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1. INTRODUCTION

The Somos-k sequence is a number sequence {sn} satisfying the kth-order (k ≥ 2) quadratic
recurrence relation

sn+ksn =
∑

1≤j≤k/2

αjsn+k−jsn+j, (1.1)

where αj (1 ≤ j ≤ k/2) are constants. Unless specified otherwise, we will assume that the elements
of the sequence {sn} do not vanish and are therefore defined for all integers n.

Among the Somos sequences, there is an important class of Laurent phenomenon sequences: all
their terms are Laurent polynomials in the initial conditions, i.e., sn ∈ Z[s±1

1 , . . . , s±1
k , α1, . . . , α�k/2�].

This class is known to include the Somos-k sequences with k = 4, 5, 6, 7 and some higher order
sequences. In particular, this implies that for s1 = . . . = sk = α1 = . . . = α�k/2� = 1 the Somos-k
sequences (k = 4, 5, 6, 7) are integer. For k = 4, 5, this fact admits a simple proof (see [7]), which,
unfortunately, does not clarify the nature of these sequences at all. The fact that the Somos-6 and
Somos-7 sequences are integer was first given a computer-based proof. When describing the history
of the Somos sequences, Gale [7] compared these results with the proof of the four color theorem.

While developing the theory of cluster algebras, Fomin and Zelevinsky [6] proposed a general
approach to proving the Laurent phenomenon for the Somos sequences. Subsequently (see [1]), the
Laurent phenomenon was systematically studied for the sequences defined by recurrence relations
of the form

xn+kxn = P (xn+1, . . . , xn+k−1), (1.2)

where P is a polynomial of arbitrary degree. Sufficient conditions for the Somos sequences to be
integer are the subject of separate investigation (see [11]).

Among the Somos sequences, one can also distinguish a class consisting of finite rank sequences.
A sequence {sn}∞n=−∞ is said to be of (finite) rank r if r = max{r0, r1} with r0 and r1 being the ranks
of the infinite matrices (sm+nsm−n)

∞
m,n=−∞ and (sm+n+1sm−n)

∞
m,n=−∞, respectively. Equivalently,

r0 and r1 can be defined as the least positive integers for which there exist representations

sm+nsm−n =

r0∑
j=1

fj(m)gj(n), sm+n+1sm−n =

r1∑
j=1

f̃j(m)g̃j(n).

a Khabarovsk Division of the Institute of Applied Mathematics, Far Eastern Branch of the Russian Academy of
Sciences, ul. Dzerzhinskogo 54, Khabarovsk, 680000 Russia.
E-mail addresses: ustinov@iam.khv.ru, ustinov.alexey@gmail.com

305



306 A. V. USTINOV

In [2], Avdeeva and Bykovskii proved that the rank of the product of two sequences does not exceed
the product of the ranks of these sequences. Therefore, the sequences of finite rank form a ring with
the simplest elements given by the (rank 2) sequence sn = n and the (rank 1) sequence

sn = ean
2+bn+c. (1.3)

In [2], Avdeeva and Bykovskii also proved that finite rank sequences cannot grow too fast; namely,
the estimate |sn| ≤ c1e

c2n2 always holds for some positive c1 and c2. Some sequences defined by
relation (1.2) exhibit the Laurent phenomenon but have higher growth order. Therefore, the class
of Laurent phenomenon sequences is wider than that of finite rank sequences. However, in the case
of Somos sequences, it is natural to expect that the class of finite rank sequences is close to the
class of Laurent phenomenon sequences.

In a more general situation (see [2–4]), one considers hyperelliptic systems of sequences consisting
of pairs {an}∞n=−∞, {bn}∞n=−∞ that can be represented as

am+nbm−n =

r0∑
j=1

fj(m)gj(n), am+n+1bm−n =

r1∑
j=1

f̃j(m)g̃j(n).

In the continuous case, instead of sequences one studies hyperelliptic systems of functions (see [18,
3, 12–14]) consisting of pairs of functions f, g satisfying the functional equation

f(x+ y)g(x− y) =

r∑
j=1

ϕj(x)ψj(y).

The terminology goes back to the theory of integral equations, in which finite rank kernels are used
to approximate arbitrary kernels of integral operators (see [17, Sect. 69] and [21, § 3.6]).

