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1. INTRODUCTION
The Somos-k sequence is a number sequence {s,} satisfying the kth-order (k > 2) quadratic
recurrence relation

SnikSn = E QjSptk—jSntj (1.1)
1<j<k/2

where o (1 < j < k/2) are constants. Unless specified otherwise, we will assume that the elements
of the sequence {s,} do not vanish and are therefore defined for all integers n.
Among the Somos sequences, there is an important class of Laurent phenomenon sequences: all

their terms are Laurent polynomials in the initial conditions, i.e., s, € Z[sfl, . ,s,fl, Qly... 7aLk/2J]'
This class is known to include the Somos-k sequences with k = 4,5,6,7 and some higher order
sequences. In particular, this implies that for s; = ... = s = a1 = ... = q|32) = 1 the Somos-k

sequences (k = 4,5,6,7) are integer. For k = 4,5, this fact admits a simple proof (see [7]), which,
unfortunately, does not clarify the nature of these sequences at all. The fact that the Somos-6 and
Somos-7 sequences are integer was first given a computer-based proof. When describing the history
of the Somos sequences, Gale [7] compared these results with the proof of the four color theorem.

While developing the theory of cluster algebras, Fomin and Zelevinsky [6] proposed a general
approach to proving the Laurent phenomenon for the Somos sequences. Subsequently (see [1]), the
Laurent phenomenon was systematically studied for the sequences defined by recurrence relations
of the form

TpgkTn = P(Tpgts - Tpsk—1), (1.2)

where P is a polynomial of arbitrary degree. Sufficient conditions for the Somos sequences to be
integer are the subject of separate investigation (see [11]).

Among the Somos sequences, one can also distinguish a class consisting of finite rank sequences.
A sequence {s,, }°° ___ is said to be of (finite) rank r if r = max{rg, r1 } with r¢ and r being the ranks
of the infinite matrices (sm+nsm_n)%’n:_oo and (sm+n+1sm_n)%’n:_oo, respectively. Equivalently,
ro and 1 can be defined as the least positive integers for which there exist representations

SmanSm_n = Z fi(m)g;(n), Sm4n+15m—n = Z f](m)gj (n).

J=1 J=1
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306 A. V. USTINOV

In [2], Avdeeva and Bykovskii proved that the rank of the product of two sequences does not exceed
the product of the ranks of these sequences. Therefore, the sequences of finite rank form a ring with
the simplest elements given by the (rank 2) sequence s, = n and the (rank 1) sequence

Sp = ean® e, (1.3)
In [2], Avdeeva and Bykovskii also proved that finite rank sequences cannot grow too fast; namely,
the estimate |s,| < 01602”2 always holds for some positive ¢; and c3. Some sequences defined by
relation (1.2) exhibit the Laurent phenomenon but have higher growth order. Therefore, the class
of Laurent phenomenon sequences is wider than that of finite rank sequences. However, in the case
of Somos sequences, it is natural to expect that the class of finite rank sequences is close to the
class of Laurent phenomenon sequences.

In a more general situation (see [2—4]), one considers hyperelliptic systems of sequences consisting
of pairs {a, }5° _ ., {b,}52_ ., that can be represented as

Gmitnbm—n = Z fi(m)g;(n), Amgnt+10m—n = Z fj(m)gj (n).
j=1 j=1

In the continuous case, instead of sequences one studies hyperelliptic systems of functions (see [18,
3, 12-14]) consisting of pairs of functions f, g satisfying the functional equation

Fla+y)gle—y) = oi@)e;(y).
j=1

The terminology goes back to the theory of integral equations, in which finite rank kernels are used
to approximate arbitrary kernels of integral operators (see [17, Sect. 69| and [21, §3.6]).

