“The sum of an infinite series

is the limit of the partial sums.”

Section 8.5: Power Series

Main ideas?
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Power series

Radius of convergence

Combinations of power series

A power series in x is a function f(x) whose value for each x is given by a series of the form


c0 + c1 x + c2 x2 + c3 x3 + c4 x4 + ...

We call c0, c1, c2, c3, ... the coefficients of the power series.

Sometimes it’s handy to consider a shifted power series of the form (n=0( cn(x–a)n; this is called a power series in x–a or a power series centered at a or a power series about a.

Example 1: For all x in (–1,1), the power series (n=0( xn converges to 1/(1–x).

Since the series (n=0( xn is the series 1 + x + x2 + x3 + …, this preceding sentence is just the formula for the sum of a geometric series, but with a significant change in our point of view: instead of viewing each individual geometric series in isolation, we are now packaging all possible geometric series with first term 1 into a SINGLE function.  That is, for each real number x we consider the infinite sum 1 + x + x2 + x3 + … (which may or may not exist) and we call this sum f(x).  This determines f as a function of x.

Before, we viewed x as an undetermined constant and said “For what values of x does the geometric series 1 + x + x2 + x3 + … converge?”; now we view x as a variable and say “What values of x lie in the domain of the power series 1 + x + x2 + x3 + …?”  Same question; different point of view.

The power series f(x) = 1 + x + x2 + x3 + … and the rational function g(x) = 1/(1–x) are both functions of x but they are not the same function of x (even though they agree throughout the open interval (–1,1); f(x) is defined only for values of x satisfying –1 < x < 1, while g(x) is defined for all x ( 1.

Example 2: For all x in (–1,1],  (n=1( (–1)n–1 xn / n  converges to ln (1+x).  (For all other x, the series diverges.)
Example 3: For all x in [–1,1],  (n=1( (–1)n–1 x2n–1 / (2n–1) converges to arctan x.  (For all other x, the series diverges.)

Example 4: For all x in (–(,(),  (n=1( xn / n! converges to exp x.

Example 5: For all x in [0,0] (i.e., for x = 0),  (n=1( n! xn converges to 0.  (For all other x, the series diverges.)

Theorem (equivalent to Theorem 8.5.3 in Stewart): For any infinite sequence of coefficients c0, c1, c2, c3, c4, ..., and for any a, there is a unique R in [0,() ( {(}, called the radius of convergence of the power series (n=0( cn(x–a)n, with the property that the series (n=0( cn(x–a)n 
converges for all x with |x–a| < R (i.e., for all x in (a–R, a+R)) and 
diverges for all x with |x–a| > R (i.e., for all x in (a+R, () ( (–(, a–R)); 
no assertion is made about the border cases |x–a| = R, i.e., the cases x = a(R.

In the five Examples, we have R equal to 1, 1, 1, (, and 0, respectively.
The set of numbers x for which the series converges is called the interval of convergence of the power series.  Thus for our five examples, the intervals of convergence are (–1,1), (–1,1], [–1,1], (–(,(), and [0,0], respectively.

When 0 < R < (, the interval of convergence is one of 

(a–R, a+R), (a–R, a+R], [a–R, a+R), or [a–R, a+R].

When R = 0, the interval of convergence is {a}.

When R = (, the interval of convergence is (–(,().

Usually we can find out what R is by using the Ratio Test or the Root Test, but this doesn’t settle the cases x = a(R, which typically require special attention.  (See the Examples in Stewart, which I don’t see how to improve on; if these examples are clear to everyone, I don’t want to spend class time on them, but if you have questions about them, please don’t hesitate to let me know!)

Exercise 8.5.13: Find the radius of convergence and interval of convergence of  (n=1( (–1)n (x+2)n / (n2n).

Solution: …
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If an = (–1)n (x+2)n / n2n, then 
limn(( |an+1 / an|  

= limn(( |an+1|/|an| = 
= limn(( [|x+2|n+1 / (n+1)2n+1] / [|x+2|n / n2n ]

= limn(( [n / (n+1)] [|x+2| / 2] = |x+2|/2.
By the Ratio Test, the series converges when |x+2|/2 < 1 and diverges when |x+2|/2 > 1. 

