Lecture 1. Random and Quasirandom Simulation

The "Bartholomew Paradox" (a warm-
up)

Given a family with two children,
what's the chance that both are
boys?

With no prior information, the
answer is about 1/4.



What 1f we know that at least one
of the children is a boy?

Then the chance (the conditional
probability) that both are boys is
about 1/3.

What 1f we know that at least one
of the children Is a boy named
Bartholomew?

Then the chance that both are boys



IS about 1/2.

?217?

To see what's going on here, let's
look at an analogous problem about
numbers.

If 1 am assigned a two-digit PIN
(00-99), the probability that both
digits are odd Is exactly 1/4.



1T I know that at least one of the
digits I1s odd, then the probability
that both digits are odd is exactly
25/75, or 1/3.

1T 1 know that at least one of the
digits Is a 7, then the probability
that both digits are odd is exactly
9/19, which is close to 1/2.

Check: the PIN is equally likely to
be any of the nineteen combinations
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70,71,72,73,74,75,76,77,78,79,
07,17,27,37,47,57,67,87, or 97,
of which exactly nine (the ones
underlined) have both digits odd.

Let"s see how we could have used
Mathematica to work this out for us.

in[1:= Range [0, 9]
ouri= {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}

inz= Tupl es [Range [0, 9], 2]

oufz= {{0, 0}, {O, 13, {O, 23}, {O, 33}, {O, 43}, {O, 5}, {0, 6}, {O, 7}, {O, 8}, (O, 9}, {1, 0}, {1, 13},
{1, 2}, {1, 3}, {1, 4}, {1, 5}, {1, 6}, {1, 7}, {1, 8}, {1, 9}, {2, 0}, {2, 1}, {2, 2},
{2, 3}, {2, 4}, {2, 5}, {2, 6}, {2, 7}, {2, 8}, {2, 9}, {3, 0}, {3, 1}, {3, 2}, {3, 3},
{3, 4}, {3, 5}, {3, 6}, {3, 7}, {3, 8}, {3, 9}, {4, 0}, {4, 1}, {4 2}, {4, 3}, {4, 4},
{4, 5}, {4, 6}, {4, 7}, {4, 8}, {4, 9}, {5 0}, {5 1}, {5, 2}, {5 3}, {5 4}, {5 5},
{5, 6}, {5 7}, {5 8}, {5 9}, {6, 0}, {6, 1}, {6, 2}, {6, 3}, {6, 4}, {6, 5}, {6, 6},
{6, 7}, {6, 8}, {6, 9}, {7, 0}, {7, 1}, {7, 2}, {7, 3}, {7, 4}, {7, 5}, {7, 6}, {7, 7},
{7, 8}, {7, 9}, {8, 0}, {8, 1}, {8, 2}, {8, 3}, {8, 4}, {8, 5}, {8, 6}, {8, 7}, {8, 8},
{8, 9}, {9, 03, {9, 13}, {9, 2}, {9, 3}, {9, 4}, {9, 5}, {9, 6}, {9, 7}, {9, 8}, {9, 9}}

n@i= AllPairs = Tupl es[Range[0, 9], 2]

oufz= {{0, 0}, {0, 1}, {O, 23}, {O, 3}, {O, 43}, {O, 5}, {0, 6}, {O, 7}, {O, 8}, (O, 9}, {1, 0}, {1, 13},
{1, 23, {1, 3}, {1, 4}, {1, 5}, {1, 63}, {1, 73}, {1, 8}, {1, 9}, {2, 0}, {2, 1}, {2, 2},
{2, 3}, {2, 4}, {2, 5}, {2, 6}, {2, 7}, {2, 8}, {2, 9}, {3, 0}, {3, 1}, {3, 2}, {3, 3},
{3, 4}, {3, 5}, {3, 6}, {3, 7}, {3, 8}, {3, 93}, {4, 03, {4 1}, {4 2}, {4 3}, {4 4},
{4, 5}, {4, 6}, {4 7}, {4, 8}, {4, 9}, {5 0}, {5 1}, {5, 2}, {5 3}, {5 4}, {5, 5},
{5, 6}, {5, 7}, {5, 8}, {5 9}, {6, 0}, {6, 1}, {6, 2}, {6, 3}, {6, 4}, {6, 5}, {6, 6},
{6, 7}, {6, 8}, {6, 9}, {7, O}, {7, 1}, {7, 2}, {7, 3}, {7, 4}, {7, 5}, {7, 6}, {7, 7},
{7, 8}, {7, 9}, {8, 03}, {8, 1}, {8, 2}, {8, 3}, {8, 4}, {8, 5}, {8, 6}, {8, 7}, {8, 8},
{8, 9}, {9, 0}, {9, 1}, {9, 2}, {9, 3}, {9, 4}, {9, 5}, {9, 6}, {9, 7}, {9, 8}, {9, 9}}
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in4:= Length[%]
Out[4]= 100