The first nontrivial example is given by the Somos-4 sequence, for which the recurrence relation
can be written as

Sni28n—2 = QSp11Sn-1 + ﬁsi. (1.4)

An arbitrary sequence of rank 1 has the form (1.3). It satisfies the recurrence relation (1.4) if
e®® = qe?® + 3. In other cases, the Somos-4 sequence has rank 2. This follows, for example, from
the general formula

o(z0 +nz)

n=AB" )
’ o(2)"

(1.5)

which was found independently by Hone [8] and Swart [20]; here o(z) = o(2; g2, g3) is the Weierstrass
sigma function associated with the curve

Y =42° — gox — g3 (1.6)
(see [23]). The sequence of all integers s, = n (o = 4 and 8 = —3) and the sequence of Fibonacci
numbers s, = F,, (o« = —1 and 8 = 2) are the simplest particular cases of the Somos-4 sequences.
The Somos-6 sequence in general has rank 4, which also follows from the general formulas
(see [10, 5]).
The elliptic divisibility sequences {wy,}32 _ ., which are integer sequences defined by the condi-
tions
W_p =—w,  (wo=0), wy = 1, wa, w3, Wy € 7L, wy | wy, (1.7)
w%wn+2wn_2 = wn+1wn_1w§ — wlwng (1.8)

(see |22]), are a particular case of the Somos-4 sequences.
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AN ELEMENTARY APPROACH TO SOMOS SEQUENCES 307

If the sequence {w, } is not required to be integer, then the general solution can be expressed as

o(nz)

o(z)"

n = (1.9)
In [15], Ma proved that the theorem on the rank of the Somos-4 sequence follows from the

addition theorems

Sn+1WE  SnWk1 Sn+2Wk41  Sn+1WE4-2 (1.10)

W1W2Sn4+k—15n—k =

2
W1Sn+kSn—k = 5
SnWk—-1 Sn—1Wk SpWE—1 Sp—1Wk

Formulas (1.10) were obtained by van der Poorten and Swart in [16]. They follow from (1.5)
and (1.9), but they can also be derived without invoking elliptic functions. The paper [16] contains
an elementary proof of formulas (1.10) that is based on nontrivial symmetry considerations.

In the present paper, we propose an elementary approach (without invoking Weierstrass func-
tions) to studying the properties of the Somos-4 sequences. We give a direct inductive proof of the
theorem on the rank of the Somos-4 sequence (see Theorem 3.7). Using this theorem, we prove
various addition formulas similar to the well-known identities for the Weierstrass functions (see
Theorems 4.1 and 4.6). Note also that an elliptic divisibility sequence {w,,} arises naturally in the
proof of the theorem on the rank of the Somos-4 sequence.

2. FIRST INTEGRALS

The Somos sequences have an obvious symmetry: if a sequence {s,, } satisfies relation (1.1), then
the sequence

5,=AB"s, (A,B#0) (2.1)

satisfies the same relation. Therefore, to simplify further arguments, it is natural to introduce the

new variables
Sn—1Sn+1

2
Sn

fn:

Y

which are invariant under the action of the gauge group (2.1). In terms of the new variables, the
recurrence relation (1.4) reads

fn—lfr%fn—i—l = afn + /8 (2.2)
and {b, }>2

and MC(le) = (@mtn+1bm—n)py ne—oo- Denote by

o)/ Mmi,ma,..., M 1 mi1, Mo, ...,M
MC(Lb) 1,772, s Mk and Méb) 1,772, s Mk
’ niy, N2, ..., Nk ’ ni, N2, ..., Nk

Given two sequences {a, }02_ _ oo, define the matrices MC(LOb) = (amnbm—n)men=—co

the finite submatrices of M éob) and MY respectively, that are composed of the elements in columns

a,b’
with numbers myq, ..., my and rows with numbers nq, ..., n;. If we allow the parameters mq, ..., m;
and nq,...,n to take half-integer values simultaneously, then the matrices will be related by the
equality
1 1 1
M(O) mp+s5,mMa+35,...,Mpg+ 3 _ M(l) (ml,mg,...,mk>
PN\ i+ i+ L @b\ ni,ng, ... n
Set

0,1 mi,ma,..., M 0,1 mi,mo,...,M
Dé[;) 1,172, s UL :detMéb’ ) 1,712, s UL ]
) ny,nNa,..., Nk ) ny,na,...,Ng

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 305 2019



308 A. V. USTINOV

A key to the proof of the properties of the Somos-4 sequence is that this sequence has a first
integral, i.e., a shift-invariant quantity

