Any questions about the homework or the material?

TODAY:

The strip-tiling theorem

Weighted enumeration

Domino tilings of the 2-by-n rectangle (again)

Use cell-labels L, R, T, B

Give example of a tiling of a 2-by-5 with labeled cells

Frontiers: LL, LR, RL, RR, TB

Represent the sample tiling as a path in a digraph

Transfer matrix M:
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Det(tI-M) = t^2 (t-1) –1–(t-1) = t^3 – t^2 – t 

The roots of the characteristic polynomial are

the golden ratio, its negative reciprocal, and 1.

So the number of paths of length n through the digraph

is the nth term of a generalized Fibonacci sequence

plus a constant.

The constant vanishes; is there a way to see this ahead of time? ...

Theorem: Suppose we have a finite set of tile-shapes

(assume each tile is a connected union of unit squares).

We want to tile rectangles with copies of these tiles

(where a tile is a translate of one of the original “prototiles”).

Suppose all of the prototiles taken together have area A.   

Restrict attention to tilings of an H-by-n rectangle,

with height H fixed and length n varying.

Then the sequence whose

nth term is the number of tilings of the H-by-n rectangle 

is governed by an LRE of order ... A^H.

Usually, we can do a lot better.

Since homework problem due Tuesday

asks you to do better than this,

let me show you an approach that’s more economical.

Domino tilings of the 2-by-n rectangle (yet again)

Use labels based on vertical cuts:

which ones cut through a domino? 

Draw the 2-level DAG

Re-do domino tilings of the 2-by-n, using cell-labels

Do domino tilings of the 3-by-n, and establish upper and lower bounds on the degree of the recurrence.

Mention strip-tiling program

“Frontiers of research”:

Mention that there is a conjecture due to Stanley that the exact degree of the minimum recurrence for counting domino tilings of an m-by-n rectangle, with m fixed and n varying, is 2^k, where k = m/2 when m is even and (m+1)/2 when m is odd.  It’s been proved for the case where 2m+1 is prime.

Weighted matchings

“If we tile a 2-by-n rectangle with dominos,

what fraction of the tiles will be vertical?”

... Right; it depends.  How could I rephrase the question?

... Right; “on average”.  What do you think?

... Half?  How many think half?

Could it be 1/e? … 2/e? …

Counting with polynomials instead of numbers:

If a domino tiling with k vertical dominos has weight w^k, then

the “number” of domino tilings of the 2-by-3 rectangle

is 2w^1+w^3.

Let p_n (w) be the sum of the weights of the domino tilings

of the 2-by-n rectangle, so that


p_0 (w) = ... 1


p_1 (w) = ... w


p_2 (w) = ... 1 + w^2


p_3 (w) = ... 2w + w^3


...

p_n (1) is the total number of tilings of the 2-by-n rectangle, and

p’_n (1) is the total number of vertical tiles in all these tilings,

so the average number of vertical tiles in a tiling is 

p’_n (1) / p_n (1) .

We already know a formula for p_n (1) (it’s a Fibonacci number); 

what about p’_n (1)? 

We have ... p_n = w p_{n-1} + p_{n-2}.

Put ... P = P(w,x) = sum p_n (w) x^n


= 1 + (w) x + (1+w^2) x^2 + (2w+w^3) x^3 + ...

Then our recurrence relation gives us


(1 -  wx - x^2) P(w,x) = ... 1 

so


P(w,x) = 1 / (1 – wx – x^2).

sum p’_n (w) x^n = (d/dw) 1 / (1 – wx – x^2) 

  = x / (1 – wx – x^2)^2.

sum p’_n (1) x^n = x / (1 – x – x^2)^2.

(Is this the same as substituting w=1 and then differentiating? ...)

One can use this to get a formula for p’_n (1) / p_n (1).

(This method will help you with the problem due on Thursday.

Should I give you all an extension on it? … Okay, it’s due next Tuesday.)