ins= Al Pairs [[99]]
Out[5]= {9, 8}

in[6]:= At Least OneSeven =
Sel ect [Al'l Pairs, MenberQ[#, 7] &]

ouel= {{0, 7}, {1, 7}, {2, 7}, {3, 7}, {4, 7}, {5 7}, {6, 7}, {7, 0}, {7, 1},
{7, 2}, {7, 3}y, {7, 4}, {7, 5}, {7, 6}, {7, 7}, (7, 8}, {7, 9}, {8, 7}, {9, 7}}

in[71= Length[%]

out7)= 19

ingl:= Sel ect [At Least OneSeven, OddQ[#[[1]]] & QddQ[#[[2]1]1] &]

ougl= {{1, 7}, {3, 7}, {5, 73y, {7, 1y, {7, 3}, {7, 5}, {7, 7}, {7, 9}, {9, 7}}

= Lengt h[%]

Out[9]= 9

ITf we limit ourselves to PINSs iIn
which the two digits are distinct
(analogous to the assumption that
the children in a two-child family
are given different names), that



changes the answer slightly: the
probability is 8/18, which iIs still
quite close to 1/2.

I won't discuss this paradox fur-
ther In class, except to ask what 1
hope Is a clarifying question: IT you
ring the doorbell and a boy answers,
IS that the same as learning that at
least one child in the family is a
boy?



| got the Bartholomew problem
wrong the first time 1 heard It,
years after I got my Ph.D.

MORAL: No matter how much proba-
bility theory you know, you're never
Immune to being led astray by your
Intuition!

Gambler's ruin



A gambler starts with $1 in his
pocket and makes a sequence of fair
$1 wagers at a casino, each time
either gaining $1 or losing a $1, until
he either goes down to $0 (and is
forced to stop) or gets up to $3
(and leaves with the $3).

Question 1: How likely 1s the gam-
bler to leave with $3? (Call this
probability P.)
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Question 2: How many wagers on
average can the gambler expect to
make before he leaves? (Call this
average A.)

Note: We also call this a random
walk problem; imagine a drunkard on
the number line who starts at ! and
randomly staggers to the left or to
the right repeatedly until he arrives
either at O or at



P = 1/4 (win, win)
+ 1/16 (win, lose, win, win)

+ 1/64 (win after 6 wagers)
+ ...

_ 4 _
= 0 =1/8.

n[10):= Sumfl /42n, {n, Infinity}]

Out[10]= —

A = (1)(1/2)+(2)(1/4)+(3)(1/8)+
+ (4)(1/16)+...
— 9

A = A(1/2) with
A(X) = Ix+2x 2+3x 3+4x +...
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3+x*+..)

= (x+x2+x
+ (X2 S )

+ (X3 A+.)

+ (x4,

t ...

X X 2 X3 X4

~1x T ix tix t it

= (X +X2+x3+x%+..) 7/ (1-x)
= (Z2)/(1-x)

3
3

= —* S0
(1-X)
_ 12
A=A/2) = {2=2.

Sum[n /2”n, {n, Infinity}]
outj1l]= 2
n[12}= Sumin /2”n, {n, N}l
oufizl= 27N (-2 + 28N N)
3= Limt[% N-oInfinity]

Log [4]

ut[13]=
Log[2]
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in[141:= Sinplify [%]
Log (4]

Out[14]=

Log[2]
inpsi= Ful | Sinplify [%]
out[15]= 2

Another way to calculate A is to rec-
ognize It as the average value of a
geometric random variable with
parameter 1/2.