1 B
Tn = fufn +a< + >+ : 2.3

! fn fnt1 Infnt1 ( )
which was found in [20, pp. 161-162] (see also [8, 9]). The explicit form of this first integral can be
obtained as follows. Assuming that Theorem 3.7 (see below) holds, we know that the rank of each

of the matrices Ms(g) and Ms(}s) is 2. Therefore, the equalities

Dg?s <m17 ma, m3> _ Dg s) <m17 ma, m3> =0 (24)

ni,n2,n3 ni,n2,n3

must hold for any integers my, ma, ms and nqy, ng, ng. The simplest of equalities (2.4) that needs
to be substantiated is the equality D§12 (121%(2)) = 0. By equivalence transformations, it can be
reduced to .

§5892 S4S83

(T,, — Ty) = 0.
8481 S3S2

ﬁsnsn—i-l

Therefore, if formulas (2.4) are indeed valid, then 7, must be independent of n. Having found
the explicit form of the first integral, one can prove its invariance using the basic recurrence rela-
tion (1.4).

Lemma 2.1. The sequence {f,} defined by the recurrence relation (2.2) has the first integral

1 p
r= fnfn+1 +a<fn * fn+l> " fnfn-i—l . (2'5)

Moreover, for any integer n,

T = fn(fn 1 +fn+1) (2.6)

fn

For completeness, we present a proof of this assertion (see [20, §|).

Proof. Dividing the equalities
fn—lanan —af,=p8= fnf§+1fn+2 —afprt

by fnfn+1, we ﬁnd
B «
o T Tofn et

Adding the terms f, fn+1 + @(1/fn + 1/ fnt1) to each of the expressions obtained, we arrive at the
relations

fn lfn -

fnfn 1+_+fnfn+1:Tn:fn+1fn +fn+1fn+27 (27)

I

where T, is defined by (2.3). Relations (2.7) imply that T, is independent of the number n and
that representation (2.6) is valid. O

fn+1

Remark 2.2. For f,11 = = and f,, = y, equality (2.5) reduces to the equation of an elliptic
curve,

22y — Ty +a(z+y)+ 6 =0; (2.8)

this explains the need to use elliptic functions in the formula for the general solution (1.5). The
pair (z,y) = (fn—1, fn) also satisfies equation (2.8); hence, the numbers z12 = f,+1 are the roots
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of the quadratic equation

2% f2 — 2(Tfy — @) + (afn + B) = 0. (2.9)
Thus, equalities (2.5) and (2.6) can be interpreted as Vieta’s theorem for the quadratic equa-
tion (2.9).

Below, in addition to the variables f,,, we will need other gauge-invariant variables

Sn+-28n—
h, = —nd2onml Frst fo. (2.10)
Sn+15n

Using these variables, we can rewrite the recurrence relation (2.2) as h,_1h, = af, + 3, which
allows us to express f, in terms of the elements of the sequence {h,, }:

fn= ntfn = (2.11)
a
Lemma 2.3. The elements of the sequence {hy} satisfy the relations
hn—1hphni1 = —Bhn + o + T8, (2.12)
B (B—1 + Bpy1) = —h2 + Thy, + 6. (2.13)

Proof. Using equalities (2.10) and (2.11), we rewrite formula (2.6) as

a2
T = hy,_ nt ——————. 2.14
hpn—1+h +hnhn_1—6 (2.14)

This equality is equivalent to the fact that the quadratic equation
22hy 4 2(h2 — B —Thy) + (a* + TS — Bhy) =0 (2.15)

has a root z = h,,_;. Replacing n by n + 1 in (2.14), we find that the second root of equation (2.15)
is z = hpy1. Equalities (2.12) and (2.13) are a consequence of Vieta’s theorem applied to equa-
tion (2.15). O

The recurrence relation (2.12) differs little in form from equation (2.2). Below we will need the
following analog of Lemma 2.1 for sequences defined by the formula

Pt hnhni1 = Ghy + B. (2.16)
Lemma 2.4. The sequence {hy} defined by the recurrence relation (2.16) has the first integral

1 1 B

T=h,+h,1+al — . 2.17
+ ! +a<hn * hn—l) * hnhn—l ( )
Moreover, for any integer n,

T = hp_1 4 hy + hpy1 + hg (2.18)