The first nontrivial example is given by the Somos-4 sequence, for which the recurrence relation
can be written as

sn+2sn−2 = αsn+1sn−1 + βs2n. (1.4)

An arbitrary sequence of rank 1 has the form (1.3). It satisfies the recurrence relation (1.4) if
e8a = αe2a + β. In other cases, the Somos-4 sequence has rank 2. This follows, for example, from
the general formula

sn = ABn σ(z0 + nz)

σ(z)n2 , (1.5)

which was found independently by Hone [8] and Swart [20]; here σ(z) = σ(z; g2, g3) is the Weierstrass
sigma function associated with the curve

y2 = 4x3 − g2x− g3 (1.6)

(see [23]). The sequence of all integers sn = n (α = 4 and β = −3) and the sequence of Fibonacci
numbers sn = Fn (α = −1 and β = 2) are the simplest particular cases of the Somos-4 sequences.

The Somos-6 sequence in general has rank 4, which also follows from the general formulas
(see [10, 5]).

The elliptic divisibility sequences {wn}∞n=−∞, which are integer sequences defined by the condi-
tions

w−n = −wn (w0 = 0), w1 = 1, w2, w3, w4 ∈ Z, w2 | w4, (1.7)

w2
1wn+2wn−2 = wn+1wn−1w

2
2 − w1w3w

2
n (1.8)

(see [22]), are a particular case of the Somos-4 sequences.
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If the sequence {wn} is not required to be integer, then the general solution can be expressed as

wn =
σ(nz)

σ(z)n2 . (1.9)

In [15], Ma proved that the theorem on the rank of the Somos-4 sequence follows from the
addition theorems

w2
1sn+ksn−k =

∣∣∣∣sn+1wk snwk+1

snwk−1 sn−1wk

∣∣∣∣ , w1w2sn+k−1sn−k =

∣∣∣∣sn+2wk+1 sn+1wk+2

snwk−1 sn−1wk

∣∣∣∣ . (1.10)

Formulas (1.10) were obtained by van der Poorten and Swart in [16]. They follow from (1.5)
and (1.9), but they can also be derived without invoking elliptic functions. The paper [16] contains
an elementary proof of formulas (1.10) that is based on nontrivial symmetry considerations.

In the present paper, we propose an elementary approach (without invoking Weierstrass func-
tions) to studying the properties of the Somos-4 sequences. We give a direct inductive proof of the
theorem on the rank of the Somos-4 sequence (see Theorem 3.7). Using this theorem, we prove
various addition formulas similar to the well-known identities for the Weierstrass functions (see
Theorems 4.1 and 4.6). Note also that an elliptic divisibility sequence {wn} arises naturally in the
proof of the theorem on the rank of the Somos-4 sequence.

2. FIRST INTEGRALS

The Somos sequences have an obvious symmetry: if a sequence {sn} satisfies relation (1.1), then
the sequence

s̃n = ABnsn (A,B �= 0) (2.1)

satisfies the same relation. Therefore, to simplify further arguments, it is natural to introduce the
new variables

fn =
sn−1sn+1

s2n
,

which are invariant under the action of the gauge group (2.1). In terms of the new variables, the
recurrence relation (1.4) reads

fn−1f
2
nfn+1 = αfn + β. (2.2)

Given two sequences {an}∞n=−∞ and {bn}∞n=−∞, define the matrices M (0)
a,b = (am+nbm−n)

∞
m,n=−∞

and M
(1)
a,b = (am+n+1bm−n)

∞
m,n=−∞. Denote by

M
(0)
a,b

(
m1,m2, . . . ,mk

n1, n2, . . . , nk

)
and M

(1)
a,b

(
m1,m2, . . . ,mk

n1, n2, . . . , nk

)
the finite submatrices of M (0)

a,b and M
(1)
a,b , respectively, that are composed of the elements in columns

with numbers m1, . . . ,mk and rows with numbers n1, . . . , nk. If we allow the parameters m1, . . . ,mk

and n1, . . . , nk to take half-integer values simultaneously, then the matrices will be related by the
equality

M
(0)
a,b

(
m1 +

1
2 ,m2 +

1
2 , . . . ,mk +

1
2

n1 +
1
2 , n2 +

1
2 , . . . , nk +

1
2

)
= M

(1)
a,b

(
m1,m2, . . . ,mk

n1, n2, . . . , nk

)
.

