Brualdi shows that D_n = (n-1) (D_{n-2} + D_{n-1}).

Here’s my way of making the proof pictorial.

We can represent a permutation with a picture in which the numbers from 1 to n are connected by arrows, and we draw an arrow from 1 to the number in the 1st position, from 2 to the number in the 2nd position, etc.

The picture will be a collection of loops of various sizes.

A permutation is a derangement if and only the associated picture doesn’t have any loops of length 1.

[Demonstrate this for n=3.]

If we have a derangement of size n, we can try to turn it into a derangement of size n-1 by removing the “n” from the picture and closing up the gap (replacing two old arrows by a new one).

But this only works if the “n” belongs to a loop of length greater than 2.  So there are really two cases.

1. If n belongs to a loop of length > 2, remove n.  This gives a derangement picture with dots numbered 1 through n-1. 

2. If n belongs to a loop of length 2, remove the n and the number it’s paired with in the length-2 loop.  This gives a derangement picture of size n-2, involving n-2 numbers between 1 and n-1, but we can relabel these numbers as 1 through n-2 (in size order).

Claim: Each derangement picture of size n-1 or size n-2 occurs exactly n-1 times when you do this.

Proof: Turn things around: Starting from a derangement picture of size n-1, there are n-1 places to insert the n.

And, starting from a derangement picture of size n-2, there are n-1 ways to relabel them and create a new length-2 loop.

[Demonstrate this with n=4.]

Recurrence relations:

        Derangement numbers:

                D(n) = (n-1)[D(n-1) + D(n-2)]

        Fibonacci numbers:

                F_n = F_{n-1} + F_{n-2}

Some solutions to the Fibonacci recurrence:


1, 2, 3, 5, 8, … (Fibonacci numbers)

Others? …


1, 3, 4, 7, 11, … (Lucas numbers)


2, 5, 7, 12, 19, … (sum of two preceding!)


2, 4, 6, 8, 10, … (double of Fibonacci numbers)


0, 0, 0, 0, 0, … (all-zeroes sequence)


etc.

The solutions form a vector space.

What is the dimensionality of the space of solutions? …

Note that it’s a subset of an infinite-dimensional space, but as a subspace, its dimensionality is only … 2.

Writing a general solution in terms of a finite basis of solutions (this should remind you of … differential equations).

(Do this with the students’ examples.)

