What would have been a good hint for problem B on assignment #5?
..?..

..?..

Section 7.1 (concluded)
Here’s another way to state the main result of this section:

Suppose a region lies between the line x = a and the line 

x = b, and that its intersection with the line at abcissa x has length L(x) for all a ( x ( b.  [Draw sketch.]  Then the area of the region equals …

..?..

..?..

(ab L(x) dx.

Example: What is the area of the region bounded by the lines x = –( and x = ( and the curves y = sin x and y = 

1 + sin x?

[image: image1.emf]
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Since L(x) = (1 + sin x) – (sin x) = 1 for all –( ( x ( (, the area is (ab L(x) dx = (–(( 1 dx = 2(.

Likewise, suppose a region lies between the line y = a and the line y = b, and that its intersection with the line at ordinate y has length L(y) for all a ( y ( b.  [Draw sketch.]  Then the area of the region equals …

..?..

..?..

(ab L(y) dy.

This way of looking at things may be helpful for you when you do problem B from the assignment #6.

Suppose f(x) ( g(x) for all x in [a,b].

Let R be the region bounded by the lines x=a and x=b and the curves y=f(x) and y=g(x).

Let S be the region bounded by the lines x=a and x=b and the curves y=f(x)–g(x) and y=0.

Note that R and S both have area (ab [f(x) – g(x)] dx.

Note also that every vertical line x=c with a ≤ c ≤ b intersects R in a line segment and intersects S in a line segment and these two line segments have the same length f(c) – g(c).  Also, if c < a or c > b then the vertical line x=c doesn’t intersect R or S.

Cavalieri’s Principle: Suppose R and S are regions such that the cross-sectional length of R cut by the line x=c equals the cross-sectional length of S cut by the line x=c, for all c.  Then R and S have the same area.

The same goes for horizontal cross-sections.

Example: Let R = the parallelogram with corners (0,0), (1,0), (2,1), and (1,1), and S = the square with corners (0,0), (1,0), (1,1) and (0,1).  Every horizontal line y=c (0 ≤ c ≤ 1) cuts R and S in segments of length 1, and every horizontal line y=c (c < 0 or c > 1) doesn’t cut R or S at all, so by Cavalieri’s Principle, the area of R equals the area of S, which equals 1.

Later we’ll see a version of Cavalieri’s Principle that applies to computing volumes of solids.

[Collect section notes for 7.1.]
Section 7.2: Volumes 

Main ideas?

..?..

..?..

We can express the volume of a solid as an integral if we have a formula for the cross-sectional area of every slice, using integration.

In the case where the solid is a solid of revolution, we can take cross-sections perpendicular to the axis of revolution; then each cross-section is a disk or annulus, and we can compute the volume of the solid by dividing it up into infinitesimal disks/annuli and integrating.

Suppose a solid (not necessarily a solid of revolution) lies between the plane x = a and the plane x = b, and that its intersection with the plane at abcissa x has area A(x) for all a ( x ( b.  [Draw sketch.]  Then the volume of the solid equals …

..?..

..?..

(ab A(x) dx.

Or, suppose a solid lies between the plane y = a and the plane y = b, and that its intersection with the plane at ordinate y has area A(y) for all a ( y ( b.  [Draw sketch.]  Then the volume of the solid equals …

..?..

..?..

(ab A(y) dy.

(If we try using these two different approaches for one and the same solid, then typically the numbers a and b and the function A( ) will be different!)

For instance, consider a cylinder of radius r and height h, with cylindrical axis running from (0,0) to (0,h).  Its cross-section at height y has area …

..?..

..?..

π r2 (regardless of y), so A(y) = π r2, and the volume of the cylinder is

..?..

..?..

(0h π r2 dy =

..?..

..?..

π r2 h.

(If you started to think “(1/3)r3”, then you didn’t pay enough attention to the “dy”.  We’re integrating with respect to y, not r, so the integrand is a constant, not a quadratic, with respect to the variable of integration.)

Regarding problems 47 and 49 from section 7.2 (to be assigned on the next homework): Try to solve these without peeking at the solutions in the students’ solutions manual.  And if you do peek, the rules for collaboration apply: Only take what fits in your brain, and acknowledge your use of the resource.