Set

D
(0,1)
a,b

(
m1,m2, . . . ,mk

n1, n2, . . . , nk

)
= detM

(0,1)
a,b

(
m1,m2, . . . ,mk

n1, n2, . . . , nk

)
.
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A key to the proof of the properties of the Somos-4 sequence is that this sequence has a first
integral, i.e., a shift-invariant quantity

Tn = fnfn+1 + α

(
1

fn
+

1

fn+1

)
+

β

fnfn+1
, (2.3)

which was found in [20, pp. 161–162] (see also [8, 9]). The explicit form of this first integral can be
obtained as follows. Assuming that Theorem 3.7 (see below) holds, we know that the rank of each
of the matrices M

(0)
s,s and M

(1)
s,s is 2. Therefore, the equalities

D(0)
s,s

(
m1,m2,m3

n1, n2, n3

)
= D(1)

s,s

(
m1,m2,m3

n1, n2, n3

)
= 0 (2.4)

must hold for any integers m1, m2, m3 and n1, n2, n3. The simplest of equalities (2.4) that needs
to be substantiated is the equality D

(1)
s,s

( n, 3, 2
2, 1, 0

)
= 0. By equivalence transformations, it can be

reduced to

βsnsn+1

∣∣∣∣s5s2 s4s3
s4s1 s3s2

∣∣∣∣ (Tn − T1) = 0.

Therefore, if formulas (2.4) are indeed valid, then Tn must be independent of n. Having found
the explicit form of the first integral, one can prove its invariance using the basic recurrence rela-
tion (1.4).

Lemma 2.1. The sequence {fn} defined by the recurrence relation (2.2) has the first integral

T = fnfn+1 + α

(
1

fn
+

1

fn+1

)
+

β

fnfn+1
. (2.5)

Moreover, for any integer n,

T = fn(fn−1 + fn+1) +
α

fn
. (2.6)

For completeness, we present a proof of this assertion (see [20, 8]).
Proof. Dividing the equalities

fn−1f
2
nfn+1 − αfn = β = fnf

2
n+1fn+2 − αfn+1

by fnfn+1, we find

fn−1fn − α

fn+1
=

β

fnfn+1
= fn+1fn+2 −

α

fn
.

Adding the terms fnfn+1 + α(1/fn + 1/fn+1) to each of the expressions obtained, we arrive at the
relations

fnfn−1 +
α

fn
+ fnfn+1 = Tn = fn+1fn +

α

fn+1
+ fn+1fn+2, (2.7)

where Tn is defined by (2.3). Relations (2.7) imply that Tn is independent of the number n and
that representation (2.6) is valid. �

Remark 2.2. For fn+1 = x and fn = y, equality (2.5) reduces to the equation of an elliptic
curve,

x2y2 − Txy + α(x+ y) + β = 0; (2.8)

this explains the need to use elliptic functions in the formula for the general solution (1.5). The
pair (x, y) = (fn−1, fn) also satisfies equation (2.8); hence, the numbers x1,2 = fn±1 are the roots
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of the quadratic equation
x2f2

n − x(Tfn − α) + (αfn + β) = 0. (2.9)

Thus, equalities (2.5) and (2.6) can be interpreted as Vieta’s theorem for the quadratic equa-
tion (2.9).

Below, in addition to the variables fn, we will need other gauge-invariant variables

hn =
sn+2sn−1

sn+1sn
= fn+1fn. (2.10)

Using these variables, we can rewrite the recurrence relation (2.2) as hn−1hn = αfn + β, which
allows us to express fn in terms of the elements of the sequence {hn}:

fn =
hn−1hn − β

α
. (2.11)

Lemma 2.3. The elements of the sequence {hn} satisfy the relations

hn−1hnhn+1 = −βhn + α2 + Tβ, (2.12)

hn(hn−1 + hn+1) = −h2n + Thn + β. (2.13)

Proof. Using equalities (2.10) and (2.11), we rewrite formula (2.6) as

T = hn−1 + hn +
α2

hnhn−1 − β
. (2.14)

This equality is equivalent to the fact that the quadratic equation

z2hn + z(h2n − β − Thn) + (α2 + Tβ − βhn) = 0 (2.15)

has a root z = hn−1. Replacing n by n+ 1 in (2.14), we find that the second root of equation (2.15)
is z = hn+1. Equalities (2.12) and (2.13) are a consequence of Vieta’s theorem applied to equa-
tion (2.15). �

The recurrence relation (2.12) differs little in form from equation (2.2). Below we will need the
following analog of Lemma 2.1 for sequences defined by the formula

hn−1hnhn+1 = α̃hn + β̃. (2.16)

Lemma 2.4. The sequence {hn} defined by the recurrence relation (2.16) has the first integral

T̃ = hn + hn−1 + α̃

(
1

hn
+

1

hn−1

)
+

β̃

hnhn−1
. (2.17)