(Regardless of whether the gambler
has $1 or $2, his chance of leaving

the game after his next wager Is
1/2.)



So A is also the expected number of
times you have to toss a fair coin
until 1t comes up Heads.

If you don't remember why this
should be 2, here's an argument:

1T you toss the coin until it comes
up Heads, then with probability

the first toss comes up Heads and
the total number of tosses required
IS 1, while with probability the
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first toss comes up Tails and the
total number of tosses required Is
1+A on average. So A = (1/2)(1) +

(L/2)(1+A).

6= Solve[A == 1/2 + (1+A) /2, Al

ouiel= {{A—->2}}

(Note that strictly speaking this
argument does not rule out the possi-
bility that A = co; for more on this,
see below.)
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Harmonic functions

We can also use linear equations to
solve for P and A.

Recall that P = the probability of
ending up at 3 If you start at 1.

Let Q = the probability of ending up
at 3 1T you start at

(Note:

the probability of ending up at 3 If
you start at O is O, and
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the probability of ending up at 3 If
you start at 3 is 1.)

I claim that

(*Y P = O+Q and Q = =,
That is, | clalm that the function

h(x) defined by

N(0) =0
N(1) =P,
(2) = Q,
N(3) =1

satisfies
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h(x) = M= for x = 1,2,

Such a function is called harmonic
(we'll see the definition of this
term in a future lecture).

7= Solve[{P= (0+Q) /2, Q= (P+1)/2}, {P, Q}]

out[17]= HP% g, Q- g}}

Likewise, recalling that A = the
expected number of steps the
walker takes starting from 1, let B
= the expected number of steps the
walker takes starting from

Then

(**) A=1+O+T'3andB=1+AT+°.

ni8)= Solve[{A=1+(0+B) /2, B==1+ (A+0)/2}, {A B}]

oufigl= {{A->2, B->2}}
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Caveat: This argument only shows
that If A and B are finite, then they
must both equal 2; it does not rule
out the possibility that the
expected number of steps the
walker takes iIs Infinite starting

from both 1 and 2. Indeed, we will
see later that for random walk on
{0,1,2,...}, a walker who starts at

will eventually hit O with probability
1, but that the time it takes for this
to happen has infinite expected
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(1T you've never seen a random vari-
able with infinite expected value, con
sider 2%, where X is a geometric ran:
dom variable with parameter :

Exp (2¥) = (2)(2) + (4)(%)
+ (8)(L) + (16)(L) * .

which is c0.)

Fortunately for us, i1t"s not hard to
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show that A Is finite.

Random simulation

One way to see what a random sys-
tem does Is to simulate 1t on a com-
puter using a pseudorandom number
generator; this Is an algorithm
designed to produce output that
passes as many statistical tests for
randomness as possible.

in211:= Randoml nt eger []
(+ generate a random bit =)

out21}= 0

in2s):= Random[l nteger ] (* generate a random bit =)
out25]= 1

in26):= Tabl e [Random[| nteger ], {n, 10}]

oure= {1, 1, 0, 0, 1, 0, 1, 1, 1, 0}

in2e;:= Wager [n_] : = If [Random[Integer] =0, n-1, n+1]
in[32:= \Wager [1]

ou[z2)= 0
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Wager [n_] := n + (-1)”"Random[l nt eger ]
(» anot her inplenmentation =x)

in[33;:= Tabl e [Wager [1], {k, 10}]

ouz3= {0, 2, 0, 2, 0, 2, 0, 2, O, O}

npEa= Ruin[n_]1 :=1f[(n<0]|n=z3), n, Ruin[Wager [n]1]]

in3s):= Table[Ruin[1], {n, 20}]

oupss= {0, 3, 0, 3, 0, 0,0, 3,0 300000, 3,0, 0 0, 3}
in371:= ManyRuins [n_] : = Sum[Ruin[1] /3, {k, n}]

in411:= ManyRui ns [100]

out41]= 43

inj42):= Tabl e [ManyRui ns [100], {n, 10}]

ou4a2)= {31, 40, 28, 34, 35, 29, 36, 36, 32, 29}

in[43):= Hi st ogram[%]

30F

out3l= 15f

10F

30 35 40 45
inj44):= Hi st ogram[Tabl e [ManyRui ns [100], {n, 100}]]

40,

out[44]=

10+

25 30 35 40 45 50



inj4s:= Hi stogram[Tabl e [ManyRui ns [100], {n, 1000}1]]

Out[45]

150 -

100 -

1

= —

20 25 30

35

40

45

50
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Let"s manually re-enter the code.

