Stirling numbers (concluded):

We have S(p,1) = 1 for all p(1,

and S(p,2) = 2^(p-1)-1 for all p(2

(you’ll prove this on the homework).

Note that this formula works for p=1 but fails for p=0.

What about S(p,3)?

The homework will lead you through the process of doing this using generating functions.

Another approach: Use inclusion-exclusion.

On the one hand, the number of ways to assign p objects into 3 distinguishable bins so that no bin is empty is equal to 3! S(p,3).  (There are S(p,3) ways to divide the p objects into 3 non-empty subsets, and then there are 3! ways to assign each of the 3 subsets to a bin.)

On the other hand, the number of ways to assign p objects into 3 distinguishable bins is

3^p – 2^p – 2^p – 2^p + 1^p + 1^p + 1^p – 0^p

(by inclusion-exclusion).

Note that the last term is needed if we want to get the right answer when p = 0.

But we just want a formula that’s valid when p(3.

So we can ignore the last term, and conclude that for p(3,

S(p,3) = (3^p – (3) 2^p + (3) 1^p) / 6.

Section 8.3: Partitions of numbers
Let p_k (n) be the number of ways to write n as a sum of k positive integers, where order doesn’t matter.

E.g., 8 can be written as 6+1+1, 5+2+1, 4+3+1, 4+2+2, or 3+3+2, so p_3 (8) = 5.

p_1 (n) = 1 for all n

p_2 (n) = floor(n/2); 

∑_{n=0}^{(} p_2 (n) x^n 

= x^2 + x^3 + 2x^4 + 2x^5 + … = x^2/(1-x)(1-x^2).

How could we derive this?

Let h_n = floor(n/2), so that 

h_n = h_{n-2} + 1 for all n(2.

To turn this into a homogeneous recurrence, re-index to get

 
h_{n-1} = h_{n-3} + 1 for all n(3

and subtract the second equation from the first, obtaining


h_n – h_{n-1} = h_{n-2} – h_{n-3} for all n(3.

The characteristic equation is x^3 – x = x^2 – 1,

the characteristic polynomial is x^3 – x^2 – x + 1,

and the denominator polynomial is 1 – x – x^2 + x^3,

so  ∑_{n=0}^{(} floor(n/2) x^n  must be expressible as

(some polynomial of degree < 3) / (1 – x – x^2 + x^3).

Multiplying x^2 + x^3 + 2x^4 + … by 1 – x – x^2 + x^3 gives just x^2.

What about p_3 (n)?

I won’t give a formula for p_3 (n), but I will derive a formula for ∑_{n=0}^{(} p_3 (n) x^n.

Lemma 1: p_k (n) = p_k (n-k) + p_{k-1} (n-1)

Proof: Given a partition of n into k parts:

Case a: If every part is greater than 1, reduce all parts by 1.  This gives a partition of n-k into k parts.

Case b: If some part is equal to 1, remove it.

This gives a partition of n-1 into k-1 parts.

Lemma 2: p_k (n) is also equal to the number of partitions of n in which the largest part is of size k. 

E.g., p_3 (8)=5: 3+3+2, 3+3+1+1, 3+2+2+1, 3+2+1+1+1, 3+1+1+1+1+1.

Proof: A partition has k parts iff its conjugate has largest part of size k.  (Refer to book; do example.)

