Any questions about the homework or the material?

Homework: Assignment #10, problem 1 and assignment #11 are due on Tuesday; assignment #10, problem 2 is due on Thursday.

The take-home exam (which I will make available Tuesday) will be due the following Tuesday (Oct. 28).  If you’re finding any of the material difficult, now is the time to see me and get help.

TODAY:

Graph theory: perfect matchings and spanning trees

Ballot sequences and Catalan numbers

Perfect matchings and spanning trees

A graph G is a collection V of vertices together with a collection E of edges, where an edge is an (unordered) pair of vertices.

E.g.: G = (V,E) where V = {a,b,c,d}, E = {{a,b}, {b,c}, {c,d}, {d,a}}.  [Sketch it in three ways.]  All three pictures are the same abstract graph.

How many of you have seen this before?

A perfect matching of a graph is a set E’ of edges such that each vertex belongs to exactly one edge in E’.

The graph G shown above has … two perfect matchings: {{a,b},{c,d}} and {{b,c},{d,a}}.

What about the 2-by-3 grid? … The 2-by-4 grid? ...

Perfect matchings of the m-by-n grid graph are “the same” as domino tilings of the m-by-n rectangle. 

A spanning tree of a graph is a set E’ of edges such that any two vertices of G are joined by a unique path in E’.

The graph G shown above has … four spanning trees (sketch).

What about the 2-by-3 grid? … Fifteen.

(This will get you started on the second problem on the assignment, which I’ve also postponed until next Thursday.)

Ballot sequences and Catalan numbers

Here’s an important application of the addition and multiplication principles:

Q: How many sequences of n  +1’s and n  –1’s are there, such that the partial sums are all non-negative 0?

A: C_n, the “nth Catalan number”

C_0 = C_1 = 1, C_2 = 2, C_3 = 5, C_4 = 14, C_5 = 42, ... 

The  Catalan numbers come up as often as Fibonacci numbers.

Note rephrasings:

(a) How many lattice paths from (0,0) to (2n,0), with steps (+1,+1) and (+1,-1), never go below the line y=0?  (These are sometimes called Dyck paths.)

(b) How many lattice paths from (0,0) to (n,n), with steps (0,1) and (1,0), never go below (or above) the line y=x?

(c) How many sequences of n+1  +1’s and n  –1’s are there, such

that the partial sums are all positive?

(d) If candidate A got 1 more vote that candidate B, in how many orders can the ballots be read so that candidate A is always ahead?  (We aren’t distinguishing among the A-ballots or among the B-ballots.)

