Section 7.2 wrap-up: What’s really going on with volumes, the “disk/washer method”, and Riemann sums?

Suppose for simplicity that f(x) is a continuous function for a ( x ( b, taking on only non-negative values.  The points (x, f(x)) give a curve joining (a, f(a)) to (b, f(b)).  What can we say about the solid obtained by revolving this curve around the x-axis?

Divide the interval [a,b] into n subintervals [x0, x1], [x1, x2], …, [xn–1, xn] with width (x = (b–a)/n (it’s actually not important that they all have the same width, but this will keep things simpler).  

Correspondingly divide the solid into n thin slabs, where the ith slab is the part of the original solid that lies between the plane x = xi–1 and the plane x = xi.

The ith slab contains a cylinder of length (x and radius mi, where mi is the minimum value of f(x) on the interval 

[xi–1, xi], and the ith slab is contained in a cylinder of length (x and radius Mi, where Mi is the maximum value of f(x) on the interval [xi–1, xi].

Hence the ith slab has volume between ((mi)2 (x and ((Mi)2 (x.  

Therefore we can write the volume of the slab as ((ri)2 (x for some ri between mi and Mi.  

Since f is continuous on [xi–1, xi], and since f(x) takes on the value mi and the value Mi on [xi–1, xi], there must exist xi* in [xi–1, xi] such that f(xi*) = ri; that is, the volume of the ith slab can be written as ((f(xi*))2 (x, exactly.

This implies that the total volume of the full solid can be written as (1(i(n ((f(xi*))2 (x, exactly.

But note that this sum is a Riemann sum for the function g(x) = ((f(x))2 on the interval [a,b], with mesh (x.

Since g(x) is continuous, it is integrable, and every Riemann sum for g(x) with sufficiently small mesh must have value close to (ab g(x) dx = (ab ((f(x))2 dx.

On the other hand, we’ve just shown that for every (x, there’s a Riemann sum for g(x) whose value is exactly the volume of the solid.

So the volume of the solid must equal (ab ((f(x))2 dx.
Questions about section 7.2?

[Collect section notes for 7.2.]

Questions about the homework?

Problem A: In past years, some students answered part (a) with “1/x isn’t defined everywhere so the integral isn’t allowed.”

What’s wrong with this answer?

..?..

..?..

Part (a) refers to an indefinite integral, and thus asks you to look for an antiderivative for the integrand.  It never says that the domain has to include all real numbers.

What about part (b)?

..?..

..?..

Since b > a > 0, the singularity at 0 isn’t relevant.

Problem D: Ideas?

..?..

..?..

What happens to ((sin x)/x)2 as x ((?

What happens to ((sin x)/x)2 as x (0?

Section 7.3: Volumes by cylindrical shells

Main idea(s)? …

..?..

We can compute the volume of a solid of revolution by dividing it up into infinitesimal concentric cylindrical shells and integrating.

Suppose f is a continuous function such that f(x) ( 0 for all x in [a,b].  Then the volume of the solid of obtained by taking the region under the curve y = f(x) with a ( x ( b and revolving it about the y-axis is V = (ab 2( x f(x) dx.

[Draw picture and give “physics proof”.]

Midterm exam:

#1: How many of you recognized this as a variant of problem A from the second homework assignment?

..?..

..?..

Some people wrote (01 f(x) dx = limn(( (5n/6 + 1 + 1/6n) = 2.  (Maybe the phrase “limits of integration” is part of the source of the confusion?)

#2: Some people wrote F((x) = exp(–t2) instead of exp(–x2).  Is this right?

..?..

..?..

No (although I didn’t take too many points off for this).

#6: Some people wrote “1/(x+1)2 is convergent”, which is ambiguous (does it mean “(0( 1/(x+1)2 dx is convergent”, or does it mean “limx(( 1/(x+1)2 exists”? or something else?).  But I was glad to see that nobody wrote “… = –1/u |1( = 1/1 – 1/( = 1 – 0 = 1”, which gives the right answer but is non-rigorous because…

..?..

..?..

“(” isn’t a number!

[Return exams.]
