Section 8.2: Infinite series (concluded)
“The sum of an infinite series

is the limit of the partial sums.”

Theorem 6: If the series (i=1( ai is convergent, then the sequence a1, a2, a3, ... converges to 0.

Proof: Suppose (i=1( ai converges, with sum s.  That is,

the sequence

(a1), (a1 + a2), (a1 + a2 + a3), (a1 + a2 + a3 + a4), ... 

converges to s.

Then the sequence

(0), (a1), (a1 + a2), (a1 + a2 + a3), ...

also converges to s.

Subtracting term by term and applying the algebraic Limit Laws for Sequences (see page 429; specifically, the second formula in the top box), we deduce that the sequence

a1, a2, a3, a4, ...

converges to s – s = 0, as was to be shown.

Contrapositive to Theorem 6: If the sequence a1, a2, a3, ... does not converge to 0, then the series (i=1( ai is not convergent.

Equivalently:

Theorem 7: If the sequence a1, a2, a3, ... does not converge, or converges to a limit other than 0, then the series (i=1( ai is divergent.

Stewart calls this “The Test for Divergence”; but it’s not always decisive; it might fail to tell you that your series diverges, even if it does.
I can’t over-stress the fact that the Divergence Test is a one-sided test.  That is: If the terms of a series don’t go to zero, the series has no chance of converging (that is, it must diverge), but, if the terms of a series DO go to zero, the series might converge or it might not.

And: If the series does converge, don’t make the mistake of thinking that the series converges to 0, just because the terms go to 0!  Remember, when we talk about the value of an infinite series, we’re talking about the limit of the partial sums (sing it!); this is very different from the limit of the terms (which must be zero).

For some kinds of mistakes, the grader and I can give partial credit.  But if you mis-apply the divergence test and say “the terms go to zero, therefore the series converges”, then it’s hard to give you anything higher than a 0 for the problem, since you haven’t done much work, and the work you did was incorrect.  (Needless to say, you don’t want to get 0 points on one of the final exam problems!)

(Also bad is paraphrasing Theorem 6 as “If something converges, it converges to 0”, where the “something” refers to an infinite series, and the “it” refers to the sequence of terms.)

Questions?

..?..

..?..

Section 8.3: Integral and Comparison Tests

Main ideas?

..?..

..?..

Integral Test

Comparison Test

Limit Comparison Test

These are all tests that (sometimes) enable you to prove that a series diverges, or to prove that it converges but NEVER tell you what value the series converges to!

So, what good is it?

For one thing, we’ll make good use of tests like these when we study power series, and in particular, when we compute the radius of convergence of a power series.

We saw a while ago that if f(x) is a decreasing function then the Riemann sum Ln is an upper bound for I = (ab f(x) dx and the Riemann sum Rn is a lower bound for (ab f(x) dx [draw picture]: Rn ( I ( Ln.
Today we will turn the tables, and use integrals to get upper and lower bounds on sums.

For instance, take f(x) = 1/x on the interval [1, n+1], with 

(x = 1.

We get Ln = …

..?..

f(1) + f(2) + … + f(n) = 1 + 1/2 + ... + 1/n
and  Rn = …

..?..

f(2) + f(3) + … + f(n+1) = 1/2 + 1/3 + ... + 1/(n+1)

and I = …

..?..

(1n+1 f(x) dx = (1n+1 1/x dx = …

..?..

ln x |1n+1 = ln n+1 – ln 1 = ln n+1,

so the relation Rn ( I ( Ln becomes

1/2 + 1/3 + ... + 1/(n+1) ( ln n+1 ( 1 + 1/2 + ... + 1/n.

The very last inequality gives us another way to see that the harmonic series diverges, since the nth partial sum of the harmonic series exceeds ln n+1, which ( ( as n ( (.