Hi st ogram[Tabl e [ManyRui ns [100], {n, 1000}]]

Note how Mathematica helpfully

matches brackets as you type.

in46):= Hundr edVal ues = Tabl e [ManyRui ns [100] / 100, {n, 100}1;

in47:= Mean [Hundr edVal ues ]

Out[47]=

In[48]:=

Out[49]=

In[50]:=

Out[50]

1673

5000

N[%]

gl= 0. 3346

54121
11

1500
N[%]

= 0.0467622

- Standar dDevi ati on [Hundr edVal ues ]



Drawing a sample of size 100 will usu-
ally lead us to estimate P as lying In

some interval whose endpoints both

lie between .29 and .37, but It does

not suffice to give us an estimate of
P with two significant figures.

To see why, note that the output of
ManyRuins[100] is governed by the
distribution Binomial(100,P ).
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Recall that a Binomial(n,P) random
variable Is a sum of n independent
Bernoulli(P) random variables, each
of which has variance P (1-P), for a
total variance of nP (1-P), and stan-

dard deviation of \/n PA1-P) . So
Binomial(n,P )/n has standard devia-

tion ynP(L—-P)/n=+PAL-P)/n.

So, the error for this kind of simula-
tion-based estimation goes like
C/+v/n, where C is some constant
and n iIs the size of our sample.

INn our case:
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ins1:= N[Sqrt [(1/3) (1-1/3) /100]]
ous1]= 0. 0471405

That's good enough to estimate P
to one digit, but not to two digits.

To decrease the error by a factor
of 10, we need to increase n by a fac-
tor of 100.

E.g., to estimate P to 3 significant
figures, we would need n ~ 10°, and
to estimate P to 6 significant fig-
ures, we would need n ~ 10* (which
would be computationally infeasible
In most cases).
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We could also estimate A by simula-
tion. Here again, we need about
10%¥ trials to estimate A to k signifi-
cant figures.

Probabilities, expected values, and
Integrals

If U Is a U(0,1) random variable (a
real number uniformly distributed In
the interval [O,1]), the bits of Its
binary expansion can be used as a
sequence of independent, identically
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distributed ("i1.1.d.") bits: the first
bit is equally likely to be a O or a 1,
the next bit Is equally likely to be a
O or a 1 regardless of what the first
bit was, etc.
Take O = Heads = Left,

1 = Talls = Right.
1T U=.0.. (that Is, If the first bit Is
0), the walk ends at
If U=.11..., the walk ends at
1T U=.100..., the walk ends at
1T U=.1011..., the walk ends at
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1T U=.10100..., the walk ends at
l.e., thewalk ends at O if U < % and

the walk ends at 3 ifU > 2 .

3
("What if U = 27"

The probability of that happening Is
0.

This Is an aspect of probability the-
ory that gives novices trouble: you
have to learn how to pay the right
sort of attention to events of proba-
bility O.
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While we're speaking of such
things, note that there's a slight
mis-match between the discrete
world of sequences of H's and T's
and the continuous world of real num-
bers; e.qg., the bit-strings THHH...
(infinitely many H's) and HTTT...
(infinitely many T's) both corre-
spond to the fraction > (though only
the former iIs the standard binary
representation of 3).
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But this problem only affects ratio-

K

nal numbers of the form o> of

which there are only countably many
In [O,1], so this won"t cause prob-
lems for us. 1'll say more about this
In the next lecture.)

So P (the probability that the
walker reaches 3 before reaching 0)
IS equal to the integral
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If X I1s In [2/3, 1] and = O otherwise.
This equals 1/3.

