“The sum of an infinite series

is the limit of the partial sums.”

Section 8.4: Other convergence tests
An alternating series is one in whose terms are alternately positive and negative.  Assuming the first term is positive, we can write it as b1 – b2 + b3 – b4 + ... = (n=1( (–1)n–1 bn with bn > 0 for all n.

Alternating Series Test and Alternating Series Estimation Theorem:

If the alternating series (n=1( (–1)n–1  bn satisfies

(i) b1 ( b2 ( b3 ( ...

and

(ii) bn ( 0,

then the series converges, and the sum s has the property that for all n, the nth remainder
Rn = s – sn
satisfies |Rn| ( bn+1.  [Draw picture.]

Proof: Because of (i), the partial sums s2, s4, s6, … form a monotonic increasing sequence, and they are all bounded above by s1, so the Monotonic Sequence Theorem tells us that s2, s4, s6, … converge to some limit seven.  Likewise, the partial sums s1, s3, s5, … form a monotonic decreasing sequence, and they are all bounded below by s2, so the Monotonic Sequence Theorem tells us that s1, s3, s5, … converge to some limit sodd.  Finally, note s2n–1 – s2n = b2n, and taking the limit of this equation as n goes to infinity gives sodd – seven = 0, so that sodd = seven, implying that s1, s3, s5, … and s2, s4, s6, … converge to the same limit, so that the interleaved sequence converges to the same limit too (see problem A from the next assignment).

To prove the second part of the claim, notice again that all of the partial sums beyond sn+1 lie between sn and sn+1, so s lies between sn and sn+1, so |s – sn| ( |sn+1 – sn| = bn+1.

Since bn+1 ( bn, the Alternating Series Estimation Theorem implies the weaker claim that |Rn| ( bn.  That is, the error can be bounded by the size of the first term you omitted, and therefore it can be bounded by the size of the last term you included.
Application: The alternating harmonic series 1 – 1/2 + 1/3 – 1/4 + ... converges since {1/n} decreases with limit 0 (in fact, we’ll see later that (n=1( (–1)n–1/n converges to ln 2).

Application: For 0 < r < 1, the alternating geometric series 1 – r + r2 – r3 + ... has terms that decrease and approach 0, so the series converges (which we already knew, since we can write this series as the geometric series 1 + (–r) + (–r)2 + (–r)3 + ... and apply our earlier theorem on geometric series).

To deal with series that are neither all-positive nor alternating, we introduce the notion of absolute convergence.

A series (n=1( an is called absolutely convergent if the series of absolute values (n=1( |an| is convergent.

Example: The alternating series 1 – 1/4 + 1/9 – 1/16 + ...

is absolutely convergent because the series 1 + 1/4 + 1/9 + 1/16 + ... is convergent.

Example: The alternating harmonic series 1 – 1/2 + 1/3 – 1/4 + ... is not absolutely convergent (even though it converges) because the series 1 + 1/2 + 1/3 + 1/4 + ... is not convergent.

A series like 1 – 1/2 + 1/3 – ... that is convergent but not absolutely convergent is called conditionally convergent.

Absolute Convergence Theorem: If a series (n=1( an is absolutely convergent, then it is convergent.

Proof: For all x, –|x| ( x ( |x|, so (adding |x|) we have 

0 ( x + |x| ( 2|x|.  Hence 0 ( an + |an| ( 2|an| for all n.  If (n=1( an is absolutely convergent, then (n=1( |an| is convergent, so (n=1( 2|an| is convergent.  Hence the Comparison Test tells us that (n=1( (an+|an|) is convergent.  Then (n=1( an = (n=1( (an+|an|) – (n=1( |an| is a difference of two convergent series and is therefore convergent. 

Is the converse of the Absolute Convergence Theorem true? 
..?..

..?..

No!  For instance, the alternating harmonic series is convergent, but it is not absolutely convergent.

Series Rearrangement Theorem: If (n=1( an is absolutely convergent, and b1, b2, b3, ... is any rearrangement of a1, a2, a3, ..., then the series (n=1( bn is convergent and has the same sum as (n=1( an.

