Please remind me to collect section summaries at 11:48!

[Finish the True-False Quiz for Chapter 5]

Challenge question: True or false?: If (0a f(x) dx = 0 for all a in [0,1], then f(x) = 0 for all x in [0,1].

..?..

..?..

The Fundamental Theorem of Calculus tells us that

(d/dx) (0x f(t) dt = f(x).

On the other hand, for all x we have  (0x f(t) dt = 0, so

(d/dx) (0x f(t) dt = (d/dx) 0 = 0.

So equating the right hand sides we get f(x) = 0 for all x.

What do you think of this proof?

..?..

..?..

What hypotheses on f are required for this to be legit?

..?..

..?..

The FTC requires that f be continuous.

Did the problem ever state that f is continuous?

..?..

..?..

No, it didn’t!

Challenge for tomorrow: Find a discontinuous function f on [0,1] such that (0a f(x) dx = 0 for all a in [0,1].
Section 6.1: Integration by parts
Main ideas of the section? …

..?..

..?..

You can apply the product rule in reverse.

(Indefinite) integration by parts:

My version: If f and g are differentiable functions on an interval I, and if f ((x) g(x) has an antiderivative on I, then f(x) g((x) does too, and

(*)
( f(x) g((x) dx = f(x) g(x) – ( f ((x) g(x) dx
Usually you’re not told what f(x) and g(x) are; you have to make a choice that helps you.

Example: Say we want to compute ( x ex dx. 

Try taking f(x) = x, g((x) = ex.  Take g(x) = ex and f ((x) = 1.
( x ex dx = x ex  – ( 1 ex dx 

      = x ex – (ex + C)
      = (x – 1) ex  + C
(note that we’ve changed the sign of C, which is legit because it just stands for an arbitrary constant).

NOTE: Whenever you find an antiderivative on a homework or exam, take the time to check it by...

..?..

..?..

taking the derivative!

That is, if you compute that some F is the antiderivative of some f (by parts, perhaps), verify that F( = f.

(This usually takes a lot less time than finding F in the first place.)

Check: By the product rule, (d/dx)  (x – 1) ex + C
= (1)(ex) + (x – 1)(ex) + 0 = xex. (
What if we’d used a different antiderivative of ex? …

..?..

..?..

Apply integration by parts with f(x) = x, g(x) = ex + A:

( x ex dx = x (ex + A) – ( 1 (ex + A) dx 

      = x (ex + A) – (ex + Ax + C)

      = x ex – ex  + C
as before.

What if instead of taking f(x) = x, g((x) = ex we’d tried taking f(x) = ex, g((x) = x? …

..?..

..?..

Then instead of replacing the problem of integrating x ex by the EASIER problem of integrating 1 ex, we’d replace it by the HARDER problem of integrating x2 ex.

But, turning this around, we now have a way of integrating x2 ex by parts, by reducing it to the easier problem of integrating x ex.

Problem: Compute ( x2 ex dx.

Put f(x) = x2, g((x) = ex.

( x2 ex dx = x2ex – ( 2x ex dx = x2ex – 2 ( xex dx 

= x2ex – 2(x–1) ex + C = (x2 – 2x + 2) ex + C.

Proof of indefinite integration by parts formula:
Theorem: If f and g are differentiable functions on an interval I, and if f ((x) g(x) has an antiderivative on I, then f(x) g((x) does too, and

(*)
( f(x) g((x) dx = f(x) g(x) – ( f ((x) g(x) dx
Proof: Let H = ( f ((x) g(x).  Then H((x) =  f ((x) g(x), so

(d/dx) [f(x) g(x) – H(x)] 

= (f ((x) g(x) + f(x) g((x)) – H((x)

= (f ((x) g(x) + f(x) g((x)) – f ((x) g(x)

= f(x) g((x)

so f(x) g(x) – H(x) is an antiderivative of f(x) g((x) as claimed. (
Stewart’s version (see the bottom of page 307): If f(x) and g(x) are differentiable functions with f ((x) and g((x) continuous, then (*) holds.

Why is Stewart’s version a consequence of mine?

..?..

..?..
Related question: Under Stewart’s hypotheses, how do we even know that the functions f ((x) g(x) and f(x) g((x) have antiderivatives?

..?..

..?..

A product of continuous functions is continuous, and every continuous function has an antiderivative, as a consequence of the Fundamental Theorem of Calculus.

Why is Stewart’s Theorem weaker than mine?

..?..

..?..

It’s possible for f ((x) g(x) to have no antiderivative, even if f and g are differentiable; e.g., let f and g be the continuous extensions of x2 sin 1/x4 and x2 cos 1/x4 to all of R, with f(0) = g(0) = 0.   Then f and g are differentiable but f ((x) g(x) 

has no antiderivative.

Moral: The hypothesis that f ((x) g(x) has an antiderivative cannot be dropped from the statement of the integration by parts rule; it doesn’t follow from the hypothesis that f and g are differentiable.
