For Thursday: read section 6.2 (we’ll pick up with section 6.3 after the midterm)

Review chapters 1, 2, 3, and 5 and bring in questions on Thursday.  If you have any requests that might require advance preparation on my part, send me email later today or early tomorrow.

Questions on section 5.5?

Section 5.6: Newton's binomial theorem

State the Brualdi version (page 148)

Expand (1-4x)^(-1/2) by Newton’s binomial theorem:

sum_k=0^( (-1/2 choose k) (1)^(-1/2-k) (-4x)^k

= (1) + (-1/2) (-4x) + ((-1/2)(-3/2)/2!) (-4x)^2

   + ((-1/2)(-3/2)(-5/2)/3!) (-4x)^3

   + ((-1/2)(-3/2)(-5/2)(-7/2)/4!) (-4x)^4 + …

= 1 + 2x + 6x^2 + 20x^3 + 70x^4 + …

What’s the pattern? …

We seem to be getting sum_n C(2n,n) x^n.

This is in fact true, and is not hard to prove (we’ll do this later).

Note that we have taken the two terms in the binomial (1 and –4x) and raised one of them (namely –4x) to integer powers and the other (namely 1) to fractional powers; in this case, this works out nicely because 1 to any power is easy to work out (namely, just 1).

Likewise, for one of the homework problems, you will need to approximate the cube root of 10 by writing 10 as 8+2; we can raise the 8 to the power of exponents like 1/3 and 1/3 – 1 and 1/3 – 2, and still get whole numbers; 2 must be raised to an integer power, though, if we still want to get rational numbers as our approximations to the cube root of 10.
Section 6.1: The principle of inclusion and exclusion. 

Recall: |A ( B| = |A| + |B| – |A ( B|

Similarly, we have: |A ( B ( C| 

= |A| + |B| + |C| – |A ( B| – |A ( C| – |B ( C| 

+ |A ( B ( C|  (derive this by repeatedly using the “basic version”; check result with a Venn diagram)

More generally,

|(_{i=1}^n A_i| = 

sum_i |A_i| – sum_{i, j distinct} |A_i ( A_j|

        + sum_{i,j,k distinct} |A_i ( A_j ( A_k|

        – ... – (–1)^n |A_1 ( A_2 ( ... ( A_n|

Proof: Suppose x belongs to k = C(k,1) of the sets A_i.  Then it belongs to C(k,2) of their pairwise intersections, C(k,3) of their triple intersections, and so on, making a total contribution of C(k,1)–C(k,2)+C(k,3)–…– (–1)^k C(k,k) = C(k,0) = 1 (where the first “=” is a consequence of the fact that C(k,0)–C(k,1)+C(k,2)–…+(–1)^k C(k,k) = 0 when k>0).

Corollary: |(_{i=1}^n (S–A_i)| = |S – ( A_i| = |S| – |( A_i|

        = |S| – sum_i |A_i| + sum_{i < j} |A_i ( A_j|

          – sum_{i < j < k} |A_i ( A_j ( A_k|

          + ... + (–1)^{n} |A_1 ( A_2 ( ... ( A_n|

Note that we can think of S as what we get when we “intersect 0 of the sets A_i in all possible ways”

Application: How many sequences of 1's, 2's, and 3's of total length n contain at least one 1, at least one 2, and at least one 3?

Let S be the set of sequences of 1's, 2's, and 3's of total length n, and A_i = the set of sequences in S containing no i's.

|(S-A_1) ( (S-A_2) ( (S-A_3)| =

        |S| - |A_1| - |A_2| - |A_3| + |A_1 ( A_2| + |A_1 ( A_3|

        + |A_2 ( A_3| - |A_1 ( A_2 ( A_3| =

        3^n - 2^n - 2^n - 2^n + 1^n + 1^n + 1^n - 0^n =

        3^n - 3•2^n + 3 - 0^n.

Can I just replace 0^n by 0? … No!

Check:


n=0: 0


n=1: 0


n=2: 0


n=3: 6


n=4: 36

Is there another way to get the answer 36? ... (Next time!)

