Chapter 9: Parametric Equations and Polar Coordinates
Section 9.1: Parametric curves
Main idea of the section? …

..?..

A parametric curve is traced by a moving point (x(t), y(t)) with x = f(t) and y = g(t) for a ( t ( b.  
[Draw a sketch.]

x and y are now both dependent variables, depending on the independent variable t (or ( or whatever), 

The independent variable is called a parameter.

Often we write x(t) and y(t) as just x and y.

We call (x(a),y(a)) the initial point and (x(b),y(b)) the terminal point; the curve C consisting of all points of the form (x(t),y(t)) with a ( t ( b is called the plane curve determined by the parametrization.
Main examples of parametric curves?

..?.. 
..?..

Line: x(t) = at + b, y(t) = ct + d [discuss cases]
Unit circle: x(t) = cos t, y(t) = sin t (0 ( t ( 2() 
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Cycloid: x(t) = t – sin t, y(t) = 1 – cos t  (–( < t < () 
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What physical process gives rise to a cycloid?
..?..

..?..

The motion of a point on the rim of a rolling wheel.

There can be many ways to parametrize a given plane curve.

For instance, the (unit) circle can also be parametrized by

(1)
x = cos (2( – t), y = sin (2( – t)  (0 ( t ( 2()
(a particle moving around the circle in the opposite direction) or

(2)
x = cos 2t, y = sin 2t  (0 ( t ( ()
(a particle moving twice as fast as before) or

(3)
x = cos t3, y = sin t3  (–(1/3( t ( (1/3)
(a particle that slows down as t approaches 0 from below and then speeds up again).

These are different parametric curves, even though they correspond to the same plane curve (or curve).

Section 9.2: Calculus with parametric curves
Main idea of the section? …

..?..

..?..

The ideas we’ve already developed for calculus related to curves of the form y = f(x) apply without major changes to parametric curves.

Tangents: The slope dy/dx of the tangent to the parametric curve x = f(t), y = g(t) at the point (f(t0), g(t0)), defined as 

limh(0 [g(t0+h) – g(t0)]/[f(t0+h) – f(t0)], 

can be shown (via L’Hospital’s Rule and the Chain Rule) to equal

[(d/dt) y] / [(d/dt) x] = g((t0) / f ((t0)

as long as f ((t0) ( 0, and f ( and g( are continuous at t0; likewise the concavity d2y/dx2 is equal to


[(d/dt) dy/dx] / [(d/dt) x] = [(d/dt) (g((t0)/f ((t0))] / f ((t0)

as long as f ((t0) ( 0.
Stewart should mention that in the case where f ((t0) is zero and g((t​0) is non-zero, the parametric curve has a vertical tangent line.

Example: Find all horizontal tangents to the cycloid 

x(t) = t – sin t, y(t) = 1 – cos t.

Solution: dx/dt = 1 – cos t and dy/dt = sin t, so the tangent to the curve at (x(t), y(t)) (where it exists) has slope dy/dx = dy/dt / dx/dt = (sin t) / (1 – cos t).

This can vanish only when its numerator vanishes, i.e. when t is a multiple of (.

When t = (, the slope is (sin () / (1 – cos () = 0 / 2 = 0, so we have a horizontal tangent (check: this corresponds to the top of one arch of the cycloid).

What about t = 0 or t = 2(?  
..?..

..?..

We get 0 / 0, which is indeterminate.

In this case, there is no horizontal tangent to the curve.

In fact, there is no tangent line to the curve, at least in the usual sense of the word “tangent”: the cycloid has a cusp when t is a multiple of 2(.

But since the one-sided tangent line as t approaches 2( from below coincides with the one-sided tangent line as t approaches 2( from above, one might feel that “two half tangents make a full tangent.”  Something similar happens in Figure 14 on page 521 of the book: Stewart says that the cardioid of Example 9 has a vertical tangent at the origin, though most mathematicians would say that it doesn’t.

A clearer case of non-tangency comes from x(t) = t3, y(t) = |t3|:  

[image: image3.emf]1.0

08k
0.6F
04l

02}











Both x(t) and y(t) are differentiable at t = 0, but there is no tangent to the particle’s trajectory at t = 0.  As t approaches 0 from below, the particle approaches the origin along the line y = –x, but as t increases above 0,  the particle leaves the origin along the line y = x.

(The particle slows down as it approaches the origin, so its “abrupt” 90-degree turn doesn’t cause a sudden jump in its velocity.)

In contrast, consider the parametric curve


x = t3, y = ct3
parametrizing the line y = cx of slope c.  
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Here too we get g((t) / f ((t) = the indeterminate ratio 0 / 0 at t = 0, but in this case there is a tangent line (namely the line y = cx itself).

So in the indeterminate case 0 / 0 there may be a tangent line or there may not be; more information is required.  (That is, going back to our definition of the slope of the tangent line as limh(0 [g(t+h) – g(t)]/[f(t+h) – f(t)], we would need to differentiate the top and bottom twice or more with respect to t, in an iterated application of L’Hospital’s Rule.  Alternatively, we could choose a different way to parametrize our plane curve!)

Area: If f(t) is an increasing differentiable function of t and g(t) is a non-negative continuous function of t for a ( t ( b, then the graph of the parametric curve (f(t), g(t)) from t = a to t = b is the graph of a non-negative function from x = f(a) to x = f(b), and the area between the curve and the x-axis equals (ab g(t) f ((t) dt.  (Note that we can also get this from ( f(a)f(b) g(f –1(x)) dx by substituting t = f –1(x).)

Arc length: If a curve C is traversed exactly once by the parametric curve x = f(t), y = g(t) with a ( t ( b, and f ((t) and g((t) are piecewise continuous on [a,b], then the length of the curve is (ab sqrt([f ((t)]2+[g((t)]2) dt.

(See assignment #11 for examples featuring the cycloid.)

Volume: If f(t) is an increasing function of t and g(t) is a non-negative function of t for a ( t ( b, then the graph of the parametric curve (f(t), g(t)) from t = a to t = b is the graph of a non-negative function from x = f(a) to x = f(b), and the volume of the solid of revolution underneath the surface obtained by rotating this curve about the y-axis equals 

(ab 2( f(t) f ((t) g(t) dt.

[Draw a picture.]

Example: Compute the volume of the hemisphere obtained by rotating the parametric curve x = sin t, y = cos t (0 ( t ( (/2) around the y-axis.  (Note that I’ve reversed the usual conventions for x and y; why? 
..?..

..?..

Because I want x to be an increasing function of t, in order to apply the formula for volume.)

Solution:

f(t) = sin t,  f ((t) = cos t,

g(t) = cos t,

V = (ab 2( f(t) f ((t) g(t) dt
   = 2( (0(/2 (sin t) (cos t)2 dt 

   = ..?..

   = 2( (0(/2 (–1/3) [(d/dt) (cos t)3] dt
   = (–2(/3) (cos t)3 |0(/2
   = (–2(/3) [(0)3 – (1)3]

   = 2(/3,

which checks (since the full sphere has volume 4(/3).
For next time, read section 9.3.