Moreover, for any integer n,

T̃ = hn−1 + hn + hn+1 +
α̃

hn
. (2.18)

Proof. Dividing the equalities

hn−2hn−1hn − α̃hn−1 = β̃ = hn−1hnhn+1 − α̃hn

by hn−1hn, we obtain

hn−2 −
α̃

hn
=

β̃

hn−1hn
= hn+1 −

α̃

hn−1
.
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Adding hn−1 + hn + α̃(1/hn−1 + 1/hn) to each of the expressions obtained, we arrive at the relations

hn−2 + hn−1 + hn +
α̃

hn−1
= T̃n = hn−1 + hn + hn+1 +

α̃

hn
, (2.19)

where T̃n denotes the right-hand side of (2.17). Relations (2.19) imply that T̃n are independent of
the number n and that representation (2.18) is valid. �

Remark 2.5. Lemma 2.4 implies, in particular, that equality (2.13) is a consequence of rela-
tion (2.12).

3. THEOREM ON THE RANK OF A MATRIX

Proposition 3.1. Suppose that α, β, and T are algebraically independent over the field of
rational numbers. Then the rank of the matrix M

(0)
s,s is at most 2.

Proof. Let us show that the kth column of the matrix M
(0)
s,s , where k is an arbitrary integer,

can be represented as a linear combination of the zeroth and first columns. To this end, we construct
two sequences {ck}∞k=1 and {dk}∞k=1 such that

sn+ksn−k = cksn+1sn−1 − dks
2
n. (3.1)

Introduce the new variables
F

(n)
k =

sn+ksn−k

s2n
. (3.2)

In particular, F (n)
0 = 1, F (n)

1 = fn, and F
(n)
2 = αfn + β. Then equality (3.1) can be rewritten as

F
(n)
k = ckfn − dk. (3.3)

Since F
(n)
k = F

(n)
−k , it suffices to restrict the analysis to nonnegative values of k. It is obvious that

equality (3.3) will hold for k = 1 and k = 2 if we set

c1 = 1, d1 = 0, c2 = α, d2 = −β.

Given the values of ck−1, dk−1, ck, and dk, one can find the coefficients ck+1 and dk+1 using the
equality

F
(n)
k+1 =

F
(n−1)
k F

(n+1)
k

F
(n)
k−1

f2
n,

which follows from the definition (3.2).
Let us transform this equality with the help of (3.3):

ck+1fn − dk+1 =
(ckfn−1 − dk)(ckfn+1 − dk)

ck−1fn − dk−1
f2
n =

c2kfn−1f
2
nfn+1 − ckdkf

2
n(fn−1 + fn+1) + d2kf

2
n

ck−1fn − dk−1
.

Applying relations (2.2) and (2.6) to the right-hand side,

ck+1fn − dk+1 =
c2k(αfn + β)− ckdk(Tfn − α) + d2kf

2
n

ck−1fn − dk−1
,

we see that the equality F
(n)
k+1 = ck+1fn − dk+1 is equivalent to

d2kf
2
n + ckfn(αck − Tdk) + ck(βck + αdk)− (ck+1fn − dk+1)(ck−1fn − dk−1) = 0.
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Equating the coefficients of all powers of fn to zero, we obtain an overdetermined system of equations
with unknowns ck+1 and dk+1:

ck+1ck−1 = d2k, (3.4)

ck−1dk+1 + ck+1dk−1 = −ck(αck − Tdk), (3.5)

dk−1dk+1 = ck(βck + αdk). (3.6)

For k = 2, the last equation degenerates and the values c3 = β2 and d3 = −α(α2 + Tβ) are
determined from the first two equations. For k ≥ 3, we need to show that system (3.4)–(3.6) is
consistent. We will assume that the values of ck+1 and dk+1 are determined from equations (3.4)
and (3.6), i.e.,

ck+1 =
d2k
ck−1

, dk+1 =
ck(βck + αdk)

dk−1
. (3.7)

Substituting them into equation (3.5), we obtain the consistency condition for the system,

gk−1gk + α

(
1

gk−1
+

1

gk

)
+

β

gk−1gk
= T, (3.8)

where gk = dk/ck. The equalities g2 = −β/α and g3 = −α(α2 + Tβ)/β2 imply that (3.8) holds for
k = 3. Dividing the second equality in (3.7) by the first, we find that the sequence {gk} satisfies a
recurrence relation that coincides with the recurrence relation for the elements of the sequence {fk}:

gk−1g
2
kgk+1 = αgk + β.

