Section 9.3: Polar coordinates
What is the main theme of this section?

..?..

..?..

There’s a different way to assign numbers to points in the plane than Descartes’, and it’s more useful for some purposes.

Let’s start by reviewing Descartes’ idea:

To describe how to get from the origin O to a point P, we can say “Head x units eastward and y units northward.”

This gives us a way of describing a point P with two numbers (distances), which we call the x- and y-coordinates of P, as long as P lies in the first quadrant.

By allowing x and y to be negative, we can apply this idea to any point in the plane (with the understanding that when x is negative, “x units eastward” is defined as “–x units westward”; likewise, when y is negative, “y units northward” is defined as “–y units southward”).

Through the use of Cartesian coordinates, problems in geometry get transformed into problems in algebra; for instance, the unit circle (a geometrical object) is replaced by the equation x2+y2 = 1 (an algebraic object).

Once you’ve introduced x and y, you’ve opened the door to dy/dx and (  y(x) dx and the whole apparatus of the calculus.

We’ve seen many examples of problems in geometry and physics for which this way of assigning numbers to points in the plane is a big win.

But for many problems, it’s convenient to assign numbers to points differently.

To describe how to get from the origin O to a point P, we can say “Head r units in the direction of a ray that makes an angle of ( with the positive x-axis.”  [Draw picture.]

The distance r and the angle ( give us a different way to assign two numbers to the point P.

The system of specifying points via the numbers r and ( is called the polar coordinate system (as opposed to the Cartesian coordinate system that specifies points via the numbers x and y), and r and ( are called polar coordinates of the point P.

Example: The point x = 1, y = sqrt(3) is at distance 2 from the origin, and the segment makes an angle of (/3 with the positive x-axis, so the point with Cartesian coordinates (x,y) = (1, sqrt(3)) has polar coordinates (r, () = (2, (/3).  I’ll write (2, (/3)polar = (1, sqrt(3))Cartesian.

Note that we can get to the same point P if we travel –2 units along the ray from the origin with angle 4(/3, (provided that when r is negative, heading r units in some direction is defined as heading –r units in the opposite direction; note that this generalizes our discussion of negative numbers in the context of Cartesian coordinates).

[Draw sketch.]  That is, the point P with polar coordinates 

(r, () = (2, (/3) also has polar coordinates (r, () = 

(–2, 4(/3): in our notation, (2, (/3)polar = (–2, 4(/3)polar.

Are there other polar coordinates for this point? 

..?..

..?..

(2, (/3 + 2(n) for every n, (–2, 4(/3 + 2(n) for every integer n.
What are the polar coordinates for the origin? 

..?..

..?..

(0, () for any (.

So one feature of polar coordinates is that every point has infinitely many representations in polar coordinates.

Given the polar coordinates of a point, it’s easy to recover the Cartesian coordinates:

(1)
x = r cos (
(2)
y = r sin (
[Draw pictures for P in the first and second quadrants; assert that the others work out too.]

To go in the reverse direction, note that


x2 + y2 = r2 

(square equations (1) and (2) and add) and


y / x = tan (
(divide (2) by (1)) as long as x ( 0.  So the natural choice for r is sqrt(x2+y2).  

Recovering ( is more problematical, though.  You might be tempted to choose ( = arctan y/x, but arctan y/x always lies between –(/2 and +(/2, which is fine if out point P lies in quadrant I or IV but will not work if P lies in quadrant II or III.

How can we fix this?

Quadrant I: ( = arctan y/x
Quadrant II: ( = arctan y/x  +  (
Quadrant III: ( = arctan y/x  –  (   or   ( = arctan y/x  +  (
Quadrant IV: ( = arctan y/x   or   ( = (arctan y/x) + 2(
Note that in quadrants III and IV there are two commonly-used choices, according to whether we want values of ( to lie in (–(,(] (if we prefer angles with small absolute value) or in [0,2() (if we prefer angles that are positive).

If x = 0 and y ( 0, then we can take ( = (/2 if y > 0 and ( = 3(/2 or –(/2 if y < 0.  

The graph of a polar equation (such as r = f(() or F(r,() = 0) consists of all points P that have at least one polar representation (r, () whose coordinates satisfy the equation.

Example: Graph the curve r = sec (.  (Recall sec ( is defined as 1 / cos (.)

Solution: Plot points on the curve for different values of (:

..?..

..?..

( = 0, r = 1: (x,y) = 


(1,0)

( = (/4, r = sqrt(2): (x,y) = 
(1,1)

( = (/3, r = 2: (x,y) = 

(1,sqrt(3))

( = –(/4, r = sqrt(2): (x,y) = 
(1,–1)

Etc.

Conjecture: 
..?..

..?..

The plot is the line represented in Cartesian coordinates by the equation x = 1.

Proof: Translate the polar equation into Cartesian coordinates.

r = sec ( ( r = 1 / cos ( ( r cos ( = 1 ( x = 1

More generally:

If a line L goes through the origin (that is, if the line is a radial line), it is represented by the equation ( = (.

If L does not go through the origin, and the point on L that is closest to the origin is (r0, () in polar coordinates, then L is represented by the equation 

r(() = r0 sec (( – ().

(Check that this specializes to r(() = sec ( when ( = 0 and r0 = 1.)
Note that (unlike the y = mx + b representation of a line) this representation works fine if the line is vertical.

Example: Graph the curve r2 = sec2 (.

..?..

..?..

Writing this as r = ( sec (, and recalling that cos ( sec ( = 1, we see that the graph consists of the line x = 1 and its image under reflection through the origin (that is, the image under 180 degree rotation about the origin), namely the line x = –1.  So the curve has two components, and we can write the two-part curve via the single equation x2 = 1. 

Alternatively, rewrite the equation r2 = sec2 ( in Cartesian coordinates using the equations

x2 + y2 = r2,

y / x = tan (,

and

sec2 ( = 1 / cos2 ( = (cos2 ( + sin2 () / cos2 (
   = 1 + tan2 (,

obtaining

x2 + y2 = r2 = sec2 ( = 1 + tan2 ( = 1 + (y/x)2 = 1 + y2/x2
   = (x2 + y2)/x2
which yields x2 = 1.

Example: Graph the curve r = (.

..?..

..?..

This is an arithmetic spiral.

See http://en.wikipedia.org/wiki/Archimedean_spiral.
[Sketch the part of the curve with ( ( 0.]

What does the other part of the curve (with ( < 0) look like? 

..?..

..?..

If (r, ()polar = (x, y)Cartesian,

then (–r, –()polar = ..?..

..?..

[Draw picture]

Changing the sign of ( changes the vertical coordinate of a point:
(r, –()polar = (x, –y)Cartesian, 

And then changing the sign of r reflects the point through the origin:

(–r, –()polar = (–(x), –(–y))Cartesian = (–x, y)Cartesian.

Or, if you prefer, using equations (1) and (2) from the start of the lecture, we get

(–r) cos (–() = –r cos ( = –x
and

(–r) sin (–() = +r sin ( = y
So the spiral consists of two arms (one with r ( 0 and one with r ( 0) which meet at the origin (and elsewhere), each obtained from the other by reflecting across the vertical axis.

For tomorrow, read section 9.4.