Proof. Dividing the equalities
hn—2hn—1hn - &hn—l = g = hn—lhnhn+1 - &hn

by hn_1h,, we obtain

a I} a

P S c A N
2 hn hn—lhn i hn—l
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Adding hy—1 + hy + a(1/hy—1 + 1/hy,) to each of the expressions obtained, we arrive at the relations

Q ~ a
hn—2+hn—1+hn+ = n:hn—1+hn+hn+1+_a
hp—1 hy

(2.19)

where T}, denotes the right-hand side of (2.17). Relations (2.19) imply that T}, are independent of
the number n and that representation (2.18) is valid. [

Remark 2.5. Lemma 2.4 implies, in particular, that equality (2.13) is a consequence of rela-
tion (2.12).

3. THEOREM ON THE RANK OF A MATRIX

Proposition 3.1. Suppose that «, B, and T are algebraically independent over the field of
rational numbers. Then the rank of the matrix Még) 1s at most 2.
Proof. Let us show that the kth column of the matrix M, s(f)s), where k is an arbitrary integer,

can be represented as a linear combination of the zeroth and first columns. To this end, we construct
two sequences {cg}72, and {dj}72 such that

SntkSn—k = CkSni1Sn_1 — dps>. (3.1)
Introduce the new variables
Sn+kSn—k
F" = St (3.2)
n

In particular, Fon) =1, Fl(n) = fpn, and Fz(n) = afn, + 8. Then equality (3.1) can be rewritten as
F™ = epfo — dp. (3.3)

Since F, ,gn) = FET,?, it suffices to restrict the analysis to nonnegative values of k. It is obvious that
equality (3.3) will hold for k =1 and k = 2 if we set

(G 1, d1 = 0, Co = (&, d2 = —ﬁ.

Given the values of ¢x_1, dig_1, ¢k, and di, one can find the coefficients cpy1 and dj,1 using the
equality

n—1 n+1
V)

) "

)

which follows from the definition (3.2).
Let us transform this equality with the help of (3.3):

(e fnor = di)xToss =) o G fnr SR fors — i f2 (a1 + fur1) + A3 f2
Ch—1fn — dr—1 " Ch—1fn — dp—1 '

Cht1fn — dp1 =

Applying relations (2.2) and (2.6) to the right-hand side,

ofn+ B) — cpdi(Tfn — @) + di f2
Ck:—lfn - dk—l 7

Cht1fn — dp1 =

we see that the equality F,gi)l = Cg11fn — dg11 is equivalent to

A2 f2 + cp folacy — Tdy,) + cx(Ber, + ady) — (chi1 frn — dis1)(Cho1fn — dp—1) = 0.
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Equating the coefficients of all powers of f,, to zero, we obtain an overdetermined system of equations
with unknowns ci41 and dgq:

Ck4+1Ck—1 = d2, (34)
Ch—1dpt1 + chr1dp—1 = —cp(acy — Tdy), (3.5)
di_1dg+1 = Ck(,BCk + adk). (36)

For k = 2, the last equation degenerates and the values c3 = % and d3 = —a(a? + T3) are
determined from the first two equations. For k > 3, we need to show that system (3.4)—(3.6) is
consistent. We will assume that the values of ¢xy; and diy; are determined from equations (3.4)
and (3.6), i.e.,

d2 Ck(,BCk + Otdk)

— _k dpq = 22 7 RS 3.7
Ck+41 Ck—17 k+1 A1 ( )

Substituting them into equation (3.5), we obtain the consistency condition for the system,

1 1

Ik—19k + a(— + —> + F__ T, (3.8)
Jk—-1 Gk Ik—19k

where gy = d./ck,. The equalities go = —/a and g3 = —a(a? + T3)/3? imply that (3.8) holds for

k = 3. Dividing the second equality in (3.7) by the first, we find that the sequence {gi} satisfies a

recurrence relation that coincides with the recurrence relation for the elements of the sequence { fx }:

Gk—1950k+1 = gy + B

Therefore, the validity of (3.8) follows from Lemma 2.1.