Therefore, the validity of (3.8) follows from Lemma 2.1.
To complete the proof of Proposition 3.1, we should show that the sequences {ck} and {dk}

are well defined by the recurrence relations (3.7). As pointed out above, the sequence sn = n is a
Somos-4 sequence and satisfies the recurrence equation sn+2sn−2 = 4sn+1sn−1 − 3s2n. It satisfies
relation (3.3) for ck = k2 and dk = k2 − 1. Therefore, the elements of the sequences {ck} and {dk}
calculated by formulas (3.7) are rational functions of α, β, and T that are different from the
identical zero. Thus, the algebraic independence of α, β, and T guarantees that the elements of the
sequences {ck} and {dk} (except for d1 = 0) do not vanish and hence can indeed be calculated by
formulas (3.7). �

The sequence {fn} was initially constructed using the sequence {sn}. Therefore, an analogous
sequence {gn} should also correspond to some Somos-4 sequence, which we will denote by {wn}
(it will be clear from further considerations that this is the elliptic divisibility sequence mentioned
above). The equality gk = wk−1wk+1/w

2
k implies that for fixed values of gk = dk/ck, the elements

of the sequence {wn} are defined uniquely up to multiplication by a geometric progression. The
elements of the sequence {wn} take the simplest form if we assume that w2

k = ck and wk−1wk+1 = dk
(k = 1, 2, . . . ). Then, based on the initial conditions w0w2 = 0, w2

1 = 1, and w2
2 = α, it is natural

to choose the first elements of the sequence as follows:

w0 = 0, w1 = 1, w2 = −
√
α. (3.9)

The other elements are uniquely determined from the equality wk−1wk+1 = dk (k = 2, 3, . . . ). For
example,

w3 = −β, w4 =
√
α(α2 + Tβ), w5 = β3 − α2(α2 + Tβ). (3.10)

Remark 3.2. In terms of the sequence {wn}, equality (3.3) can be written as

w2
1sn+ksn−k = w2

ksn+1sn−1 − wk+1wk−1s
2
n, (3.11)
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which coincides with the first formula in (1.10). Formula (3.11) can also be applied, in particular,
to the sequence sn = wn. Therefore,

w2
1wn+kwn−k = w2

kwn+1wn−1 −wk+1wk−1w
2
n. (3.12)

Substituting first k = 0 and n = 1 into this formula, we find that w−1 = −1. Setting then n = 0, we
find that for negative numbers the sequence {wn} should be defined in an odd manner: w−n = −wn.

Remark 3.3. The factor w2
1 = 1 in the recurrence relation (1.8) is added to ensure that

the sum of squared indices in each term is the same. This condition also holds for other “addition
theorems” for Somos sequences (see formulas (1.10), (4.1), and (4.4)–(4.6) below). This is associated
with the origin of the Somos sequences (see Somos’s notes [19]).

Proposition 3.4. Let numbers α, β, and T be algebraically independent over the field of ra-
tional numbers. Then the rank of the matrix M

(1)
s,s is at most 2.

Proof. Just as in the proof of Proposition 3.1, we show that the kth column of M (1)
s,s , where k

is an arbitrary integer, can be represented as a linear combination of the zeroth and first columns.
To this end, we produce two sequences {uk}∞k=−∞ and {vk}∞k=−∞ such that

sn+k+1sn−k = uksn+2sn−1 − vksnsn+1. (3.13)

Obviously, it suffices to take

u0 = 0, v0 = −1, u1 = 1, v1 = 0

as the initial conditions. Equality (2.12) means that u2 = −β and v2 = −(α2 + Tβ).
Introduce the new variables

G
(n)
k =

sn+k+1sn−k

snsn+1
. (3.14)

In particular, G
(n)
0 = 1, G

(n)
1 = hn, and G

(n)
2 = hn−1hnhn+1 = −βhn + α2 + Tβ. Then equal-

ity (3.13) can be rewritten as

G
(n)
k = ukhn − vk. (3.15)

Since G
(n)
−k = G

(n)
k−1, to prove the lemma it suffices to define {uk} and {vk} for nonnegative values

of k and set u−k = uk−1 and v−k = vk−1 (k ≥ 1).
Given the values of uk−1, vk−1, uk, and vk, we find the coefficients uk+1 and vk+1 from the

equality

G
(n)
k+1 =

G
(n−1)
k G

(n+1)
k

G
(n)
k−1

hn,

which follows from the definition (3.14). Let us transform this equality with the help of (3.15):

(uk+1hn − vk+1)(uk−1hn − vk−1) = (ukhn−1 − vk)(ukhn+1 − vk)hn.