The second to last inequality gives us a way to see that, although the harmonic series diverges, it does so quite slowly: rewrite 1/2 + 1/3 + ... + 1/(n+1) ( ln n+1 as 

1/2 + 1/3 + ... + 1/n ( ln n
(change of variable) and add 1 to both sides:


1 + 1/2 + 1/3 + ... + 1/n ( 1 + ln n

so that for instance the sum of the first 10100 terms of the harmonic series is at most 1 + ln 10100​ = 1 + 100 ln 10 which is about 231.
Integral Test: Suppose f  is a continuous, positive, decreasing function on [1,() and let an = f(n).  Then the series S = (n=1( an is convergent if and only if the improper integral I = (1( f(x) dx is convergent.  Note that the value of the infinite series and the value of the improper integral can be different (and usually are)!

Example: f(x) = 1/x2.  

Since (1( 1/x2 dx is convergent (check: (1N 1/x2 dx = –1/x |1N = 1 – 1/N which converges as N ((), so is (n=1( 1/n2.  (In fact, Euler proved that (n=1( 1/n2 = (2/6.)

Example: f(x) = 1/x.  

Since (1( 1/x dx is divergent, so is (n=1( 1/n (the harmonic series).

The infinite series (n=1( 1/n2 and the infinite series (n=1( 1/n
are examples of p-series, defined as (n=1( 1/np.

It turns out that the harmonic series is at the border between convergent p-series and divergent p-series: the infinite sum (n=1( 1/np converges for all p > 1 and diverges for all p ( 1.

To prove this, use the Integral Test:

For p > 1, (1N 1/xp dx = (1N x –p dx = x –p+1/(–p+1) |1N = 

[N–p+1  – 1–p+1]/(–p+1) which converges to [0 – 1]/(–p+1) = 1/(p–1) as N goes to infinity, so (1( 1/xp dx = 1/(p–1), and in particular the improper integral (1( 1/xp dx converges, so the infinite sum (n=1( 1/np converges.

On the other hand, for p = 1, we’ve seen that the harmonic series diverges.

And for p < 1, we could do the Integral Test (it’s easy to show that N–p+1 gets larger and larger as N goes to infinity, so the improper integral (1( 1/xp dx diverges, so the infinite sum (n=1( 1/np diverges), or we could argue intuitively about the comparison between the p-series for p < 1 and the p-series for p = 1: things only get worse (more divergent) because the terms of 1/1p + 1/2p + 1/3p + ... are even larger than the terms of 1/1 + 1/2 + 1/3 + ... (check it: since p < 1, np < n1 = n, so 1/np > 1/n).

This way of quickly disposing of the case p < 1 is an example of using the Comparison Test:

Comparison Test: Suppose that (n=1( an and (n=1( bn are series with positive terms.

(a) If (n=1( bn is convergent and an ( bn for all n, then 

(n=1( an is convergent (and moreover (n=1( an ( (n=1( bn).

(b) If (n=1( bn is divergent and an ( bn for all n, then

(n=1( an is divergent.

Application: Let an = 1/np with p < 1 and bn = 1/n.  Since (n=1( 1/n is divergent and 1/np ( 1/n for all n, we deduce from (b) that (n=1( 1/np is divergent.

Application: Let an = 1/(2n+1) and bn = 1/(2n).  Since 

(n=1( 1/(2n) is convergent and 1/(2n+1) ( 1/(2n) for all n, we deduce from (a) that (n=1( 1/(2n+1)  is convergent.

Limit Comparison Test: Suppose (n=1( an and (n=1( bn are series with positive terms.  If limn(( an / bn = c where c is a positive finite number, then either both series converge or both series diverge.

Example: Take an = 1/(2n+1) and bn = 1/(2n) as before.  Since an/bn = 2n/(2n+1) ( 1 as n ( (, and since (n=1( bn converges, the Limit Comparison Theorem tells us (n=1( an converges too.

Example: Take an = 1/(n + sqrt(n)) and bn = 1/(n).  Since an/bn = n/(n+sqrt(n)) ( 1 as n ( (, and since (n=1( bn diverges, the Limit Comparison Theorem tells us (n=1( an diverges too.

Example: To assess the convergence of (n=1( 5/(2n2+4n+3), compare it with (n=1( 1/n2: since the ratio [5/(2n2+4n+3)]/[1/n2] = 5n2/(2n2+4n+3) = (5)/(2+4/n+3/n2)

converges to 5/2 as n ( (, and 5/2 > 0, we see that the two series either both converge or both diverge.  Since we already know that one converges, so does the other.