To complete the proof of Proposition 3.1, we should show that the sequences {c} and {dj}
are well defined by the recurrence relations (3.7). As pointed out above, the sequence s, = n is a
Somos-4 sequence and satisfies the recurrence equation $,498,—2 = 48p4+150-1 — 38%. It satisfies
relation (3.3) for ¢, = k? and dj, = k? — 1. Therefore, the elements of the sequences {c;} and {d}}
calculated by formulas (3.7) are rational functions of «, (3, and T that are different from the
identical zero. Thus, the algebraic independence of «, 3, and T' guarantees that the elements of the
sequences {cx} and {dj} (except for d; = 0) do not vanish and hence can indeed be calculated by
formulas (3.7). O

The sequence {f,,} was initially constructed using the sequence {s,,}. Therefore, an analogous
sequence {g,} should also correspond to some Somos-4 sequence, which we will denote by {w,}
(it will be clear from further considerations that this is the elliptic divisibility sequence mentioned
above). The equality g = wi_1wiy1/ wz implies that for fixed values of gr = dj/ck, the elements
of the sequence {w,} are defined uniquely up to multiplication by a geometric progression. The
elements of the sequence {w,, } take the simplest form if we assume that w,2g = ¢ and wg_1wi1 = di
(k=1,2,...). Then, based on the initial conditions wywy = 0, w% =1, and w% = q, it is natural
to choose the first elements of the sequence as follows:

wo = 0, wy =1, wy = —+/a. (3.9)

The other elements are uniquely determined from the equality wy_jwg+1 = di (k= 2,3,...). For
example,

wy=—f,  wi=va(@®+Th), ws=p —a’(a®+Tp). (3.10)
Remark 3.2. In terms of the sequence {wy,}, equality (3.3) can be written as
w%anrksn_k = w%SnJ’_lSn_l — wk+1wk_1s,21, (3.11)
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which coincides with the first formula in (1.10). Formula (3.11) can also be applied, in particular,
to the sequence s, = w,. Therefore,

w%wmrkwn_k = w,%wnﬂwn_l — wk+1wk_1wz. (3.12)
Substituting first £ = 0 and n = 1 into this formula, we find that w_; = —1. Setting then n = 0, we

find that for negative numbers the sequence {w,, } should be defined in an odd manner: w_,, = —w;,.

Remark 3.3. The factor w? = 1 in the recurrence relation (1.8) is added to ensure that
the sum of squared indices in each term is the same. This condition also holds for other “addition
theorems” for Somos sequences (see formulas (1.10), (4.1), and (4.4)—(4.6) below). This is associated
with the origin of the Somos sequences (see Somos’s notes [19]).

Proposition 3.4. Let numbers «, 5, and T be algebraically independent over the field of ra-

tional numbers. Then the rank of the matrix Mé}s) 15 at most 2.

Proof. Just as in the proof of Proposition 3.1, we show that the kth column of MS(}S), where k
is an arbitrary integer, can be represented as a linear combination of the zeroth and first columns.
To this end, we produce two sequences {uy}3> _ and {vx}32 __ such that

Sn+k+1Sn—k = UgSn+25n—1 — VgSnSn+1- (3-13)
Obviously, it suffices to take
ug = 0, v = —1, up = 1, v =0

as the initial conditions. Equality (2.12) means that us = —3 and v = —(a? + T3).
Introduce the new variables
Gl(cn) _ Sntk+1Sn—k (3.14)
SnSn+1

In particular, Gén) =1, ng) = hy, and Gén) = hp_1hphnyr = —Bhy, +a? +TB. Then equal-
ity (3.13) can be rewritten as

G = wph,, — vy (3.15)

Since G(_n,z = G,(gn_)l, to prove the lemma it suffices to define {uy} and {vy} for nonnegative values
of k and set u_p = ugp_1 and v_j = vp_q1 (k> 1).

Given the values of ug_1, vg_1, ug, and vg, we find the coefficients uxiq1 and vi,q1 from the
equality

which follows from the definition (3.14). Let us transform this equality with the help of (3.15):
(Ukg1hn — Vkg1) (Ug—1hn — Ve—1) = (Uphn—1 — V&) (Urhni1 — Vi) .
Using formulas (2.12) and (2.13), we can reduce this equality to
h2 (w1 tp—1 — wkvg) — B (W11 + Wp—1Vp41 — Bui — wpopT + v7)
+ ('Uk_l'l)k_l,_l —u2(a®+TP) + ukvkﬁ) =0.