Using formulas (2.12) and (2.13), we can reduce this equality to

h2n(uk+1uk−1 − ukvk)− hn
(
uk+1vk−1 + uk−1vk+1 − βu2k − ukvkT + v2k

)
+

(
vk−1vk+1 − u2k(α

2 + Tβ) + ukvkβ
)
= 0.

Equating the coefficients of all powers of hn to zero, we obtain an overdetermined system with
unknowns uk+1 and vk+1 (k ≥ 2):

uk+1uk−1 = ukvk, (3.16)
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uk+1vk−1 + uk−1vk+1 = βu2k + ukvkT − v2k, (3.17)

vk−1vk+1 = u2k(α
2 + Tβ)− ukvkβ. (3.18)

Substituting the values of uk+1 and vk+1 expressed from (3.16) and (3.18) into equation (3.17), we
obtain the consistency condition for the system,

ξk−1ξk + α

(
1

ξk−1
+

1

ξk

)
+

β

ξk−1ξk
= T, (3.19)

with ξk = vk/uk. In particular,

ξ2 =
α2 + Tβ

β
, ξ3 =

β3 − α2(α2 + Tβ)

β(α2 + Tβ)
;

therefore, equality (3.19) holds for k = 3. Dividing (3.18) by (3.16), we arrive at the recurrence
relation for the elements of the sequence {ξk}:

ξk−1ξ
2
kξk+1 = −βξk + α2 + Tβ. (3.20)

This relation coincides with (2.16) for α̃ = −β and β̃ = α2 + Tβ. Thus, the validity of formula (3.19)
(and, hence, the consistency of system (3.16)–(3.18)) follows from Lemma 2.4.

The fact that the sequences {uk}∞k=−∞ and {vk}∞k=−∞ are well defined by the recurrence rela-
tions (3.16) and (3.18) (i.e., no division by zero arises) is verified in the same way as in the proof of
Proposition 3.1. �

Remark 3.5. The elements of the sequence {hn} are constructed on the basis of the Somos
sequence {sn} by formula (2.10). Therefore, the sequence {ξn} should also correspond to some
Somos-4 sequence. It turns out that this is the same sequence {wn} that was described in Re-
mark 3.2. For k = 2, 3, the equality ξk = wk−1wk+2/wkwk+1 is a consequence of (3.9) and (3.10),
and for k ≥ 4, it follows from the coincidence of the recurrence relations (2.16) and (3.20). Thus,
equality (3.13) can be rewritten as

w1w2sn+k+1sn−k = wkwk+1sn+2sn−1 − wk+2wk−1snsn+1, (3.21)

which coincides with the second formula in (1.10). In particular, for sn = wn,

w1w2wn+k+1wn−k = wkwk+1wn+2wn−1 −wk+2wk−1wnwn+1. (3.22)

Thus, the elements of the sequences {uk} and {vk} that appear in the proof of the proposition have
the form

uk =
wkwk+1

w1w2
, vk =

wk+2wk−1

w1w2
.

Remark 3.6. As shown in [11], formulas (3.12) and (3.22) imply that w2n−1 ∈ Z[α2, β, I] and
w2n ∈ √

αZ[α2, β, I], where I = α2 + βT . Therefore, the sequence {wn} is uniquely defined by the
triple of parameters (α, β, T ). In particular, this implies that for the shifted sequence s̃n = sn+t the
sequence {wn} will be the same.

Theorem 3.7. The rank of an arbitrary Somos-4 sequence different from sequence (1.3) is 2.
Proof. In the case where α, β, and T are algebraically independent over the field of rational

numbers, the theorem follows from Propositions 3.1 and 3.4. In the general case, the algebraic
relations (3.11) and (3.21), which express the linear dependence of the columns of the matrices
M

(0)
s,s and M

(1)
s,s , remain valid due to continuity arguments. �
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4. ADDITION THEOREMS

Formulas (3.11) and (3.21) are particular cases of a more general addition theorem.
Theorem 4.1. Let numbers k, l, m, and n be simultaneously integer or half-integer. Then

sk+lsm+nwk−lwm−n + sk+nsl+mwk−nwl−m − sk+msl+nwk−mwl−n = 0. (4.1)

In particular,

wk+lwm+nwk−lwm−n + wk+nwl+mwk−nwl−m − wk+mwl+nwk−mwl−n = 0. (4.2)

Proof. First, consider the case when k + l +m+ n ≡ 0 (mod 2). Passing to the parameters

a =
k + l +m+ n

2
, b =

k + l −m− n

2
, c =

k − l +m− n

2
, d =

k − l −m+ n

2
, (4.3)

we can rewrite equality (4.1) as

sa+bsa−bwc+dwc−d + sa+dsa−dwb+cwb−c − sa+csa−cwb+dwb−d = 0. (4.4)

To check the validity of this equality, it suffices to apply formulas (3.11) and (3.12) to all products
of the form sx+ysx−y and wx+ywx−y, respectively.

