Section 9.4: Areas and lengths in polar coordinates

Areas
Let R  be the region bounded by the polar curve r = f(() and by the rays ( = a and ( = b, where f is a positive continuous function and where 0 < b – a ( 2(.  [Display Figure 2 from Stewart.]  Then the area A of the region R  is

(*)
A = (ab (1/2)[f(()]2 d(
(often written as (ab (1/2)r2 d(, with it being understood that r is a function of ().

Example: If f(() is constant, say f(() = r0, then the formula gives A = (ab (1/2)r​2 d( = (1/2)(b–a)r0​2.

We can verify this formula by noting that the region R  is a circular sector of radius r0 and angle b–a and therefore has area ((b–a)/(2())((r02) = ((b–a)/2)(r02).

In fact, the way we prove (*) is by using the special case of circular sectors.  Specifically, we divide R  into skinny circular sectors, letting the number of sectors go to infinity and letting the sectors get narrower and narrower.  (See Stewart’s explanation on page 525, and Figure 3 in particular.)

Problem: Find the area enclosed by the curve r = ( for 0 ( ( ( (/2 (an arc of the arithmetic spiral) and the rays ( = 0 and ( = (/2. [Draw sketch.]
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Solution: A = (ab (1/2)r​2 d( = (0(/2 (1/2)(2 d( = (1/6) (3|0(/2
= (1/6) ((/2)3 = (3/48 ( 0.6.

Problem: Find the area enclosed by the curve r = 2 cos ( for –(/2 ( ( ( (/2.

Solution: Note that 2 cos ( is non-negative for –(/2 ( ( ( (/2, so the formula applies, and

A = (ab (1/2)r​2 d( = (–(/2(/2 (1/2)(2 cos ()2 d( 

   = ..?..

   = 2 (–(/2(/2 cos2 (  d( 

   = 2 (–(/2(/2 (1 + cos 2()/2  d( 

   = (–(/2(/2 1 + cos 2(  d(
   = (( + (1/2) sin 2()|–(/2(/2
   = (.

Check: The region enclosed is just 

..?..

..?..

the disk of radius 1 centered at (1,0)Cartesian.
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To find the area jointly enclosed by two polar curves, we may need to break the problem into pieces, using the points where the curves intersect.  (Sometimes we need to apply this method when the curve wraps around the origin multiple times and intersects itself.)  [Draw examples.]

Example: What is the area of the region in the plane that is singly but not doubly wrapped by the polar curve 

r = 2 + cos 3(/2 

with 0 ( ( ( 4(?  

Here’s what Mathematica gives us when we give the command PolarPlot[2 + Cos[3t/2], {t, 0, 4Pi}]:
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The rightmost point corresponds to ( = 0 and ( = 4(.

The curve crosses itself at three points:

at (2, (/3)polar = (2, 7(/3)polar in the first quadrant,

at (2, ()polar = (2, 3()polar on the negative x-axis, and

at (2, 5(/3)polar = (2, 11(/3)polar in the fourth quadrant.

The region we’re interested in consists of three lobes, each with the same area; we’ll compute the area of the right lobe and triple it.

The curvy triangular region in the middle is bounded by three arcs: the arc at the upper left corresponds to values of ( in [(/3, (], the arc at the lower left corresponds to values of ( in [3(, 11(/3], and the arc at the right corresponds to values of ( in [0, (/3] ( [11(/3,4(].

Since r(() has period 4(, the third arc also corresponds to values of ( in [0, (/3] ( [–(/3,0] = [–(/3, (/3].

There are two curves between ( = –(/3 and ( = (/3 that concern us: the outer curve 

r = 2 + cos 3(/2 

and the inner curve 

r = 2 + cos 3((+2()/2 = 2 + cos (3(/2+3() 

   = 2 – cos 3(/2

To find the area enclosed between two polar curves, we use the method from page 526.  [Draw picture.]  If the region R  is bounded by the curves r = f(() and r = g(() and the rays ( = a and ( = b, with 0 < b – a ( 2( and f(() ( g(() ( 0 for all ( in [a,b], then the area between the curves

r = f(() and r = g(() equals the area enclosed by r = f(() minus the area enclosed by r = g((), so the region R  has area A = (ab (1/2)[f(()]2 d( – (ab (1/2)[g(()]2 d( = 

(ab (1/2)([f(()]2–[g(()]2) d(.

In our case, 

f(() = 2 + cos 3(/2 

and 

g(() =  f((+2() = 2 + cos 3((+2()/2 = 2 – cos 3(/2

so (after a bit of trig) [f(()]2–[g(()]2 simplifies to 8 cos 3(/2 which gives us A = 3(–(/3(/3 4 cos 3(/2 d( = 16 as the combined area of the three lobes.

Arc length
Consider the curve with polar equation r = f((), a ( ( ( b.

You can also view this as the parametrized curve (x(t),y(t))Cartesian where 

x(t) = r(t) cos t = f(t) cos t
and 

y(t) = r(t) sin t = f(t) sin t 

for all t in [a,b].
The length L of this parametrized curve is given

(**)
L = (ab sqrt(r2 + (dr/d()2) d(.

(For proof, see page 527.)

Example: If f(() is constant, say f(() = r0 > 0, then the formula gives L = (ab sqrt(r0​2+0) d( = (b–a)r0. We can verify this formula by noting that the curve is a circular arc of radius r0 and angle b–a and therefore has length 

((b–a)/(2())(2(r0) = (b–a)r0.

Problem: Find the length of the curve r = sec ( for 

–(/4 ( ( ( (/4.

Solution: Since (d/d() sec ( = sec (  tan (, we have

r2 + (dr/d()2
= 1 / cos2 ( + (sin ( / cos2 ()2



= cos2 ( / cos4 ( + sin2 ( / cos4 (
= 1 / cos4 (
so

L = (ab sqrt(r2 + (dr/d()2) d( = (–(/4(/4 sqrt(1 / cos4 () d( 

   = (–(/4(/4 1 / cos2 (  d(  =  tan ( |–(/4(/4
   = tan((/4) – tan(–(/4) = 1 – (–1) = 2.

Is there a simpler way to get this answer? 

..?..

..?..

Yes!

We showed before that r = sec ( is just the equation of the line x = 1, so L is just the distance from (1,–1)Cartesian to (1,1)Cartesian.

Problem: Find the length of the curve r = 2 cos ( with 0 ( ( ( (.

Solution: We get r2 + (dr/d()2 = (2 cos ()2 + (–2 sin ()2 

= 4 cos2 ( + 4 sin2 ( = 4, so L = (ab sqrt(r2 + (dr/d()2) d( = (0( sqrt(4) d( = 2(.

Is there a simpler way to get this answer? 

..?..

..?..

Yes!  The curve is just ..?..

the circle of radius 1 centered at (1,0)Cartesian, whose perimeter is 2(.

For Friday, prepare to discuss the True-False Quiz for Chapter 8; we’ll do the True-False Quiz for Chapter 9 next week.
