[Return assignments #1 through #6]

How many triples a,b,c of non-negative integers are there

such that a+b+c=n and a,b,c > 0? ... C(n-1,2).

But beware!  What does this formula tell us when n=0?

The formula gives C(-1,2) = (-1)(-2)/2! = 1.

But how many triples (a,b,c) with a,b,c>0 have sum 0?

Zero!

What’s going on? ...

The definition of C(-1,2) is good for the binomial theorem, but it’s wrong for this application.

This subtle point comes up in applications of the PIE.  You have to know when to use a 0 instead of a binomial coefficient.

Example: How many 3-combinations does the multiset {2•1, 2•2, 2•3}, have?

Represent them by triples (a,b,c) with a+b+c=3 and 0(a,b,c(2.

Let S = {(a,b,c): a+b+c=3, a,b,c(0}},

A = {(a,b,c) in S: a>2}, B = {(a,b,c) in S: b>2}, and

C = {(a,b,c) in S: c>2}.  |S – (A(B(C)| = |S| – |A| – |B| – |C| + |A(B| + |A(C| + |B(C| – |A(B(C| = C(5,2) – C(2,2) – C(2,2) – C(2,2) + 0 + 0 + 0 – 0 = 10 – 1 – 1 – 1 = 7.

Check: {1,1,2},{1,2,2},{1,1,3},{1,3,3},{2,2,3},{2,3,3}, and {1,2,3} are the seven 3-combinations of {2•1, 2•2, 2•3},

How many 3-permutations does the set [n] have? ... P(n,3) = n(n-1)(n-2) = n^3 – 3n^2 + 2n.

Let’s corroborate this with inclusion exclusion.

S = {(x,y,z): 1(x,y,z(n}

A = {(x,y,z) in S: x=y}

B = {(x,y,z) in S: x=z}

C = {(x,y,z) in S: y=z}

|S| = n^3

|A| = |B| = |C| = n^2

|A(B| + |A(C| + |B(C| = n

|A(B(C| = n

|S – (A(B(C)| = n^3 – 3n^2 + 3n – 3n = n^3 – 3n^2 + 2n.

How many non-attacking n-rook arrangements are there on the n-by-n board with no rooks on the northwest-to-southeast diagonal?

n! - n(n-1)! + C(n,2) (n-2)! - C(n,3) (n-3)! 

+ ... + (-1)^n C(n,n) 0!

        = n! - n! + n!/2! - n!/3! + ... + (-1)^n n!/n!

        = n!(1 - 1 + 1/2! - 1/3! + ...+ (-1)^n / n!)

        = D_n.

This is also the number of permutations of 1,2,3,…,n with the property that 1 is not in the 1st position, 2 is not in the 2nd position, …, and n is not in the nth position.

Such permutations are called derangements.

D_2 = 1, D_3 = 2, D_4 = 9, D_5 = 44, ...

If you pick a permutation of [n] at random, the probability that it is a derangement is D_n / n! = (1 - 1 + 1/2! - 1/3! + ...+ (-1)^n , which is very close to e^(-1) = 1/e ( .37.  In fact, one can show that D_n is the integer closest to n!/e.

This is the probability that, if n hatted gentlemen attend a party and randomly pick up hats on their way out, nobody gets his own hat.  Does this seem large to you?  Small?

Finish sections 1,2,3 of Chapter 6 on your own (for the homework).  We’ll skip section 4 and 5, and return to section 6 at the end of the course if time permits.

After spring break, we’ll pick up with chapter 7.  Read sections 7.1 and 7.2 for a week from next Tuesday.

There’ll also be a homework assignment due a week from next Thursday.  I’ll try to put it on the web by early next week.

Final fun thing:

Fibonacci numbers in Pascal's triangle

f(n) = (n choose n) + (n-1 choose n-2) +

      (n-2 choose n-4) + (n-3 choose n-6) + ...

Proof ideas? ... Induction (check that the concept works)

Combinatorial interpretation? ...

Remember tilings with 1-by-1 and 1-by-2 rectangles

The number of tilings of a 1-by-n rectangle by k 1-by-2 rectangles and n-2k 1-by-1 rectangles is (n-k choose n-2k).