Now, consider the case when k + l + m + n ≡ 1 (mod 2). The change k → k + 1 reduces
formula (4.1) to

sk+l+1sm+nwk−l+1wm−n + sk+n+1sl+mwk−n+1wl−m − sk+m+1sl+nwk−m+1wl−n = 0, (4.5)

where k + l + m + n ≡ 0 (mod 2). The same change of variables (4.3) allows us to rewrite for-
mula (4.5) as

sa+b+1sa−bwc+d+1wc−d + sa+d+1sa−dwb+c+1wb−c − sa+c+1sa−cwb+d+1wb−d = 0. (4.6)

Just as in the previous case, to complete the proof it remains to apply formulas (3.21) and (3.22)
to all products of the form sx+y+1sx−y and wx+y+1wx−y, respectively. �

Remark 4.2. Equality (4.1) can be rewritten as

D(0)
s,w

(
m1,m2

n1, n2

)
= sm1+m2sn1+n2wm1−m2wn1−n2 . (4.7)

Particular cases of this formula are given by relations (1.10).
Proposition 4.3. For any integer or simultaneously half-integer m1, m2, m3, n1, n2, and n3,

D(0)
s,w

(
m1,m2,m3

n1, n2, n3

)
= 0.

In particular,

D(0)
w,w

(
m1,m2,m3

n1, n2, n3

)
= 0.

Proof. Let us expand this determinant along the first row:

D(0)
s,w

(
m1,m2,m3

n1, n2, n3

)
= sm1+n1wm1−n1D

(0)
s,w

(
m2,m3

n2, n3

)
− sm1+n2wm1−n2D

(0)
s,w

(
m2,m3

n1, n3

)

+ sm1+n3wm1−n3D
(0)
s,w

(
m2,m3

n1, n2

)
.
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Applying formula (4.7) to the determinant of each 2× 2 matrix, we arrive at the equality

D(0)
s,w

(
m1,m2,m3

n1, n2, n3

)
= sm2+m3wm2−m3

(
sm1+n1wm1−n1sn2+n3wn2−n3

− sm1+n2wm1−n2sn1+n3wn1−n3 + sm1+n3wm1−n3sn1+n2wn1−n2

)
.

The expression in parentheses vanishes by formula (4.1). �
Remark 4.4. According to Proposition 4.3, the matrix M

(0,1)
s,w has rank 2. Hence, all of its

4 × 4 submatrices have zero determinant. Therefore, equality (4.1) can be understood as the
vanishing of the Pfaffian of the degenerate skew-symmetric matrix

M (0)
s,w

(
k, l,m, n
k, l,m, n

)
=

⎛⎜⎜⎝
0 sk+lwk−l sk+mwk−m sk+nwk−n

sl+kwl−k 0 sl+mwl−m sl+nwl−n

sm+kwm−k sm+lwm−l 0 sm+nwm−n

sn+kwn−k sn+lwn−l sn+mwn−m 0

⎞⎟⎟⎠.

Equalities (4.1) and (4.2) can be regarded as analogs of the Weierstrass three-term identity

σ(k + l)σ(k − l)σ(m+ n)σ(m− n) + σ(k + n)σ(k − n)σ(l +m)σ(l −m)

−σ(k +m)σ(k −m)σ(l + n)σ(l − n) = 0,

which can also be understood as the vanishing of the Pfaffian of the degenerate skew-symmetric
matrix⎛⎜⎜⎜⎝

0 σ(k + l)σ(k − l) σ(k +m)σ(k −m) σ(k + n)σ(k − n)

σ(l + k)σ(l − k) 0 σ(l +m)σ(l −m) σ(l + n)σ(l − n)

σ(m+ k)σ(m− k) σ(m+ l)σ(m− l) 0 σ(m+ n)σ(m− n)

σ(n + k)σ(n− k) σ(n + l)σ(n− l) σ(n+m)σ(n−m) 0

⎞⎟⎟⎟⎠.

