Section 8.8: Taylor polynomials

The Taylor series for a function may not agree with the function on ANY interval.

An example is the function f(x) defined to be exp –1/x2 for x ( 0 and to be 0 for x = 0, whose graph is so flat at 0 that 

f(n)(0) = 0 for all n.
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The Taylor series for this function about 0 is 0 + 0x + 0x2 + …, which is to say, the constant function 0, which does not agree with f(x) on ANY open interval around 0.

The upshot is that after we compute a Taylor series for some function f(x) about some point x=a, namely the series (n=0( [f (n)(a)/n!] (x–a)n , and after we show that this Taylor series has some radius of convergence R, we still have to do some more work to show that (n=0( [f (n)(a)/n!] (x–a)n converges to f(x) on (a–R, a+R) – and this may not even be true if f(x) is a bad function like exp –1/x2 (though it is true for most of the examples we’ll study).

The main tool we use for doing this is Taylor polynomials and the Taylor remainder theorem.
Let (n=0( [f (n)(a)/n!] (x–a)n be the Taylor series for the function f(x) centered on a, with radius of convergence 

R > 0.

A polynomial in x of the form (n=0N [f (n)(a)/n!] (x–a)n is called a Taylor polynomial for f(x) centered at a.  We denote it by Ta,N(x) (or just TN(x), if it’s clear from the context what center point a we’re using).

Typically, the closer x is to a, the more closely Ta,N(x) approximates f(x).

Ta,0(x) = f(a).  That is, Ta,0(x) is the horizontal line through the point (a, f(a)).  [Draw picture.]

Ta,1(x) = f(a) + f ((a) (x–a).  That is, Ta,1(x) is the tangent line to the graph of f(x) through the point (a, f(a)). Ta,1(x) is the best linear approximation to the function y=f(x) in the vicinity of x=a, y=f(a).  [Draw picture.]  

Ta,2(x) = f(a) + f ((a) (x–a) + [f (((a)/2] (x–a)2.  Ta,2(x) is the best quadratic approximation to the function y=f(x) in the vicinity of x=a, y=f(a).  [Draw picture.]

Etc.

To get some intuitions about Taylor series, try out

http://demonstrations.wolfram.com/TaylorSeries/.

and

http://demonstrations.wolfram.com/IntroductionToTaylorMaclaurinSeries/
The Taylor Remainder Theorem
Define Rn(x) = f(x) – Tn(x), where Tn(x) is the Taylor polynomial of degree n centered at a for the function f(x), so that f(x) = Tn(x) + Rn(x).  
Rn(x) is called the nth remainder of the Taylor series.

Saying that Tn(x) is close to f(x) is equivalent to saying that the error Rn(x) is close to 0.

Easy fact: If limn(( Rn(x) = 0, then f is equal to the sum of its Taylor series at x, and vice versa.

Taylor’s formula (Theorem 8.7.9): If all derivatives of f(x) up to and including the n+1st are defined in an interval I that contains the number a, then for every x in I, the equation

Rn(x) = [f (n+1)(z)/(n+1)!](x–a)n+1
holds for some number z strictly between x and a.

Special case: When n=0, the theorem says that ..?..



f(x) – f(a) = f ((z) (x–a)

for some z between a and x.  This is just …

..?..

the Mean Value Theorem (with x playing the role of b, and z playing the role of c).

So it’s not surprising that the proof of Taylor’s formula (which we won’t cover) uses Rolle’s Theorem.  

I don’t have time to cover the uses of Taylor’s Theorem to prove convergence of Taylor series (see pages 479–481), but you should read this, since there’ll be a few examples like this on the homework.

Instead, I’ll focus on a question more related to numerical precision, and what your calculator does.  (Calculators use lots more tricks, but power series are the most powerful trick.)

Problem: How many terms of the Maclaurin series for ex are needed in order to evaluate e to within an error of 10–6?

Solution: Put f(x) = ex, a = 0.  Taylor’s formula tells us that for all x (we’ll specialize to the case x = 1 in a minute), the remainder

Rn(x) = ex – (1 + x + x2/2! + x3/3! + ... + xn/n!)

is equal to


[f (n+1)(z)/(n+1)!]xn+1
for some z between 0 and x.  Since f (n+1)(z) = ez, this becomes


Rn(x) = [ez/(n+1)!]xn+1 for some z between 0 and x,

and plugging in x = 1 we get

(*)
Rn(1) = [ez/(n+1)!] for some z between 0 and 1.

Our goal is to choose n so large that (*) forces the absolute error |Rn(1)| to be small even though we don’t know what z is (aside from knowing that z lies between 0 and 1).

Since 0 < z < 1, ez < e1 = e < 3 (we could use a more accurate upper bound for e here but it wouldn’t help us for present purposes), we have

(**)
|Rn(1)| < [3/(n+1)!].

It’s clear that 3/(n+1)! decreases quickly as n grows, and you can check on your calculator that 3/9! > 10–6 > 3/10!.

Therefore, if we take n=9, we get |Rn(1)| < 3/10! < 10–6
so that T9(1) (a sum of 10 terms) differs from f(1) = e1 = e by less than 10–6.

(Indeed, you can check on your calculator that the error is about 0.3 times 10–6.)

So we’ve shown that for all n > 9, |Rn(1)| < 10–6.

More generally, we can show that for every ( > 0, there exists N such that for all n > N, |Rn(1)| < (.

That is, we can show that Rn(1) ( 0 as n ( (.

That is, we can show that the Taylor approximation Tn(1) converges to f(1) = e1 as n ( (.

Using similar methods, but more complicated calculations, we can show that for every x, the Taylor approximation Tn(x) converges to f(x) = ex as n ( (.

And the same method works for sin x and cos x for every value of x.

Meanwhile, the method works for ln 1+x, but only with values of x satisfying –1 < x < 1.

The upshot is, for these and other important functions, we have the very desirable fact that wherever the Taylor series for f(x) about x = a converges, it converges to f(x).

(But keep in mind that for some bad functions f, like f(x) = exp –1/x2, this doesn’t hold.)
[Collect time-sheets, homeworks, and section summaries.]
