Section 7.1:

Main idea(s)? …

..?..

..?..

We can use integration to find the areas of regions that aren’t bounded by three line segments and a curve.

Suppose f(x) ( g(x) for all x in [a,b].  [Sketch example.]

Then the area of the region bounded by 

the upper curve y = f(x) (a ( x ( b),

the lower curve y = g(x) (a ( x ( b),

the line segment from (a, f(a)) to (a, g(a))


(which is just a point if f(a) = g(a)),

and the line segment from (b, f(b)) to (b, g(b))


(which is just a point if f(b) = g(b)),

is equal to the integral

(*)



(ab [f(x) – g(x)] dx
Physicist’s proof: The region is made up of infinitely many infinitesimal strips.  The strip at horizontal position x has vertical length f(x) – g(x) and width dx, where dx is infinitesimal, so its (infinitesimal) area is [f(x) – g(x)] dx, and adding together all the strips give total area (*).

Mathematical proof idea: Approximate the region by a union of rectangles with combined area


(i=1n [f(xi*) – g(xi*)] (x
with (x = (b – a)/n and with each xi* a point in the interval [xi–1, xi] = [a+(i–1)(x, a+i(x], and take the limit as n((.

Does anyone have a different way to understand (*)? …

..?..

..?..

What if f(x) ( g(x) ( 0 on [a,b]? …

..?..

..?..

Write the region as the region under the curve y = f(x) with the region under the curve y = g(x) removed; then we see that the area is (ab f(x) dx  minus  (ab g(x) dx, which is equal to (ab [f(x) – g(x)] dx.

Problem: Compute the area between the parabolas y=x2–1 and y=1–x2.

First step: Sketch the region to find out what [a,b] is and to decide which curve is higher and which is lower.

The curves y = x2–1 and y = 1–x2 cross at 
..?..

..?..

x = –1 and x = 1, so [a,b] = [–1,1].

On this interval, 1–x2 ( x2–1, so take f(x) = 1–x2 and g(x) = x2–1.
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Before we dive in, can we visually estimate the answer?

..?..

..?..

It should lie between 2 (the area of the inscribed square)

and 4 (the area of the circumscribed square).

Area = (–11 [(1–x2) – (x2–1)] dx

 = (–11 [2 – 2x2] dx

 = [2x – (2/3)x3] |–11

 = [2 – 2/3] – [–2 – (–2/3)]


 = 4/3 – (–4/3) = 8/3,

which indeed lies between 2 and 4.

Problem: Compute the area bounded between the line y=x and the curve y=x3–x.

Which curve is y=f(x) and which curve is y=g(x)?

Take two minutes to sketch the curves and then let’s vote.

..?..

..?..

The curves cross at x = –sqrt(2), 0, and sqrt(2), and take turns being on top: x3–x ( x for x in [–sqrt(2),0] and 

x ( x3–x for x in [0,sqrt(2)].
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Area = Area between curves on [–sqrt(2),0]


    + Area between curves on [0,sqrt(2)]


 = (–sqrt(2)0 [(x3–x) – x] dx + (0sqrt(2) [x – (x3–x)] dx

 = (–sqrt(2)0 x3–2x dx + (0sqrt(2) 2x – x3 dx

 = ...

Wait a minute: We can save ourselves some work by noticing that the two areas we’re adding are equal!

(Check that the two integrals are the same with the change-of-variables formula: with u = –x,

(–sqrt(2)0 x3 – 2x  dx = ..?..

(sqrt(2)0 (–u)3 – 2(–u)  (–du) = ..?..

(sqrt(2)0 u3 – 2u  du = ..?..

(0sqrt(2) 2u – u3  du,

and then with u = x this becomes

(0sqrt(2) 2x–x3  dx
as claimed.)

So Area = 2 (0sqrt(2) 2x – x3 dx

= 2 ([x2 – (1/4)x4] |0sqrt(2))


= 2 (2 – 1)


= 2.

Note that if we’d ignored the cross-over between the functions and used (–sqrt(2)sqrt(2) [(x3–x) – x] dx or 

(–sqrt(2)sqrt(2) [x – (x3–x)] dx we would have gotten as our answer the number …

..?..

..?..

zero, which is obviously wrong since the problem asked about area (not signed area), and there’s obviously a positive area bounded between the two curves.

Problem: Compute the area bounded between the parabolas x = y2 – 1 and x = 1 – y2.
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Can you do this in your head? …

..?..

..?..

This is just the first problem we did, with the roles of x and y reversed, so the answer is still 8/3.

In fact, the method of infinitesimal strips works just as well with horizontal strips as vertical strips, so we can write the answer as (–11 [(1–y2) – (y2–1)] dy (and then evaluate).

Example 4 in the book shows a problem that you can do either way (but the integral is much easier if you use horizontal strips).

Here’s another way to state the main result of this section:

Suppose a region lies between the line x = a and the line 

x = b, and that its intersection with the line at abcissa x has length L(x) for all a ( x ( b.  [Draw sketch.]  Then the area of the region equals …

..?..

..?..

(ab L(x) dx.

Example: What is the area of the region bounded by the lines x = –( and x = ( and the curves y = sin x and y = 

1 + sin x?
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Since L(x) = (1 + sin x) – (sin x) = 1 for all –( ( x ( (, the area is (ab L(x) dx = (–(( 1 dx = 2(.

Likewise, suppose a region lies between the line y = c and the line y = d, and that its intersection with the line at ordinate y has length M(y) for all c ( y ( d.  [Draw sketch.]  Then the area of the region equals …

..?..

..?..

(cd M(y) dy.

This way of looking at things may be helpful for you when you do problem B from the assignment #6.

Suppose f(x) ( g(x) for all x in [a,b].

Let R be the region bounded by the lines x=a and x=b and the curves y=f(x) and y=g(x).

Let S be the region bounded by the lines x=a and x=b and the curves y=f(x)–g(x) and y=0.

Note that R and S both have area (ab [f(x) – g(x)] dx.

Note also that every vertical line x=c with a ≤ c ≤ b intersects R in a line segment and intersects S in a line segment and these two line segments have the same length f(c) – g(c).  Also, if c < a or c > b then the vertical line x=c doesn’t intersect R or S.

Cavalieri’s Principle: Suppose R and S are regions such that the cross-sectional length of R cut by the line x=c equals the cross-sectional length of S cut by the line x=c, for all c.  Then R and S have the same area.

The same goes for horizontal cross-sections.

Example: Let R = the parallelogram with corners (0,0), (1,0), (2,1), and (1,1), and S = the square with corners (0,0), (1,0), (1,1) and (0,1).  Every horizontal line y=c (0 ≤ c ≤ 1) cuts R and S in segments of length 1, and every horizontal line y=c (c < 0 or c > 1) doesn’t cut R or S at all, so by Cavalieri’s Principle, the area of R equals the area of S, which equals 1.

Later we’ll see a version of Cavalieri’s Principle that applies to computing volumes of solids.