Lemma 4.5. Let a, b, and c be integers and a+ b+ c = N . Then

sasbscwNwN−1w
2
1 = sN−1s0s1w1wN−awN−bwN−c

+ sN
(
s20wa−1wb−1wc−1 − s1s−1wawbwcwN−1

)
. (4.8)

Proof. Since the equalities a+ b = 1, a+ c = 1, and b+ c = 1 cannot hold simultaneously, we
can assume in what follows that a+ b− 1 �= 0.

Substituting the values k = (u− t)/2, n = −k, m = v + k, and l = u− k into (4.1), we obtain

susvwu+v−twt = su+v−tstwuwv − su+vs0wu−twv−t.

In particular, for t = ±1,

susvwu+v∓1w±1 = su+v∓1s±1wuwv − su+vs0wu∓1wv∓.

Applying the above formula successively to the products sasbwa+b−1w1, scsa+b−1wa+b+cw−1, and
scsa+bwa+b+c−1w1, we find

sasbscwa+b−1wa+b+cwa+b+c−1w
2
1 = scwa+b+cwa+b+c−1w1

(
sa+b−1s1wawb − sa+bs0wa−1wb−1

)
= sNwa+b−1

(
s20wa−1wb−1wc−1wN − s1s−1wawbwcwN−1

)
+ sN−1wa+bs0s1

(
wawbwc+1wN−1 − wa−1wb−1wcwN

)
.
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The expression in parentheses in the last row can be transformed with the help of (4.2) to the
form w1wa+cwb+cwa+b−1. Reducing the resulting equality by the factor wa+b−1 �= 0, we arrive at
equality (4.8). �

Note that the same elliptic divisibility sequence {wn} may correspond to different Somos-4 se-
quences {sn} and {s̃n}. As pointed out above, this may happen if the sequences {sn} and {s̃n} have
the same set of parameters (α, β, T ). An equivalent condition is that the same elliptic curve (2.8)
corresponds to both sequences. Such pairs of sequences can also be viewed (see [4]) as solutions of
the bilinear recurrence relations

sn+2s̃n−2 = α1sn+1s̃n−1 + β1sns̃n, sn−2s̃n+2 = α2sn−1s̃n+1 + β2sns̃n.

Theorem 4.6. Suppose that one sequence {wn} corresponds to two Somos-4 sequences {sn}
and {s̃n}. Then, for any integer or simultaneously half-integer k, l, m, x, y, and z, the determinant
D

(0)
s,s̃

(
k, l,m
x, y, z

)
vanishes: ∣∣∣∣∣∣∣

sk+xs̃k−x sk+ys̃k−y sk+zs̃k−z

sl+xs̃l−x sl+ys̃l−y sl+zs̃l−z

sm+xs̃m−x sm+ys̃m−y sm+z s̃m−z

∣∣∣∣∣∣∣ = 0.

Proof. Assume that the number N = k + l + m + x + y + z is different from zero and one.
Otherwise, we can shift the numbering of the sequence {s̃n} (pass to s̃ ′

n = s̃n+t; see Remark 3.6)
in such a way that this condition is indeed satisfied. Let us write the determinant D

(0)
s,s̃

(
k, l,m
x, y, z

)
as

the sum
sk+xsl+ysm+z s̃k−xs̃l−ys̃m−z + . . .

and multiply the resulting expression by w2
Nw2

N−1 �= 0. Then we can apply formula (4.8) to each
factor of the form wNwN−1sk+xsl+ysm+z and wNwN−1s̃k−xs̃l−ys̃m−z. In the expression obtained,
we combine all terms containing the same powers of s0, s±1, sN , sN−1, s̃0, s̃±1, s̃N , and s̃N−1. Then
each of the arising coefficients has the form D

(0)
w,w

( α1, α2, α3

β1, β2,,β3

)
and vanishes by Proposition 4.3. For

example, the coefficient of sNs20s̃N s̃ 2
0 is equal to

wk+x−1wl+y−1wm+z−1wk−x−1wl−y−1wm−z−1 + . . . = D(0)
w,w

(
k − 1, l − 1,m− 1

x, y, z

)
= 0.

The coefficient of sNs20s̃N s̃−1s̃1 is

wk+x−1wl+y−1wm+z−1wN−(k−x)wN−(l−y)wN−(m−z) + . . . = D(0)
w,w

(
k −N1, l −N1,m−N1

x+N1, y +N1, z +N1

)
= 0,

where N1 = (N − 1)/2, and so on. �
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