Section 6.6. Improper integrals (concluded)
Please make sure I return last week’s homework at around 11:45!

Challenge question from yesterday: Is (01 (1/(sin x)) dx convergent?

..?..

..?..

For 0 ( x ( 1 < (, we have 0 < sin x ( x:
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So 1/(sin x) ( 1/x > 0, and since (01 1/x dx diverges, so does (01 (1/(sin x)) dx.

In analyzing (01 (1/(sin x)) dx, I used the inequality sin x ( x.  Why does this hold for all x ( 0?

..?..

..?..

Here are three ways to see it:

1. We know that cos t ( 1 for all t, so by the comparison property for integrals (property 7 on page 271), we have 

(0x cos t dt ( (0x 1 dt for all t ( 0, and this says sin x ( x.

2. Or, apply the Mean Value Theorem to f(t) = sin t on [0,x]: there is a c in (0,x) with f ((c) = (sin x – sin 0)/(x – 0), i.e., (sin x) / x = f ((c) = cos c ( 1, so sin x ( x.

3. Or, use the definition of sine as a circular function [draw picture]: For x between 0 and (/2, 

sin x = distance from (cos x, 0) to (cos x, sin x)


( distance from (1, 0) to (cos x, sin x)


( arc-length from (1, 0) to (cos x, sin x)


= x,

and for x > (/2, x continues to grow while sin x never gets bigger than sin (/2.

Integration by parts works for improper integrals, not just proper integrals.  There’ll be examples of this on the next the homework (due after the midterm).

The Evaluation Theorem for improper integrals

Problem: Compute (01 x/sqrt(1–x2) dx.

Note that the integrand is undefined at x=1, so the integral is improper.

We make use of the fact that f(x) = x/sqrt(1–x2) is the derivative of F(x) = –sqrt(1–x2), with F(x) continuous on [0,1] and f(x) continuous on [0,1).

(01 x/sqrt(1–x2)

= limt(1– (0t x/sqrt(1–x2) 

= limt(1– –sqrt(1–x2)(0t 

= –sqrt(1–x2)(01 (because sqrt(1–x2) is continuous at 1)


= (–0) – (–1)


= 1.

Note that we were able to write (ab F( (x) dx as F(b) – F(a) even though f = F( is undefined at one of the endpoints.

This works as long as F is continuous on [a,b] and differentiable on (a,b).

Questions on Chapter 6?
[True-False quiz.]

