Please remind me to collect section summaries at 11:48!

Remember, section summaries must be ONE SHEET (both sides) and should have the SECTION NUMBER written clearly at the top of the front.

Section 6.3: Integration by partial fractions

Main ideas?

..?..

..?..

We can often integrate rational functions by writing them as sums of simpler rational functions.

A rational function of x is a function of the form p(x)/q(x) where p and q are polynomials.

Key idea of section 6.3: When we want to integrate a rational function, it’s often helpful to split it up as a sum of simpler rational functions.  This is especially helpful when q(x) factors nicely.

Example: ( 2/(1–x2) dx =  ( 2/(1+x)(1–x) dx 

= ( (1/(1+x) + 1/(1–x)) dx

= ( 1/(1+x) dx + ( 1/(1–x) dx
= ( 1/u du + ( 1/v (–dv)
(u = 1+x, v = 1–x)

= ln |u| – ln |v|

= ln |1+x| – ln |1–x|

= ln |1+x|/|1–x|

= ln |(1+x)/(1–x)|
Check: (d/dx) ln |(1+x)/(1–x)|

= ((1–x)/(1+x)) (d/dx) ((1+x)/(1–x))


(by the chain rule)

= ((1–x)/(1+x)) ((1–x)(1) – (1+x)(–1))/(1–x)2

(by the quotient rule)

= ((1–x)/(1+x)) (2)/(1–x)2
= 2/(1–x)(1+x)

= 2/(1–x2). 

A harder partial fractions example:

How do you find ( (x5 + x4 + x3 + x2 + x + 1)/(x3 – x) dx?

The denominator factors as x(x–1)(x+1), but you can’t write this rational function in the form A/x + B/(x–1) + C/(x+1), because the degree of the numerator is too big.

Before using partial fractions, we need to do long division:

                                        x2 +   x +   2  ( quotient
x3 – x ) x5 +   x4 +   x3 +   x2 +   x +   1

            x5          –   x3                           

                     x4 +  2x3 +   x2 +   x +   1

                     x4           –   x2
                             2x3 +  2x2 +   x +   1

                             2x3           –  2x
                                       2x2 + 3x  +  1  ( remainder

So (x5 + x4 + x3 + x2 + x + 1)/(x3 – x) equals x2 + x + 2

plus (2x2 + 3x + 1)/(x3 – x), and we can now apply partial fractions decomposition to (2x2 + 3x + 1)/(x3 – x) (since the degree of the numerator is now less than the degree of the denominator).  Try to continue from here yourself (hint: A, B, and C all come out to be whole numbers) to find the antiderivative.  When you’re done, check your answer by differentiating it.

[Discuss cases as time allows.]

See JamesPropp.org/142/Partial-Fractions-Example.doc where I illustrate the general procedure with a single hard example.

One point Stewart doesn’t make is that you should remove common factors from P(x) and Q(x) at the start.  For instance, if you want to integrate (x–1)/(x2–2x+1), you should first write it as 1/(x–1).

Questions on integration by partial fractions?

[Go through examples from Stewart if time permits.]

