Linear recurrences, continued:

The non-homogeneous case (section 7.3):

h_n = a_1 h_{n-1} + … + a_k h_{n-k} + b_n.

The general solution to a non-homogeneous linear recurrence is equal to the sum of a particular solution (any will do) and the general solution to the associated homogeneous recurrence.

Example: h_n = 2h_{n-1}+1, h_0 = 0.

Values: 0, 1, 3, 7, 15, …

General solution to homogeneous recurrence: h_n = c 2^n.

Particular solution to non-homogeneous recurrence: h_n = 

-1.

The solution we want: h_n = c 2^n – 1, where c is chosen so that h_0 = 0: c=1, h_n = 2^n – 1.

More generally, suppose we have a sequence h satisfying the non-homogeneous recurrence

h_n = a_1 h_{n-1} + … + a_k h_{n-k} + b_n

and another sequence h’ satisfying the homogeneous recurrence

h’_n = a_1 h’_{n-1} + … + a_k h’_{n-k} + 0.

Then H = h+h’ (with H_n = h_n = h’_n) satisfies the non-homogeneous recurrence too:

H_n = a_1 H_{n-1} + … + a_k H_{n-k} + b_n.

If you’ve got any h that solves the non-homogeneous recurrence, if you add to it the right  h’ that solves the homogeneous recurrence, you can get the solution to the non-homogeneous recurrence that you’re looking for.

This approach always works if you can guess a particular solution h.  But how do you guess?

Here’s an alternative approach:

If h_n is itself a solution to some homogeneous linear recurrence, then h_n satisfies a more complicated HOMOGENEOUS recurrence.

Example: h_n = 2h_{n-1}+1 => 

h_n = 3h_{n-1} – 2h_{n-2}.

Why? … h_n – 2h_{n-1} = 1 = h_{n-1} – 2h_{n-2},

So h_n – 2h_{n-1} – h_{n-1} + 2h_{n-2} = 0.

Re-do example (h_n = 2h_{n-1}+1, h_0 = 0). 

h_n satisfies a linear recurrence whose characteristic polynomial is x^2 – 3x – 2 = (x-1)(x-2), so there exist constants A and B such that h_n = A 1^n + B 2^n for all n.

How do we find A and B? … Use the values h_0 and h_1.

How do we find h_0? … It’s given to us.

How do we find h_1? … Use the recurrence.

Note that in this example, the characteristic polynomial for the homogeneous version of the original (non-homogeneous) recurrence satisfied by h_n is … p(x) = x-2, the characteristic polynomial for the homogeneous recurrence satisfied by b_n is … q(x) = x-1, and the characteristic polynomial of the new homogeneous linear recurrence satisfied by h_n is … (x-2)(x-1) = p(x)q(x).

This is no accident:

Theorem: Suppose h_n satisfies a non-homogeneous linear recurrence relation with non-homogeneous part b_n.  Suppose that the homogenified version of the recurrence for h_n has characteristic polynomial p(x), and suppose that b_n satisfies a homogeneous linear recurrence relation with characteristic polynomial q(x).  Then h_n satisfies a HOMOGENEOUS linear recurrence relation whose characteristic polynomial is p(x) q(x).

Try it for the Example at the bottom of page 232: …

The Example on page 234? …

The Example on page 233? …

For Thursday, read 7.4 and 7.5 (if you can)