It’s important to know that when the hypothesis of absolute convergence isn’t satisfied, re-arrangeability can FAIL.

[SKIP THIS PART IF TIME IS SHORT]

Write x = 1 – 1/2 + 1/3 – 1/4 + 1/5 – 1/6 + 1/7 – 1/8 + ... (we don’t need the fact that x = ln 2, just the fact that x > 0).

Rewrite terms in this peculiar way:

x = (2 – 1) – 1/2 + (2/3 – 1/3) – 1/4 

+ (2/5 – 1/5) – 1/6 + (2/7 – 1/7) – 1/8 + ...

Divide both sides by 2:

x/2 = (1 – 1/2) – 1/4 + (1/3 – 1/6) – 1/8 

+ (1/5 – 1/10) – 1/12 + (1/7 – 1/14) – 1/16 + ...

Remove the parentheses:

x/2 = 1 – 1/2 – 1/4 + 1/3 – 1/6 – 1/8

+ 1/5 – 1/10 – 1/12 + 1/7 – 1/14 – 1/16 + ...

This is just the series for x, rearranged!

The two infinite sums have the same terms (in a different order), yet they converge to different values!

We can also rearrange the terms of the alternating harmonic series so as to make the infinite series divergent.
The Ratio Test:

(i) If |an+1/an| ( L < 1 as n ( (, 

then (n=1( an is absolutely convergent (and hence convergent).

(ii) If |an+1/an| ( L > 1 or |an+1/an| ( ( as n ( (,

then (n=1( an is divergent.

(iii) If |an+1/an| ( 1, or if |an+1/an| fails to converge (and fails to diverge to infinity), 

then the Ratio Test offers no conclusion.

Example: Let an = (2n)/(3n–1)  Then |an+1/an| ( …

..?..

..?..

2/3 as n ( (, and 2/3 < 1, so part (i) of the Ratio Test implies that (n=1( (2n)/(3n–1) converges.  

Example: Let an = (3n–1)/2n. Then |an+1/an| ( …

..?..

..?..

3/2 as n ( (, and 3/2 > 1, so part (ii) of the Ratio Test implies that (n=1( (3n–1)/2n diverges.

Example: Let an = (1/n)p for some p > 0.  Then an+1/an = (n/(n+1))p so |an+1/an| = |n/(n+1)|p ( …

..?..

..?..

1 as n ( (, so we can draw no conclusion.  (And indeed, we’ve already seen that depending on whether p > 1 or p ( 1, the p-series ( (1/n)p can either converge or diverge.  The Ratio Test does not provide information in this case.)

Example: For the series 1 + 1 + 1/2 + 1/2 + 1/4 + 1/4 + 1/8 + 1/8 + ..., the ratio an+1/an alternates between 1 and 1/2, so |an+1/an| does not converge at all, so the Ratio Test does not provide information in this case.

For this last example there’s a variant of the Ratio Test that lets us correctly conclude that the series converges.

The Root Test:

(i) If |an|1/n ( L < 1 as n ( (, 

then (n=1( an is absolutely convergent (and hence convergent).

(ii) If |an|1/n ( L > 1 or |an|1/n ( ( as n ( (,

then (n=1( an is divergent.

(iii) If |an|1/n ( 1, or if |an|1/n fails to converge (and fails to diverge to infinity),

then the Root Test offers no conclusion.

Example: Let (n=1( an = 1 + 1 + 1/2 + 1/2 + ... as above.

When when n is odd,

an = (1/2)(n–1)/2 and |an|1/n = (1/2)(n–1)/2n ( (1/2)1/2 as n ( (,

and when n is even,

an = (1/2)(n–2)/2 and |an|1/n = (1/2)(n–2)/2n ( (1/2)1/2 as n ( (.

So |an|1/n ( L = (1/2)1/2 = 1/sqrt(2) < 1 as n ( (, so by part (i) of the Root Test, the series converges.

(Of course for this example we don’t need anything as fancy as the root test!) 

Questions on section 8.4?