Equating the coefficients of all powers of h, to zero, we obtain an overdetermined system with
unknowns w11 and vgy1 (kK > 2):

Uk+1Uk—1 = ULV, (3.16)
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Uk+1Vk—1 + Uk—1Vk1+1 = ﬁui + upvpT — v,%,, (3.17)
Vp—1Vkt1 = u%(oz2 + T5) — upvg . (3.18)

Substituting the values of ug11 and vgy; expressed from (3.16) and (3.18) into equation (3.17), we
obtain the consistency condition for the system,

11 B
Ek—1&k + a(a + f_k> + Gobn T, (3.19)
with & = v /ug. In particular,
¢ a2+ Tp ¢ -} +T8)
S TR )

therefore, equality (3.19) holds for ¥ = 3. Dividing (3.18) by (3.16), we arrive at the recurrence
relation for the elements of the sequence {&}:

Er1€pEr1 = —B& + a2 + TB. (3.20)

This relation coincides with (2.16) for @ = — and 5 = o2 + Tf. Thus, the validity of formula (3.19)
(and, hence, the consistency of system (3.16)—(3.18)) follows from Lemma 2.4.

The fact that the sequences {uy}3> . and {v}72 _ are well defined by the recurrence rela-
tions (3.16) and (3.18) (i.e., no division by zero arises) is verified in the same way as in the proof of
Proposition 3.1. [

Remark 3.5. The elements of the sequence {h,} are constructed on the basis of the Somos
sequence {sp} by formula (2.10). Therefore, the sequence {&,} should also correspond to some
Somos-4 sequence. It turns out that this is the same sequence {w,} that was described in Re-
mark 3.2. For k = 2,3, the equality & = wg_1wgio/wrwis1 is a consequence of (3.9) and (3.10),
and for k > 4, it follows from the coincidence of the recurrence relations (2.16) and (3.20). Thus,
equality (3.13) can be rewritten as

WIW2Sn+k+1Sn—k = WWk+1Sn+25n—1 — Wk+2Wk—1SnSn+1, (3.21)

which coincides with the second formula in (1.10). In particular, for s, = wy,,

WIW2Wn k1 Wn—k = WEW41Wn42Wn—1 — Wk42Wk—1WnpWp41- (3.22)

Thus, the elements of the sequences {uy} and {vy} that appear in the proof of the proposition have
the form
Wrw Wy 9 W —
wp = k k+1, v = k+2 kl'
W1W9 W1W9

Remark 3.6. As shown in [11], formulas (3.12) and (3.22) imply that wa,_1 € Z[a?, 3, 1] and
wap € VaZ[a?, B,1], where I = a? + BT. Therefore, the sequence {w,,} is uniquely defined by the
triple of parameters (a, 8,7). In particular, this implies that for the shifted sequence s,, = s, the
sequence {wy,} will be the same.

Theorem 3.7. The rank of an arbitrary Somos-4 sequence different from sequence (1.3) is 2.

Proof. In the case where «, 5, and T are algebraically independent over the field of rational
numbers, the theorem follows from Propositions 3.1 and 3.4. In the general case, the algebraic
relations (3.11) and (3.21), which express the linear dependence of the columns of the matrices

Ms(g) and MS(,IS), remain valid due to continuity arguments. [
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4. ADDITION THEOREMS

Formulas (3.11) and (3.21) are particular cases of a more general addition theorem.

