Section 8.6 (concluded)

Substitution Theorem for Power Series (special cases): 

If the power series (n=0( cnxn has radius of convergence R then so does the power series (n=0( cn(x–a)n; and if the former converges to f(x) on the interval (0 – R, 0 + R), then the latter converges to f (x–a) on the interval (a – R, a + R).

If the power series (n=0( cnxn has radius of convergence R and equals f(x) on the interval (0 – R, 0 + R), then the power series 


(n=0( cn(bxk)n = (n=0( bncnxkn
converges to f (bxk) as long as x satisfies |bxk| < R, i.e., |x| < (R/b)1/k.

Example: Since


1 + x + x2/2! + x3/3! +... = exp(x)
for all x, we also have


1 + x2 + x4/2! + x6/3! + ... = exp(x2)
for all x, and applying the Integration Theorem we have


x + x3/3 + x5/10 + x7/42 + ... = (0x exp(t2) dt
for all x.

So, even though we can’t write (0x exp(t2) dt as an elementary function of x, we can compute it very accurately for specific values of x using the infinite series formula

(0x exp(t2) dt  =  (n=0( x2n+1/((2n+1)n!).

E.g., using x = 0.1 we get


(0.00.1 exp x2 dx = 1/10 + 1/3000 + 1/1000000 

    + 1/420000000 + ...

Just four terms of the infinite series give us the integral to within an error of less than one part per billion.

Questions?

Section 8.7: Taylor series
Main idea?
..?..
..?..

Taylor series
Taylor’s formula
Binomial series

So far, our point of view has been: Given a power series (n=0( cn (x–a)n, what function f(x) does it converge to (for suitable values of x)?

Now we want to turn this around and ask: Given a function f(x), can we find a power series that converges to it, at least for values of x near a specified value a?

Let’s play detective.  If we believe that the power series (n=0( cn (x–a)n converges to a function f(x) on the interval (a–R, a+R) with R > 0 (possibly with one or both endpoints thrown in for free), how can we determine c0, c1, c2, ... from f(x)?  What are the clues?

Hint: If f(x) = c0 + c1 (x–a) + c2 (x–a)2 + ... [put this equation on the board], then f(a) = …
..?..

c0.

So (turning this around) c0 = f(a).

What about c1? 
..?..

..?..

Hint: Use the Differentiation Theorem for Power Series.

f ((x) = c1 + 2c2 (x–a) + 3c3 (x–a)2 + ..., so f ((a) = …

..?..

c1.

(Why is this step justified?  For what values of x is the equation guaranteed to be true? 
..?..

..?..

For all x with |x–a| < R, and this includes x = a since R > 0, so we’re fine.)

Turning this around: c1 = f ((a).

What do you think c2 is? 
..?..
..?..
Let’s use the Differentiation Theorem for Power Series again.  (One of the top principles of mathematics is: If a trick works once, use it again!)

f (((x) = 2c2 + 6c3 (x–a) + ..., so f (((a) = …
..?..

2c2.

Turning this around: 
..?..
..?..

c2 = f (((a)/2.

In general, f (n)(a) = n! cn, so cn = f (n)(a)/n!. 

So in fact, if you want to express a function f(x) as a power series centered on x = a, there’s one and only one choice of coefficients that stands a chance of working, namely, f(x) = (n=0( cn (x–a)n with cn = f (n)(a)/n!.

Of course, we have no guarantee that the radius of convergence of this series about its center point a will be large.  In some cases it will be small.  It might even be zero!  But since there’s no freedom in choosing the coefficients, you’re stuck with whatever radius of convergence you get.

On the other hand, you do get to choose the center point a however you like, as long as the functions f(x), f ((x), f (((x), f ((((x), ... are all well-defined and finite at x=a.

In this case we say that f(x) is infinitely differentiable at x=a.

When f(x) is infinitely differentiable at x=a, we can form the series

(n=0( (f (n)(a)/n!)(x–a)n
which is called the Taylor series for the function f about the point a.  (In the special case a=0, the Taylor series is sometimes called a Maclaurin series, at least in calculus textbooks, though in “real life” I haven’t heard this term used very often.)

If f(x) is a polynomial, then it equals its own Taylor series, and the radius of convergence of its Taylor series is (. 

E.g., expand f(x) = x2 – x + 1 as a Taylor series about the point a = 1.  We get f ((x) = 2x–1,  f (((x) = 2, and f (n)(x) = 0 for all n ≥ 3, so the Taylor series about the point a = 1 is

(n=0( (f (n)(1)/n!)(x–1)n = (1) + (1) (x–1) + (1) (x–1)2 

+ (0) (x–1)3 + (0) (x–1)4 + …






     = 1 + (x–1) + (x–1)2





     = 1 + x – 1 + x2 – 2x + 1






     = 1 – x + x2
     = f(x)
(valid for all x).

More interesting example: If f(x) is the function 1/(1–x), we can expand f(x) as a Taylor series about any point a ( 1, and we get a power series with radius of convergence |a–1| = the distance between a and 1 on the real line (you’ll prove this for the homework).  [Draw picture.]  

Our power series can’t give the right answer when we plug in x=1, since the function f(x) blows up (becomes infinite) as x approaches 1 and is undefined at x=1.

