Section 7.6: Applications to physics and engineering (continued)
Centers of mass and moments

First suppose we have a collection of n massy, point-like objects, where the ith point-mass has mass mi and is located at (xi,yi).  Then the center of mass, or “centroid”, of the system is (xavg, yavg) = (My / m , Mx / m) where 

m  = (i=1n  mi = the total mass of the system,

My =  (i=1n  mixi
      = the “moment of the system in the x-direction”

      = the “moment of the system about the y-axis”

Mx =  (i=1n  miyi
      = the “moment of the system in the y-direction”

      = the “moment of the system about the x-axis”

[Write these formulas on the blackboard.]

Suppose now that we have an object composed of n pieces, where the ith piece has mass mi and centroid (xi, yi).  Then the composite object has centroid (xavg, yavg) where xavg and 

yavg are given by the same exact formulas as above.

Call this the “composite object principle”.
Also, we have a symmetry principle which says that if an object is symmetric relative to an axis, the centroid must lie on the axis, and a scaling principle which says that if we scale up or scale down a region (and its density-profile), the relative position of the centroid is unaffected.

Now we will apply the composite object principle plus some calculus to calculate centroids of more complicated objects by splitting them into infinitesimal pieces.

Application: Suppose a plate of uniform mass-density occupies the region {(x,y): a ( x ( b and 0 ( y ( f(x)} for some positive continuous function f on [a,b].  [Draw picture.]  What is the centroid of the plate?

Calculation of m: Let ( be the mass-density of the plate.  The part of the plate between x and x+dx has width dx and height f(x), so its area is f(x) dx and its mass is ( f(x) dx, and the total mass of the plate is (ab ( f(x) dx = ( (ab f(x) dx.

Calculation of My: The part of the plate between x and x+dx 

has mass ( f(x) dx and its centroid has x-coordinate x, so its moment about the y-axis is ( x f(x) dx, and the total moment of the plate about the y-axis is ( (ab x f(x) dx.

Calculation of Mx: The part of the plate between x and x+dx has mass ( f(x) dx and its centroid has y-coordinate f(x)/2, so its moment about the x-axis is ( f(x)2/2 dx, and the total moment of the plate about the x-axis is ( (ab [f(x)]2/2 dx.

So xavg = My / m = (ab xf(x) dx / (ab f(x) dx
and yavg = Mx / m = (ab [f(x)]2/2 dx / (ab f(x) dx
(note that the (’s cancel).

Example: Find the centroid of the unit quarter-circular disk in the first quadrant.

Solution: Take a=0, b=1, f(x) = sqrt(1–x2).

(ab f(x) dx = (01 sqrt(1–x2) dx 

= [x sqrt(1–x2) / 2 + (arcsin x) / 2] |01


= [1 sqrt(1–12) / 2 + (arcsin 1) / 2] 

                   – [0 sqrt(1–02) / 2 + (arcsin 0) / 2]

= (arcsin 1)/2 – (arcsin 0)/2



= ((/2)/2 – (0)/2



= (/4 (but we knew we’d get that!)

(ab xf(x) dx = (01 x sqrt(1–x2) dx


 = (–1/3) (1–x2)3/2 |01


 = (–1/3) [03/2 – 13/2]



  = 1/3.

(ab [f(x)]2/2 dx = (01 (1–x2)/2 dx


  = (01 1/2 – x2/2 dx


  = [(1/2)x – (1/6)x3]|01


  = 1/3.

So xavg and yavg equal (1/3)/((/4) = 4/(3().

(Check: The centroid satisfies xavg = yavg since the region is symmetrical about the line y=x.)
Problem: A triangle has horizontal base b (on the line y=0) and height h.  What is the y-coordinate of its center of mass?

[Draw a sketch and note that it’s unclear at the start that we have enough information to solve the problem.]

Solution: The strip of the triangle between height y and height y+dy has length L with L/b =  (h–y)/h = 1 – y/h by similar triangles [draw picture], so L = b(1 – y/h), and the area of the strip is L dy = b(1 – y/h) dy.  So (setting ( = 1 since ( drops out anyway) we see that the moment of the strip about the x-axis is by(1 – y/h) dy.  Adding up all the strips, we see that the moment of the triangle about the x-axis is 

(0h by(1 – y/h) dy = (0h by – by2/h dy



    = [by2/2 – by3/3h] |0h



    = bh2/2 – bh2/3




    = bh2/6.

The area (or mass) of the triangle is

(0h b(1 – y/h) dy = (0h b – by/h dy




  = [by – by2/2h] |0h



  = bh – bh/2




  = bh/2 (which we already knew, of course)

So


yavg = (bh2/6)/(bh/2) = h/3.

That is, if the base of a triangle lies on the x axis, the height of the centroid is one-third the height of the apex.

Note that this is true no matter how long and skinny the triangle is: the centroid lies on the line joining the apex to the midpoint of the base, exactly one-third of the way from the base to the apex, or equivalently, two-thirds of the way from the apex to the base.

We can use this fact to find the centroid of the unit quarter-disk in a different way.

Parametrize the quarter circle as (cos t, sin t) with 0 ( t (  (/2.

Divide the quarter-disk up into infinitesimal triangular wedges, with vertices O = (0,0), P = (cos t, sin t), and P( = (cos t+dt, sin t+dt).

The distance from P to P( is just dt (we worked this out when we were studying arc-length), so our wedge is an infinitesimal triangle with base dt and height 1, and hence area dt/2.

The centroid of the triangle is two-thirds of the way from O to P, at ((2/3) cos t, (2/3) sin t).

So the moment of this infinitesimal wedge about the y-axis is ((2/3) cos t) (dt/2) = (1/3) cos t dt, and the moment of the whole quarter-disk about the y-axis is (0(/2 (1/3) cos t dt = (1/3) sin t |0(/2 = 1/3; since the total mass is (/4, we get

xavg = (1/3)/((/4) = 4/(3(), agreeing with what we found before.  (Likewise yavg = 4/(3().)

Pappus’ Theorem: Let R be a plane region that lies entirely on one side of a line in the plane (the axis of revolution).  If R is rotated about the line, then the volume of the resulting solid is the area of R times the distance traveled by the centroid of R.

(See the proof in Stewart.)

Using this principle, we can find the volume of a unit hemisphere:

Let R be the quarter-circular sector of the disk in the first quadrant, with centroid at (4/(3(), 4/(3()).

As we revolve the sector around the y-axis, the centroid travels through a circle of radius 4/(3() and therefore travels a distance of (2() 4/(3() = 8/3.

Meanwhile, the area of the sector is (/4.

So, by Pappus’ Theorem, the volume of the solid of revolution is (8/3)((/4) = 2(/3.
Since the volume of the unit hemisphere is 2(/3, the volume of the unit sphere is 4(/3, which agrees with the high-school formula (4/3)(r3 in the case r = 1.