Theorem 4.1. Let numbers k, I, m, and n be simultaneously integer or half-integer. Then
Sk 1SmanWk—1Wm—n + SkinSltmWk—nWl—m — SktmSlnWk—mWi—n = 0. (4.1)
In particular,
W I Wit n Wh— Wi —n, + Wkt nWitm Wk —nWi—m — WhtmWi+nWk—mWi—n = 0. (4.2)
Proof. First, consider the case when k 4+ 1+ m +n =0 (mod 2). Passing to the parameters

kE+l+m+n
@= ————
2

:k+l—2m—n’ C:k—l—l—m—n, d:k—l—m+n’ (4.3)

b
’ 2 2

we can rewrite equality (4.1) as

Sa+bSa—bWet+dWe—d T Sa+dSa—dWh+cWh—c — Sa+ecSa—cWht+dWh—d = 0. (44)

To check the validity of this equality, it suffices to apply formulas (3.11) and (3.12) to all products
of the form s, 45,y and wyyw,_y, respectively.

Now, consider the case when k + 1+ m +n = 1 (mod 2). The change k& — k + 1 reduces
formula (4.1) to

Sk+l+18mAnWk—14+1Wm—n + Sk4+n+1S1+mWk—n+1Wl—m — Sk+m+1Sl+nWk—m+1Wl—p = 07 (45)

where k 4+ 1+ m 4+ n = 0 (mod 2). The same change of variables (4.3) allows us to rewrite for-
mula (4.5) as

Sa+b+18a—bWetd+1We—d + Satd+1Sa—dWhtce+1Wh—c — Satet+1Sa—cWhtd+1Wh—d = 0. (46)

Just as in the previous case, to complete the proof it remains to apply formulas (3.21) and (3.22)
to all products of the form s,4y115,—y and wyyy41Wz—y, respectively. [

Remark 4.2. Equality (4.1) can be rewritten as

0 miy, ma _
D£,1)0< ny,no > = Smi+maSni+neWmy—meWni—ny- (4'7)
9

Particular cases of this formula are given by relations (1.10).

Proposition 4.3. For any integer or simultaneously half-integer mq, mo, ms, ni, no, and ng,

0) ( M1,M2, M3\
DY) =0.
ni,n2,n3

In particular,

DO <m1,m2,m3> —0

w,w
ni,n2,n3

Proof. Let us expand this determinant along the first row:

my, Mg, m3 (0) { M2, M3 (0) (M2, M3
DO ’ =5 Wyny —na D -8 Wyny —no D
S, w ni,n9, N3 mi1+n1 Wmi—n1 s w N, N3 mi1+n2 Wmi—n2~sw ni,ns

0) [ M2, M3
+ Smi1+n3zWm, —nngﬂZ} :
ni,n2
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Applying formula (4.7) to the determinant of each 2 x 2 matrix, we arrive at the equality

DO <m17 m2,ms3

=S 2 Wimo—ma | S Wi —nq S 2 Who—
S,w ma+m3 ®¥ma—m3 \°mi1+n1 Ymi—ni°ona2+n3z Yna—ng3
’ ni,n2,n3 > (

= Smi+naWmy—noSny+nzWni—nz T Smy+nz Wmy —n38n1+n2wn1—n2)'

The expression in parentheses vanishes by formula (4.1). O

Remark 4.4. According to Proposition 4.3, the matrix Még;,l) has rank 2. Hence, all of its
4 x 4 submatrices have zero determinant. Therefore, equality (4.1) can be understood as the
vanishing of the Pfaffian of the degenerate skew-symmetric matrix

0 SkHWk—1  Sk+mWk—m  Sk+nWk—n
MO </€, l,m, n> _ | srwi-k 0 SlymWi—m  Sl+nWi—n
k: l7 m,n Sm+kWm—k  Sm+lWm—| 0 SmAnWm—n
Sn+kWn—k  Sn+iWn—] Sn+mWn—m 0

Equalities (4.1) and (4.2) can be regarded as analogs of the Weierstrass three-term identity
ok + ok —lo(m+n)o(m—n)+o(k+n)o(k—n)o(l+m)o(l —m)
—o(k+m)o(k —m)o(l+n)o(l—n) =0,

which can also be understood as the vanishing of the Pfaffian of the degenerate skew-symmetric
matrix

0 olk+Do(k—1) ok+m)o(k—m) o(k+n)o(k—n)
o(l+k)o(l —k) 0 ol+m)a(l—m) o(l+n)o(l—n)
om+k)o(m—k) om+1o(m—1) 0 o(m+n)o(m —n)

on+k)on—k) on+lon—-10) on+m)o(n—m) 0

Lemma 4.5. Let a, b, and ¢ be integers and a4+ b+ c= N. Then
2
SaShSCWNWN_1W] = SN—150S1WIWN—qWN_pWN —¢