That is, the series converges when |x+2| < 2 (so R = 2), i.e., when –2 < x+2 < 2, i.e., when –4 < x < 0; and the series diverges when x < –4 and when x > 0.

What about the borderline (or endpoint) cases x = –4 and x = 0? …

..?..

When x = –4, the series becomes (n=1( (–1)n (–2)n / n2n
 = (n=1( 2n / n2n = (n=1( 1/n, which is the divergent harmonic series.

When x = 0, the series is (n=1( (–1)n–1/n, the alternating harmonic series, which converges by the Alternating Series Test.  
Thus, I (the interval of convergence) is (–4,0].

Combinations of power series

Addition Theorem for Power Series:

If the power series (n=0( cn(x–a)n has radius of convergence R1 and equals f(x) on the open interval I1 = (a – R1, a + R1), and  

if the power series (n=0( dn(x–a)n has radius of convergence R2 and equals g(x) on the open interval I2 = (a – R2, a + R2),

then the power series (n=0( (cn+dn)(x–a)n has radius of convergence at least R( = min(R1,R2), and equals f(x) + g(x) on the interval I1 ( I2 = (a–R(, a+R( ).

That is, we can add power series term-by-term (in the same way as we add polynomials term-by-term) and get sensible results.

Example: For |x| < 1,

1 + x + x2 + x3 + x4 + ... = 1/(1–x) and


1 – x + x2 – x3 + x4 – ... = 1/(1+x).

Add term by term and cancel:

(1)

2 + 2x2 + 2x4 + ... = 1/(1–x) + 1/(1+x).

This makes sense because the LHS is a geometric series with first term 2 and ratio x2 and we can write the RHS as

((1+x) + (1–x))/((1–x)(1+x)) = 2/(1–x2).  By the Addition Theorem, (1) holds for all x with –1 < x < 1.

Multiplication Theorem for Power Series:

If the power series (n=0( cn(x–a)n has radius of convergence R1 and equals f(x) on the open interval I1, and  

if the power series (n=0( dn(x–a)n has radius of convergence R2 and equals g(x) on the open interval I2,

then the power series 

(*)
(n=0( (c0dn+c1dn–1+c2dn–2+...+cn–1d1+cnd0)(x–a)n
converges to f(x) g(x) on the open interval I1 ( I2.
That is (setting a = 0 for clarity):

(1)
c0+c1x+c2x2+...+cn–1xn–1+cnxn+...

times

(2)
d0+d1x+d2x2+...+dn–1xn–1+dnxn+...

equals

(3)
(c0d0) + (c0d1+c1d0)x + (c0d2+c1d1+c2d0)x2 + ...

for all suitable values of x.
Note: Don’t make the mistake of multiplying power series term-by-term!  This is just as wrong as multiplying polynomials term-by-term.  (When working with polynomials you wouldn’t write (1+x)(1+x) = 1+x2, so don’t make the equivalent mistake for power series.)

Example of the Multiplication Theorem:

1 + x + x2 + x3 + x4 + ... = 1/(1–x).



1 – x + x2 – x3 + x4 – ... = 1/(1+x).

Multiply:

(4)

1 + 0x + 1x2 + 0x3 + 1x4 + ... = 1/(1–x)(1+x).

By the Multiplication Theorem, (4) holds for all x with –1 < x < 1.

This makes sense because we can write the LHS as a geometric series with first term 1 and ratio x2, and we can write the RHS as 1/(1–x2).

A more interesting example of multiplication is what you get when you multiply


1 + x + x2 + x3 + x4 + ... = 1/(1–x)

by itself, that is, by


1 + x + x2 + x3 + x4 + ... = 1/(1–x).

Our multiplication rule gives

(5)
1 + 2x + 3x2 + 4x3 + 5x4 + ... = 1/(1–x)2.

The Multiplication Theorem tells us that this holds for all x with –1 < x < 1.

Plugging in x = 1/2 (which satisfies –1 < 1/2 < 1) gives


1 + 2/2 + 3/4 + 4/8 + 5/16 + ... = 4

which is not just another geometric series formula!

