Section 8.5 (concluded)

Last time we used multiplication to prove

1 + 2x + 3x2 + 4x3 + 5x4 + ... = 1/(1–x)2.

Here’s a way to check the equation, using plausible rearrangements methods we won’t justify rigorously:


1 + x + x2 + x3 + ... = 1/(1–x)


      x + x2 + x3 + ... = x/(1–x)



    x2 + x3 + ... = x2/(1–x)




   x3 + ... = x3/(1–x)





      ...

Add ‘em up:


1 + 2x + 3x2 + 4x3 + ...  
= (1+x+x2+x3+...)/(1–x)







= (1/(1–x))/(1–x)







= 1/(1–x)2.

You can also divide power series by long-division.

[Show the class how to divide 1 by 1+x, 

how to divide 1+x+x2+x3+… by 1–x, 
and how to divide 1 by 1+x+x2+x3+…].

As Stewart shows on page 486, you can divide any power series by any other (as long as the second power-series has non-zero constant term); 

however, it is NOT the case that the resulting series converges for all x in the intersection of the domains of convergence of the two given power series.  

For instance, if you divide 1 + 0x + 0x2 + … by 

1 – x + 0x2 + 0x3 + …,  you get 1 + 1x + 1x2 + 1x3 + …; 

but this has radius of convergence 1, while the two given power series have infinite radius of convergence.

Section 8.6: Representing Functions as Power Series

Differentiation Theorem for Power Series:

If the power series (n=0( cn(x–a)n has radius of convergence R and equals f(x) on the interval (a – R, a + R), then f(x) is differentiable on this open interval, and the power series 


(n=1( ncn(x–a)n–1 

has radius of convergence at least R and equals f((x) on the interval (a – R, a + R).

Example: The power series

1 + x + x2 + x3 + x4 + ...

equals the differentiable function

1/(1–x)

for x in the interval (–1,+1), so the power series


1 + 2x + 3x2 + 4x3 + ...

(obtained by differentiating term-by-term) equals


(d/dx) 1/(1–x) = (d/dx) (1–x)–1 = (–1) (1–x)–2 (–1)



= 1/(1–x)2
for x in the interval (–1,+1) (which agrees with what we calculated using the multiplication principle).

Question: What is the radius of convergence of the power series 1 + x + x2/2! + x3/3! + x4/4! + ...?  What function does the series converge to for x in the interval of convergence?

..?..

..?..

What method might we use to determine the radius of convergence? …

..?..

The ratio test.

We have an+1/an = [xn+1/(n+1)!] / [xn/n!] = x/(n+1), so |an+1/an| = |x|/(n+1) which (regardless of the value of x) goes to 0 as n ( (, so the series converges for all x (by the ratio test).

This implies that the function f(x) = (n=0( xn/n! is defined for all x, and indeed is differentiable for all x (by the Differentiation Theorem).

By the Differentiation Theorem, f(x) is differentiable for all x in (–(,(), that is, for all x.

But what differentiable function is f(x) equal to?

To find out what function it is, let’s look at f((x):

f(x) = 1 + x + x2/2 + x3/6 + x4/24 + ..., so

f((x) = 0 + 1 + x + x2/2 + x3/6 + x4/24 + ...


= f(x).

So we must have 

..?..

..?..

f(x) = Cex for some constant C.

How can we find C? 

..?..

..?..

Put x = 0.

Evaluating the power series at x=0 gives f(0) = 1,

while evaluating Cex at x=0 gives f(0) = C.

Hence …

..?..

C = 1, and f(x) = …
..?..

ex.

That is, the power series 1 + x + x2/2! + x3/3! + x4/4! + ... converges to ex for all real numbers x.

(We’ll see a different way to prove this in Example 2 of section 8.7.)

Integration Theorem for Power Series:

If the power series (n=0( cn(x–a)n has radius of convergence R and equals f(x) on the interval (a – R, a + R), then the power series 


(n=0( (cn/(n+1))(x–a)n+1 

has radius of convergence at least R and equals (ax f (t) dt on the interval (a – R, a + R).

Example: Let f(x) = 1/(1+x), so that (0x f (t) dt = ln (1+x).  Since


1/(1+x) = 1 – x + x2 – x3 + ...

for all –1 < x < +1 we have


ln (1+x) = x – x2/2 + x3/3 – x4/4 + ...

for all –1 < x < +1, as claimed earlier.

Example: Let f(x) = 1/(1+x2), so that (0x f (t) dt = arctan x.  Since


1/(1+x2) = 1 – x2 + x4 – x6 + ...

for all –1 < x < +1 we have


arctan x = x – x3/3 + x5/5 – x7/7 + ...

for all –1 < x < +1, as claimed earlier.