We say that the function 1/(1–x) has a pole at x=1.

This pole is an obstacle to finding a Taylor series for 

1/(1–x) centered at a that will converge to 1/(1–x) throughout a large interval; if the interval contains the pole, it can’t work.

Note that the radius of convergence of the power series for f(x) = 1/(1–x) centered at a depends on the value of a.

E.g., take a=3.  

Since f (n)(x) = n!/(1–x)n+1 (check this!), we have f (n)(3) = n!/(–2)n+1, so cn = 1/(–2)n+1, and we get the Taylor series (n=0( [1/(–2)n+1] (x–3)n whose radius of convergence (by the root test) is …

..?..
..?..

2.

(Details: |1/(–2)n+1 (x–3)n|1/n = |x–3|/21+1/n ( |x–3|/2 as n((, and |x–3|/2 is < 1 when 3 – 2 < x < 3 + 2 and is > 1 when x ≤ 3 – 2 or x ≥ 3 + 2.

Alternatively we can use the Root Test for Power Series (something Stewart arguably should have included): If |cn|1/n converges to a finite positive number, then the radius of convergence of (n=0( cnxn is 1 / limn(( |cn|1/n, or, if you prefer, limn(( 1/|cn|1/n.
Thus the Taylor series for f(x) = 1/(1–x) centered at a = 3 doesn’t converge at x=6 (for instance) because 6 lies outside the interval of convergence (3 – 2, 3 + 2).

What if we take the Taylor series for the same function f(x), this time centered at a = 4? …

..?.. [Have the students work this out on their own; 3 min.]

Now it does converge, because the root test gives radius of convergence 3, and 6 does lie within the interval (4 – 3, 4 + 3). 

And of course the Taylor series for f(x) centered at a = 6 converges at x = 6, since it’s just f(6) + 0 + 0 + …

Newton’s binomial theorem (page 483, formula (18))

If r is any real number, then the Taylor series

1 + rx + [r(r–1)/2]x2 + [r(r–1)(r–2)/6]x3 + ... 

+ [r(r–1)...(r–n+2)(r–n+1)/n!]xn + ...

converges to (1+x)r for all x in (–1,1).

[Write formula on board.]

(Stewart uses k as the exponent instead of r, but it’s unusual for k to stand for a real number; letters from that part of the alphabet usually stand for integers, apart from isolated exceptions like the use of k as a spring constant in physics.)

Example (r = 2): (1+x)2 = …

..?..

1 + 2x + x2 + 0x3 + 0x4 + ...

(This actually converges for all x, not just those with |x| < 1.  But other values of r don’t behave so nicely, as we’ll see in the next example.)

Example (r = –1): (1+x)–1 = …

..?..

1 – x + x2 – x3 + ... for all |x| < 1; this is just a geometric series formula.

(Note that in this case, the series diverges if |x| ( 1.)

Application: Let’s use the binomial theorem to estimate the square root of 3.  We can’t use (1+x)1/2 with x=2, because the interval of convergence for Newton’s power series for (1+x)1/2 is |x| < 1, which doesn’t contain x = 2.  But we can use an algebraic trick to transform the problem: Write sqrt(3) not as (1+2)1/2 but as sqrt(4–1) = 2 sqrt(1–1/4) = 2(1+(–1/4))1/2 and then apply the binomial theorem with x = – 1/4 (which certainly does satisfy |x| < 1).

To get a good back-of-the-envelope or mental estimate of sqrt(3), truncate the binomial series after its first two terms: sqrt(3) = 2(1 + (1/2)(–1/4) + ...) ( 2(1 + (1/2)(–1/4)) = 7/4 = 1.75, which is pretty close to the true value 1.732...

To do a little better, truncate after three terms:

sqrt(3) = 2(1 + (1/2)(–1/4) + (1/2)( –1/2)(1/2)(1/16) – ...) ( 2(1 – 1/8 – 1/128) = 111/64 = 1.734375…, which is better.

See the Table on page 484 for other important examples of power series: ex, sin x, cos x, etc.

Dividing the Taylor series for sin x by the Taylor series for cos x, Stewart derives the Taylor expansion tan x = x + x3/3 + …, which implies limx(0 (tan x – x) / x3 = 1/3: we proved this earlier in a different way (using L’Hospital’s Rule).

Question: Suppose (n=0( cnxn is the Taylor series of the function f(x); must (n=0( cnxn converge to f(x) for all x?

..?..

..?..

No; (n=0( cnxn might diverge.  E.g., …

..?..

..?..

(n=0( xn at x=1.
What if we know that (n=0( cnxn converges?

..?..

..?..

Prove it!

..?..

..?..

There’s a reason you’re having trouble proving it; it isn’t true!

Here’s an extreme example of how things can go wrong: Let f(x) = exp (–1/x2).
It’s like a parabola, but much, much, much, MUCH flatter.
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It can be shown that f(0) and f ((0) and f (((0) and … (etc.) all are equal to zero, so the Taylor series of f(x) is …

0 + 0x + 0x2/2! + 0x3/3! + …, which converges to 0 for all x, but isn’t equal to f(x) anywhere except at x=0.
