Read sections 7.6 and 7.7 for Tuesday.

Generating functions 

Section 7.4

We say the power series 

a_0 + a_1 x + a_2 x^2 + a_3 x^3 + ...

has


(a_0, a_1, a_2, a_3, ...)

as its sequence of coefficients; conversely, we say that

a_0 + a_1 x + a_2 x^2 + a_3 x^3 + ...

is the generating function of the sequence


(a_0, a_1, a_2, a_3, ...)

We won’t be substituting specific values for x, so we don’t have to worry about issues of convergence; for us, a generating function is just a convenient clothesline for hanging the coefficients off of.

An especially nice case is the one where all but finitely many of the a_n’s are equal to 0; then the generating function is just a polynomial.

Example: Find the generating function for h_n, where h_n is defined as the number of solutions to the equation


e_1 + e_2 + e_3 = n

subject to the constraints 2 ( e_1, e_2, e_3 ( 4.

Direct method: Enumerate all possibilities for (e_1,e_2,e_3):

n=6: (2,2,2)

n=7: (3,2,2),(2,3,2),(2,2,3)

n=8: (3,3,2),(3,2,3),(2,3,3),(4,2,2),(2,4,2),(2,2,4)

n=9: (3,3,3),(4,3,2),(4,2,3),(3,4,2),(3,2,4),(2,4,3),(2,3,4)

n=10: (4,3,3),(3,4,3),(3,3,4),(4,4,2),(4,2,4),(2,4,4)

n=11: (4,4,3),(4,3,4),(3,4,4)

n=12: (4,4,4)

So h_n is given by the table


n:

6
7
8
9
10
11
12


h_n:

1
3
6
7
6
3
1

and the generating function of the sequence is


1x^6 + 3x^7 + 6x^8 + 7x^9 + 6x^10 + 3x^11 + 1x^12

Algebraic method: Note that if we expand


(x^2+x^3+x^4) (x^2+x^3+x^4) (x^2+x^3+x^4)

by the distributive property, we get


x^(2+2+2) + x^(2+2+3) + x^(2+3+2) + x^(3+2+2)


+ ... + x^(4+4+4)

which will be exactly the generating function we want, since each triple (e_1,e_2,e_3) with e_1+e_2+e_3=n will

give rise to a monomial 

x^(e_1) x^(e_2) x^(e_3) = x^(e_1+e_2+e_3) = x^n

and the number of such triples will be the coefficient of x^n once we simplify.

So, we compute the g.f. as


(x^2+x^3+x^4) (x^2+x^3+x^4) (x^2+x^3+x^4)


= (x^4+2x^5+3x^6+2x^7+x^8) (x^2+x^3+x^4)


= x^6+3x^7+6x^8+7x^9+6x^10+3x^11+x^12

Problem:


Find the generating function for the number of solutions to a+3b+9c=n, where each of a,b,c is 0, 1, or 2. 

(1+x+x^2)(1+x^3+x^6)(1+x^9+x^27) =

((1-x^3)/(1-x)) ((1-x^9)/(1-x^3)) ((1-x^27)/(1-x^9)) =

(1-x^27)/(1-x) = 1+x+x^2+…+x^26.

Why does this make sense? … Because every number between 0 and 26 has a unique representation in base 3 using at most three digits (a,b,c, from right to left)!

Discuss notation: 1+x vs. x+1

Questions on section 7.4?

Section 7.5

Here’s another approach to solving that non-homogeneous recurrence relation h_n = 2 h_{n-1} + 1 with initial condition h_0 = 0:

Write g(x) = (_{n=0}^{(} h_n x^n = 0 + x + 3x^2 + 7x^3 + 15x^4 + …

Leave aside the question of whether this converges for any particular value of x.

Let’s express the infinite family of equations


h_1 = 2 h_0 + 1,


h_2 = 2 h_1 + 1,


h_3 = 2 h_2 + 1,


…

in terms of a single equation for the power series g(x).

Multiply the nth equation by x^n:


h_1 x    = 2 h_0 x     + x,


h_2 x^2 = 2 h_1 x^2 + x^2,


h_3 x^3 = 2 h_2 x^3 + x^3,


…

Now sum over all values of n ( 1:


(h_1 x + h_2 x^2 + h_3 x^3 + …)


= 2 (h_0 x + h_1 x^2 + h_2 x^3 + …)


+ (x+x^2+x^3+…)

I.e.,


g(x) – h_0 = 2x g(x) + x/(1-x).

(ONE equation!)  Use h_0 = 0 and solve for g(x):


(1-2x) g(x) = x/(1-x)


g(x) = x/(1-x)(1-2x).

The next step is a little surprising.

What would we do with the RHS if we were trying to integrate it? … Expand by partial fractions.

Let’s try it:


g(x) = 1/(1-2x) – 1/(1-x)  (check this at home)

But we know that the coefficient of x^n in 1/(1-2x) is 2^n, and that the coefficient of x^n in 1/(1-x) is 1.

So h_n = the coefficient of x^n in g(x) = 2^n – 1.