+ SN (s%wa_lwb_lwc_l - Sls_lwawbwch_l). (4.8)

Proof. Since the equalities a+b =1, a+c¢ =1, and b+ ¢ = 1 cannot hold simultaneously, we
can assume in what follows that a +b — 1 # 0.
Substituting the values k = (u —t)/2, n = —k, m =v+k, and | = u — k into (4.1), we obtain

SuSvWytv—tWt = Sytv—tStWyWy — Sy40vS0Wy—tWy—t-
In particular, for ¢t = £1,
SuSyvWytoF1W+1 = SyutvFlS£1WyWy — SytuSoWyx1 Wy

Applying the above formula successively to the products sgspwerp—1W1, SeSatb—1WatbtcW—1, and
S¢SatbWatbte—1w1, we find

2
S$aShScWa+b—1Watb+cWatbt+c—1W) = ScWat-btcWatbtc—1W1 (Sa+b—181wawb - 3a+b30wa—lwb—1)
2
= SNWarth—1 (SFWa—1Wh—1Wer 1WN — 5151 WaWpWWN—1)

+ SN—1Wa+55051 (WaWpWet 1WN—1 — Wa—1Wh—1 WWN ) -
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The expression in parentheses in the last row can be transformed with the help of (4.2) to the
form wiwatcWptcWqrp—1- Reducing the resulting equality by the factor w,ip—1 # 0, we arrive at
equality (4.8). O

Note that the same elliptic divisibility sequence {w,} may correspond to different Somos-4 se-
quences {s,} and {s,}. As pointed out above, this may happen if the sequences {s,,} and {3, } have
the same set of parameters (o, 3,T). An equivalent condition is that the same elliptic curve (2.8)
corresponds to both sequences. Such pairs of sequences can also be viewed (see [4]) as solutions of
the bilinear recurrence relations

Sp425n—2 = Q1 Sp4+15n—1 + B15n5n, Sp—25n4+2 = 02Sp—15n+1 + $25n5n.

Theorem 4.6. Suppose that one sequence {w,} corresponds to two Somos-4 sequences {sy}
and {sp}. Then, for any integer or simultaneously half-integer k, 1, m, z, y, and z, the determinant

©) (k,1,m hes:
Ds,g( o ) vanishes:

Sk+xzSk—z  Sk+ySk—y  Sk+25k—2z
Si4aSl—a Sl+y§l—y 514281 | = 0.

Sm+zSm—z  Sm+ySm—y Sm+zSm—z

Proof. Assume that the number N = k+ 1+ m + 2 + y + z is different from zero and one.
Otherwise, we can shift the numbering of the sequence {5,} (pass to 5, = $,,4; see Remark 3.6)
in such a way that this condition is indeed satisfied. Let us write the determinant D(0~)( ';ly”;’

$,8 ) as
the sum

5k+w5l+y3m+z§k—m§l—y§m—z +...

and multiply the resulting expression by wz2va2V—1 # 0. Then we can apply formula (4.8) to each
factor of the form wNwWN_15k42514ySm+> and WNWN_15,—25]—ySm—-. In the expression obtained,
we combine all terms containing the same powers of sg, S+1, SN, SN—1, S0, S+1, SN, and Sy_1. Then
each of the arising coefficients has the form Dq(l?,)w(%i:g;’gg) and vanishes by Proposition 4.3. For

example, the coefficient of sys35n3¢ is equal to

k‘—l,l—l,m—1>

0
Wg 42— 1W4y—1Wm+t2—1Wk—z—1W]—y—1Wm—2—1 +...= DSU,)1U< T,y 2
b b

The coefficient of sys2SnS_13; is
0

0) k:—Nl,l—Nl,m—Nl
W4-2—1W4y—1Wm+42—1WN —(k—2) WN - (I—y) WN — (m—2z) +...= ww\ x4+ Ny,y+ Ny, z + Ny =0,

where Ny = (N —1)/2, and so on. [
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