Section 7.3 (concluded)

Let’s use our two methods to compute the volume of the solid of revolution obtained by revolving the square with corners (1,0), (2,1), (2, –1), and (3,0) around the y-axis.  [Draw a sketch.]

Disk method:

We’ll cut it with horizontal planes, so our integral will look like (ab A(y) dy.

What are a and b?

..?..

..?..

–1 and 1.  What is A(y)?

..?..

..?..

It’s a little bit messy (and involves the absolute value function).  Is there a way to avoid the mess?

..?..

..?..

Use the symmetry of the solid to write V = 2 (01 A(y) dy.

For 0 ( y ( 1, what does the cross-section at height y look like?

..?..

..?..

A washer, or annulus, of inner radius r(y) and outer radius R(y), with R(y) = [draw picture]

..?..

..?..

3 – y and r(y) = [draw picture]

..?..

..?..

1 + y.  (Check: R(0) = 3, r(0) = 1, R(1) = 2, r(1) = 2.)

So the cross-sectional area A(y) is 

πR2 – πr2 = π(R – r)(R + r) = π(2 – 2y)(4) = 8π(1 – y), giving the integral

2 (01 A(y) dy = 16 π (01 1 – y  dy =

..?..

..?..

16 π (1/2) = 8 π.

Shells method:

As before, this is twice the volume of the solid of revolution obtained by revolving the triangle with corners (1,0), (2,1), and (3,0) around the y-axis.

What is f(x)? …

..?..

..?..

For 1 ( x ( 2, it’s x – 1; for 2 ( x ( 3, it’s 3 – x.

Can we just split it into two equal pieces?

..?..

..?..

It’s not clear that the inner piece (with inner radius 1 and outer radius 2) should have the same volume as the outer piece (with inner radius 2 and outer radius 3).

Let’s compute them both separately and then see.

Inner piece: 

(12 2( x (x–1) dx = 2( (12 x2 – x dx 

= 2( ((1/3)x3 – (1/2)x2) |12 

= 2( ((8/3 – 4/2) – (1/3 – 1/2)) 

= 2( ((8/3 – 1/3) – (4/2 – 1/2)) 

= 2( (7/3 – 3/2)) = 2( (5/6).

Outer piece: 

(23 2( x (3–x) dx = 2( (12 3x – x2 dx 

= 2( ((3/2)x2 – (1/3)x3) |23 

= 2( ((27/2 – 27/3) – (12/2 – 8/3)) 

= 2( ((27/2 – 12/2) – (27/3 – 8/3)) 

= 2( (15/2 – 19/3) = 2( (7/6).

Inner plus outer: 2( (5/6) + 2( (7/6) = 2( (12/6) = 4(.

That’s the volume of the top half of the original solid; so the whole solid has volume 8π as before.

[Discuss why the inner and outer contributions differ.]

[Collect section-summaries.]

Section 7.4: Arc length

Main idea(s)? …

..?..

..?..

We can compute the length of a curve by dividing it up into infinitesimal line segments and integrating.

Consider a particle moving in the plane whose position at time t is (p(t), q(t)), for t between a and b, where p and q are both differentiable functions.  (We’ll study such curves, called “parametric curves”, in detail in chapter 9.)
How far does the particle travel?

The infinitesimal contribution to the length from time t to time t+dt [draw picture] is the hypotenuse of a triangle whose (infinitesimal) horizontal leg is 

dx = p(t+dt) – p(t) = p((t) dt,

whose (infinitesimal) vertical leg is

dy = q(t+dt) – q(t) = q((t) dt,

and whose (infinitesimal) hypotenuse is therefore


sqrt((dx)2+(dy)2) = sqrt([p((t) dt]2+[q((t) dt]2)





   = sqrt([p((t)]2+[q((t)]2) dt
so the total length is

(*)


L = (ab sqrt([p((t)]2+[q((t)]2) dt
Example: p(t) = cos t, q(t) = sin t, with 0 ( t ( 2(.

The path travelled by the particle is the circle of radius 1 centered at (0,0).

Length = (02( sqrt((–sin t)2 + (cos t)2) dt

    = (02( sqrt(sin2 t + cos2 t) dt

    = (02( 1 dt

    = 2(.

Check: The circumference of a circle of radius r is 2(r, which for r = 1 gives 2(. ( 
