Section 8.1 (concluded):

Theorem 8.1.3: If limx((  f(x) = L and f(n) = an when n is a positive integer, then limn(( an = L.

(I called this the Continuity and Convergence Theorem last time, but that was an error.)

Example: an = (2n+3)/n (again).

Let f(x) = (2x+3)/x.  Since an = f(n) for all positive integers n, Theorem 3 tells us that limn(( an = limx(( f(x) = 2. 
The Continuity and Convergence Theorem says something different:

If limn(( an = L and the function f is continuous at L, then limn(( f(an) = f(L).

Example: Since the function f(x) = x2 is continuous, and since we’ve shown that limn(( (2n+3)/n = 2, we can conclude that limn(( [(2n+3)/n]2 = [2]2 = 4.

Likewise limn(( cos [(2n+3)/n] =  cos 2.
One property of limits of sequences that Stewart doesn’t discuss, but which is fairly useful, is the following analogue of Theorem 3 from section 1.4:

If an ( bn for all sufficiently large n, and the limits of an and bn both exist as n ( (, then limn(( an ( limn(( bn.

Important general fact: The sequence whose nth term is rn ..?..

..?..

converges to 0 if –1 < r < 1,

converges to 1 if r = 1, and

diverges otherwise.

We say a sequence is monotonic if either a1 ≤ a2 ≤ a3 ≤ … 

or a1 ≥ a2 ≥ a3 ≥ …

The sequence an = (n–1)/n is an example of a monotonic sequence.

It is also a bounded sequence: every term an lies between 

–2 and +2 (for example).

The sequence an = n is also an example of a monotonic sequence.  But:

It is not a bounded sequence: that is, there does not exist any interval [a,b] (with –( < a < b < () that contains all terms of the sequence.
Fact: Every convergent sequence is bounded.

The converse is not true: e.g.,

..?..

..?..

the sequence 1, –1, 1, –1, 1, –1, … is bounded but does not converge.

However, a modified version of the converse is true, and is very important!

The main result of section 8.1 is the Monotonic Sequence Theorem:

Every bounded, monotonic sequence is convergent.
[Draw some picture and try to convince the students of this.]

A more geometrical version of this is the assertion that every bounded, increasing function has a horizontal asymptote.

This may seem obvious, but a correct proof requires subtle issues about the definition of real numbers.

Questions? …

..?..

..?..
Section 8.2: Infinite series

Main ideas?

..?..
..?..

Main point: The meaning of the expression

(i=1( ai
or the (somewhat less compact) expression

a1 + a2 + a3 + ...

is nothing more or less than


limn(( (i=1n ai
or


limn(( a1 + a2 + ... + an
or


limn(( sn with sn = a1 + a2 + ... + an​.
We call sn = a1 + a2 + ... + an the nth partial sum of the infinite series (i=1( ai.

That is, the infinite sum a1 + a2 + a3 + ... is defined as 

limn(( sn,

where sn is the finite sum a1 + a2 + ... + an.

Here’s an analogy that may be helpful:

Just as ∫ 1∞ 1/x2 dx was defined as limN(∞ ∫ 1N 1/x2 dx,
∑n=1∞ 1/n2 is defined as limN(∞ ∑n=1N 1/n2.

That is, an improper integral is defined as a limit of proper integrals, and an infinite series is defined as a limit of finite sums.

Sing it:

“The sum of an infinite series

is the limit of the partial sums.”

Example: 1/2 + 1/4 + 1/8 + ... 
= limn(( [(1/2)1+(1/2)2+…+(1/2)n] 

= limn(( [1 – (1/2)n] 

= limn(( 1 – limn(( (1/2)n = 1 – 0 = 1.

(Think about eating a pie, where you always take a serving equal to half of what’s left.  an is the size of the nth serving, and sn is the total you’ve eaten after the first n servings.  This is a variant of Fig. 1 on page 438 of Stewart.)

More generally, 

a + ar + ar2 + ... = limn(( [a + ar + ... + arn–1] 

= limn(( [a(1–rn)/(1–r)]

which equals a/(1–r) as long as –1 < r < 1.

A series of the form a + ar + ar2 + ...  is called a geometric series.

An important difference to get straight is the difference between the sequence

a​1, a2, a3, ...

and the series

a1 + a2 + a3 + ...

Note that the sequence 1,1,1,... converges but the series 1+1+1+... does not.

Theorem: If the series


a1 + a2 + a3 + ...

converges, then the sequence


a​1, a2, a3, ...

must converge to 0.

But the converse IS NOT TRUE in general.
(Analogy: If ∫1t f(x) dx converges as t((, then f(x) converges to 0 as x((, but the converse is not true in general.)

First we’ll see why the converse is not true; then we’ll prove the theorem.

Claim: The series 1 + 1/2 + 1/3 + ... (called the harmonic series) diverges, even though the sequence 1, 1/2, 1/3, ... converges (to 0).

Proof: The sum of the first 2n terms of the harmonic series is

    1 + 1/2 + 1/3 + 1/4 + ... + 1/(2n)

=  1 + (1/2) + (1/3 + 1/4) + (1/5 + 1/6 + 1/7 + 1/8) + ...


+ (1/(2n–1+1) + ... + 1/(2n–1) + 1/2n) 

>  1 + (1/2) + (1/4 + 1/4) + (1/8 + 1/8 + 1/8 + 1/8) + ...

       + (1/2n + ... + 1/2n + 1/2n)

=  1 + 1/2 + 1/2 + 1/2 + ... + 1/2

=  1 + n/2.

Hence the partial sums sn of the harmonic series are unbounded.  
Hence the sequence of partial sums sn is not convergent. 
(Remember: every convergent sequence is bounded, so every unbounded sequence is divergent.)

Hence the infinite sum 1 + 1/2 + 1/3 + ... diverges. ( 
This should remind you of ∫1( (1/x) dx  = limt(( ∫1t (1/x) dx = limt(( ln t = (, and indeed, the partial sums sn of the infinite series grow to infinity like ln n; to get sn > 100, n must be larger than the number of particles in the universe!