What about A? Write A = Exp(W ),
where the random variable W is the
number of steps the walker takes
before reaching O or

1T we use U to generate coin-flips
as before, then U determines W :
IfO<U <3, thenW =1,

if§<u <1, thenW =2:
if%<U <§,thenW:3;
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if = <U <3, thenW = 4;
ifg<U < %,thenw = 5; etc.
Thatis, W = f(U), where

T (xX) = the first position at which
the binary expansion of x differs
from the binary expansion of %

So A = Exp(W) = [\ (x) dx.

ins21= WPl ot = Pl ot [Piecewi se[{
{1, 0 < x&&Xx <1/2},
{2, 3/4 <x&&X <1},
{3, 1/2<x&&x <5/ 8},
{4, 11716 < x &&X < 3/ 4},
{5, 5/8 < x&&x <21/ 32},
{6, 43 /64 <x&&x <11 /16},
{7, 21732 <x&&x <43 /64}}1, {x, 0, 1}, Exclusions -» None, AxesOrigin -» {0, 0}]

1
- N w B )] o ~
e e e s e LA e e e




(Of course this Is just an approxima-
tion to the graph of f(x), since

f(x) > coasx —» £)

Note that the x- and y-axes are not
drawn to the same scale.

IT we compute the area under the
curve In the usual way (splitting the
region along vertical lines Iinto rect-
angles that touch the x-axis), we
get (2)(D+()(2)+(5)(B)+.. = 2 as
before.

nis3)= WPl ot
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But iIf we split the region along hori-
zontal lines into maximally wide rect-

angles, we get (1)(1)+(3)(Q)+(Z)(D)+...
= 2.

ins4:= WPl ot
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This second calculation of the area
IS a geometrical version of one of
the slickest tricks | know for com-
puting the expected value of a ran-
dom variable that takes on only non-
negative integer values:
Exp(X) = >, P(X=n)
Proof: Exp(X) =
1IP(X =1)+2P(X =2)+3P(X =3)+...

= P(X=D+P(X =2)+P(X =3)+...

+P(X =2)+P(X =3)+...

+P(X =3)+...
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= P(Xz1)+P(X =2)+P(X =3)+...

Reduction of variance and
guasirandomness

Recall that A = folf (x) d x for a cer-

tain piecewise-constant, unbounded
function f (x) on [0,1], namely f(X) =
the 1st position at which the binary
representations of x and 2/3 =
.101010... disagree.
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Likewise P = [ 1123 1(X) d x, where
1[2/3’1](X) IS1I1F X € [2/3, 1] and i1s O
otherwise.

Our simulation-based methods of
estimating P and A are tantamount
to estimating these integrals by sam-
pling the functions 1,3 1;(X) and
f(x) at n randomly chosen points
X, Xo, ..., X, In [0,1] and taking the
average of the n values:
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b (x) dx
~L[F (X)+F (X)+...+F (Xp)].

This technique iIs called Monte Carlo
Integration, or MC Integration for
short. (1ts serious applications come
In higher-dimensional problems.)

Intuition: 1T X is chosen uniformly
from [0,1], then the expected value
of f(X) is [;f(x) dx. The same is
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true for each of X, X,, ..., X,,, and If
we average these estimates of the
Integral, then by the law of large
numbers, our average will be a bet-
ter and better estimate of the true
Integral as n goes to infinity.

If o I1s the standard deviation of
the random variable f(X) (where X
IS uniform on [O,1]), then the average
(1) [F X+ (X)+..+F (X,)]

has standard deviation o/vVn .
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This Is not so good: e.g., to increase
the accuracy of your estimate of
the integral [f(x) dx by a factor

of 10, you have to increase the num-
ber of sample-points 100-fold.

mpss)= FIx_] 1= Wich[x<1/2, 1, x>3/4, 2, True, 2+f[4x-2]]

nse= Plot [f [x], {x, 0, 1}]

S S S S
0.2 04 0.6 0.8 1.0

ns71= I ntegrate [f [x], {X, 0, 1}]

1
out[57]= J Wi ch [x <
o

inso;:= Tabl e [f [Random[]], {n, 10}]

3
, 1, x> —, 2, True, 2+f[4x-2]]|dx
4

N | -

oupso= {2, 1, 1, 1, 2, 1, 2, 3, 1, 2}

in[e0:= Mean [%]

8

out[s0]= —
5

1= MC[n_]1 := Mean[Tabl e [f [Random[]], {k, n}]1]
inf62:= N[MC[1001] ]

outs2)= 2. 07



42| LecO1pdf.nb

in[e3:= N[MC[10"4]]

outfe3]= 1. 9932

ine4l:= N[MC[1076]]

outje4l= 2. 00207

A much better way to estimate an
integral In one dimension Is to
choose n evenly-spaced random
points in [0,1].

