(u)=u1/2 isn’t defined, let alone differentiable, on all of (–(,().

So Stewart’s solution to Example 2 is at the very least unclear about what I is.  

One way to fix the problem would be to define g to be the function



{2x+1

for x ( –1/2,

g(x)
   =
{



{undefined
otherwise

The range of this function g(x) is

..?..

..?..

the interval [0, (), and f(u) = u1/2 is continuous on [0, (), so the hypotheses of Stewart’s theorem are satisfied, and we get a function (1/3)(2x+1)3/2 + C whose derivative is (2x+1)1/2 for all x belonging to the interval [–1/2, ().

Or, if it seems unnatural to define g(x) in this way, Stewart could define g(x) = 2x+1 for all x, and then talk about F(u) and f(u) for only those values of u that are of the form g(x) where x lies in a suitable subset of the domain of g.  For this particular example, the suitable subset is [–1/2, ().  

(Or maybe it’s (–1/2, (); see the Addendum below.)

This is my approach.

What my approach gains is that we no longer have to artificially restrict the domain of g.

What my approach loses is that we have to introduce another symbol (J) into the statement of the theorem, and relate this to Stewart’s I (specifically, I = g(J) where g(J) is defined as {g(x): x in J}).

Hence my way of stating the Theorem:
If u = g(x) is a function that is differentiable on some interval J, and f  has an antiderivative on I = g(J), then f(g(x)) g((x) has an antiderivative on J, and

(*)
( f(g(x)) g((x) dx = (( f(u) du)|u=g(x)
Addendum: Stewart’s reasoning in Example 2 uses the formula ( u1/2 du = (2/3)u3/2 + C.  Note that both of the functions u1/2 and (2/3)u3/2 are defined only for u ≥ 0.  But at u = 0, u1/2 is not a full-fledged derivative of (2/3)u3/2 : it’s only a one-sided derivative.

That’s why, in my version of the definition of antiderivatives, I made an exemption for endpoints of I.

This nicety makes a difference if, say, one wants to use the Evaluation Theorem to show that (01 x1/2 dx = (2/3)x3/2 |01 = 2/3 – 0 = 2/3.

This is legit, because if you look at the proof of the Evaluation Theorem, you’ll see that F((a) and F((b) play no role in the proof, and need not even exist; all that matters is that F((x) = f(x) for all x strictly between a and b.

Questions on chapter 5?

[Do the rest of the True-False Quiz for Chapter 5.]
