Please remind me to collect section summaries at 11:48!

Remember, section summaries must be ONE SHEET (both sides) and should have the SECTION NUMBER written clearly at the top of the front.

Challenge for today: Find a discontinuous function f on [0,1] such that (0a f(x) dx = 0 for all a in [0,1].

..?..

..?..

Remember the Kronecker delta function from assignments 2 and 4?

If f(0) = 1 and f(x) = 0 for all x ( 0, then (0a f(x) dx = …

..?..

..?..

0, for all a.

Section 6.1: Integration by parts (continued)

Other challenge problem for today: Show that if g((x) is continuous, then g(x) is continuous.

..?..

..?..

g((x) is continuous ( g((x) exists ( g(x) is differentiable ( g(x) is continuous.
Some applications of integration by parts are trickier than the ones I’ve shown you so far.

Example: Compute ( cos2 x dx.

Let f(x) = cos x, g(x) = sin x.  Then we get
( cos2 x dx
= ( (cos x) (cos x) dx 

= cos x sin x – ( (– sin x) (sin x) dx

= cos x sin x + ( (sin x) (sin x) dx

= cos x sin x + ( sin2 x dx

= cos x sin x + ( (1 – cos2 x) dx

= cos x sin x + ( 1 dx  –  ( cos2 x dx

( cos2 x dx = cos x sin x + x – ( cos2 x dx
2 ( cos2 x dx = cos x sin x + x
( cos2 x dx = (1/2) (cos x sin x + x)

(Another way to do this integral is …

..?..

..?..

write the integrand as (1/2)(1 + cos 2x), using a trig identity.)

Note that if instead of replacing sin2 x dx by 1 – cos2 x you’d tried to do another round of integration by parts, you’d’ve ended up with the unhelpful formula

( cos2 x dx = ( cos2 x dx
Differentials can give us a nice (and commonly used) shorthand for integration by parts.  Write f(x) and g(x) as u and v, respectively, so that du = f ((x) dx and dv = g((x) dx.  Then we can write (*) as

( f(x) (g((x) dx) = f(x) g(x) – ( g(x) (f ((x) dx)

or

(**)
( u dv = uv – ( v du
E.g., for our example ( x2 ex dx, put u = x2 and dv = ex dx.  Then du = 2x dx and v = ex, so (**) yields


( x2 ex dx = x2 ex – ( 2xex dx.

as before.

(Definite) integration by parts:

My version of integration by parts for definite integrals says that if f and g are differentiable functions on an interval I, and if f ((x) g(x) is Riemann integrable on I, then f(x) g((x) is too, and

(***)
(ab f(x) g((x) dx = f(x) g(x)(ab – (ab f ((x) g(x) dx
Stewart’s version includes the extra hypothesis that f ((x) and g ((x) are continuous.

Why does Stewart’s version follow from mine? …

..?..

..?..

That is, if f ((x) and g ((x) are continuous on I, why does it follow that f ((x) g(x) is Riemann integrable on I? …

..?..

..?..

Because a product of continuous functions is itself continuous, and therefore Riemann integrable.

How does Stewart prove his version? …

..?..

..?..

He applies the Evaluation Theorem to the indefinite integration by parts theorem.

That is, if we know 

(*)
( f(x) g((x) dx = f(x) g(x) – ( f ((x) g(x) dx
then 

(ab f(x) g((x) dx = (( f(x) g((x) dx) |ab [discuss]



= f(x) g(x) |ab – (( f ((x) g(x) dx) |ab



= f(x) g(x) |ab – (ab f ((x) g(x) dx
Does this method of proof also prove my version? …

..?..

..?..

No, because we’re not allowed to assume that f(x) g((x) has an antiderivative.

In fact, a proof of my version requires more advanced methods than we’re covering in this class.

Example: Compute (0( x cos x dx .

[Have students do this.]

..?..

..?..

Solution:

  (0( x cos x dx 
= (0( (x) ((d/dx) sin x) dx 

=  (x) (sin x) (0(  – (0( ((d/dx) x) (sin x) dx
= 0 – 0 –  (0( (1) (sin x) dx
= (0( – sin x dx

= cos x(0(
= –1 – 1

= –2.

For more on integration by parts, see pp. 3–4 of

http://www.math.uchicago.edu/~rmasson/calc3/integration.pdf
In particular, see the discussion of “LIATE” as discussed at the top of p. 4.
Questions on section 6.1?

..?..

..?..

We’re skipping section 6.2 this year.  Trig substitutions are handy, but they’re not conceptually difficult; I prefer to focus on other topics.