"How can they be evenly-spaced If
they're random?"

1T you choose a random number U
in [0,1] (under the uniform distribu-



LLLLLLLLLLLLL

tion) and take
U, =U,
U, =U+ 1/n (mod 1),
Us=U+ 2/n (mod 1),

U, =U+ (n-1)/n (mod 1)
then all of the random variables Uy,
U,, ..., U, are (individually) uniformly
distributed on [0,1], so the derived
random variables f(U,), f(U,), ...,
f(U,) all have expected value equal
to folf (x) d x, and so the average



(2)  ~[F(U)+F (Ug)+..+F (Up)]
IS also a random variable with
expected value [ (x) dx, but this

estimate of the integral will usually
have much less error than (1).

A consequence of this is that If you
choose V uniformly at random in [O,
1/n] (not [O, 1]) and then take
V=V,
Vo=V +1/n,
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V3:V+2/n,

V,=V+ (n-1)/n
then
(3)  ~[F(V)+F (Vo)+..+F (V)]
has expected value j(;lf (x) dx, and

because the variance of (3) Is low,
(3) tends to be very close to the inte
gral (compare with Riemann
Integration).

in[es:= Range [10]
oues= {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}
infe6):= Random[]
outfeel= 0. 969234

ne71= (Range [10] - Random[]) / 10

out67]= {0. 0359418, 0.135942, 0.235942, 0.335942,
0.435942, 0.535942, 0.635942, 0.735942, 0.835942, 0.935942}

ines;:= Map [f, (Range[10] - Random[]) / 10]

oureg= {1, 1, 1, 1, 1, 3, 5, 2, 2, 2}
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ineol:= Mean [Map [f, (Range[10] - Random[]) /10]]

9

out[69]= —
5

in7o):= QVCIN_]1 : = Mean[Map [f, (Range[n] - Random[]) / n]]

in711:= N[QMC[10”2]]
ou71)= 1. 97

inf721:= N[QMC[1074]]
out[72)= 2. 0001

in[f73)= N[QMC[10"611]
ou[73l= 2.

In[74)= % - 2

ou7a= -3. x1078

This Is an example of gquasi-Monte
Carlo integration. (Actually, the
term "QMC" Is sometimes applied to
only fully deterministic analogues of
MC; e.g.,, taking V; =1 /n for 1| =
1,2,...,n. A scheme like the above,
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which still uses some randomness,
would be called randomized quasi-
Monte Carlo, or RQMC integration.)

A crude slogan we might consider is
"To reduce variance, reduce random-
ness." But how true iIs this? And
how much randomness can we take
away from a stochastic process
before we destroy the things we're
trying to measure, like A and P?



4444444444444

Can we take away ALL of the random-
ness and construct a non-stochastic
process that nonetheless gives use-
ful information about the original
stochastic process?

These are major themes of my
research, and they're themes that
1'll touch upon in the lectures and
the homework, and that you may
wish to explore in your final project.
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At the same time, 1 want you to end
up with a basic knowledge of some

of the sorts of stochastic processes
I and others study: Markov chains,

Poisson processes, Brownian motion,
etc.

1. Use Mathematica to find the
100th digit of = (counting the Initial
3 as a digit) and the 100th digit of «
after the decimal point. (To get a
free copy of Mathematica for your
PC, contact me.)
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2. Suppose X and Y are Bernoulli ran-
dom variables with P(X=1) = P(Y=1) =
4. Note that this description does
not specify the joint distribution of
X and Y. (Let s =P(X=1,Y=1), t =
P(X=1,Y=0), u = P(X=0,Y=1), and v =
P(X=0, Y=0); all we know Is that s + t
+u+v=1withs+t=P(X=1)=.4and
s+ U =P(Y=1) =.4.) How big might
the variance of X+Y be? How small
might the variance of X+Y be?
What would the variance be If X and
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Y are independent? (As a warm-up,
first do the simplified version of
the problem in which .4 is replaced
by .5.)



