CHAPTER 9
Section 9.1

1. In Figure 9.1.2, computer b can communicate with all other computers. In Figure 9.1.3, there are roads to and from city b to all other cities.
In Figure 9.1.4, there is a door connecting room b to every other room in the house (including the outside).

3.

Start

«ﬁqih/
(™

c

5. No, the maximum number of edges would be @ =28.

7.(a) C(n, 2) = @
(b) n — 1, one edge for each vertex except the champion vertex.
Section 9.2

A Exercises
1. Estimate the number of vertices and edges in each of the following graphs. Would the graph be considered sparse?
(a) A rough estimate of the number of vertices in the "world airline graph" would be the number of cities with population greater than or equal
to 100,000. Using the Wolfram CityData function we can get this number:
CityData[All] // Select[#, CityData[#, "Population"] >= 10”5 &] & // Length

4257

There are many smaller cities that have airports, but some of the metropolitan areas with clusters of large cities are served by only a few
airports. 4000-5000 is probably a good guess. As for edges, that's a bit more difficult to estimate. It's certainly not a complete graph.
Looking at some medium sized airports such as Manchester, NH, the average number of cities that you can go to directly is in the 50-100 range.
So a very rough estimate would be w =168750.

(b) The number of ASCII characters is 128. Each character would be connected to 8 others and so there are 1288

=512 edges.

(¢) The Oxford English Dictionary as approximately a half-million words, although many are obsolete. ~Mathematica has a words database
that is a bit less comprehensive, yet it isn't trivial. The nice thing about using the Wolfram data is that the number of vertices and edges can be
counted. Here is the number of words and hence the number of vertices in the graph:

WordData[All] // Length
149191
And here are the number of edges, determined in a not necessarily efficient manner.
(Length[WordData[# ~~ __ , "Lookup"]] & /@WordData[All]) // Apply[Plus, #] &
876547

The last output took about three hours using a MacBook Pro with a 2.5 GHz Intel Core 2 Duo Processor. It should also be pointed out that
Wolfram's choice of "words" doesn't match the OED or a Scrabble player's dictionary. For example, "1900s" and "18-karat gold" are
included among the list of words. Nevertheless, the number we have here are good ballpark estimates for most most interpretations of the
"English words."

3. Each graph is isomorphic to itself. In addition, G, and G4 are isomorphic; and G3, G5, and Gg are isomorphic.

Section 9.3
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k 123456
Vlk]Jfoond T T T F F T '
" Viklfrom 2 5 6 x % 5 (+ = undefined)
DepthSet 2 1 2 s % |1

1) (n-2)

3. If the number of vertices is n, there can be WT vertices with one vertex not connected to any of the others. One more edge and connectiv-

ity is assured.

5. Basis: (k = 1) Is the relation r'defined by vr! w if there is a path of length [ from v to w? Yes, since vrw if and only if an edge, which is a path
of length [, connects v to w.

Induction: Assume that v* w if and only if there is a path of length k from v to w. We must show that v/**! w if and only if there is a path of
length k& + 1 from v to w.

v** 1y = vr* y and yrw, for some vertex y. By the induction hypothesis, there is a path of length k from v to y. And by the basis, there is

a path of length one from y to w. If we combine these two paths, we obtain a path of length k + 1 from v to w. Of course, if we start with a path
of length k+ 1 from v to w, we have a path of length k from v to some vertex y and a path of length / from y to w. Therefore,

vk y and yrw = vrkt!

Section 9.4

1. Using a recent road map, it appears that a Eulerian circuit exists in New York City, not including the small islands that belong to the city.
Lowell, Massachusetts, is located at the confluence of the Merrimack and Concord rivers and has several canals flowing through it. No Eulerian
path exists for Lowell.

3. Gray Code for the 4-cube:

w n

0000
0001
0011
0010
0110
0111
0101
0100
1100
1101
1111
1110
1010
1011
1001
1000
5. Any bridge between two land masses will be sufficient. To get a Eulerian circuit, you must add a second bridge that connects the two land
masses that were not connected by the first bridge.

7. Theorem: Let G =(V, E) be a directed graph, G has a Eulerian circuit if (a) G is connected and (b) indeg(v) = outdeg(v) for all v in V.
There exists a Eulerian path from v, tov, if (a) g is connected and (b) indeg(v) = outdeg(v;) — 1, indeg(v,) = outdeg(v,) + 1 and for all other
vertices in V the indegree and outdegree are equal.

Gy =

9. A round-robin tournament graph is rarely Eulerian. It will be Eulerian if it has an odd number of vertices and each vertex (team) wins exactly
as many times as it loses. Every round-robin tournament graph has a Hamiltonian path. This can be proven by induction on the number of
vertices.

Section 9.5

1. The circuit would be Boston, Providence, Hartford, Concord, Montpelier, Augusta, Boston. It does matter where you start. If you start in
Concord, for example, your mileage will be higher.

3. (a) Optimal cost =2 \/? .
Phase 1 cost =2.4 \/?

Phase 2 cost =2.6V2 .
(b) Optimal cost =2.60.
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Phase 1 cost = 3.00.

Phase 2 cost2\/? .
(c) A=(0.0, 0.5), B=(0.5, 0.0), C=(0.5, 1.0), D=(1.0, 0.5)

There are 4 points; so we will divide the unit square into two strips.

Optimal Path: (B, A, C, D) Distance =2V2
Phase I Path: (B, A, C, D) Distance =2V 2
Phase II Path: (4, C, B, D) Distance =2 + V2

(d A=(0,0), B=(0.2,06), C=(04,0.1), D=(0.6,0.8), E=(0.7,0.5)

There are 5 points; so we will divide the unit square into three strips.

Optimal Path: (A, B, D, E, C) Distance = 2.31
Phase I Path: (A, C, B, C, E) Distance = 2.57
Phase II Path: (A, B, D, E, C) Distance = 2.31

5.) flc,d)=2, f(b,d)=2, f(d,k)=5, fla,g) =1, and f(g, k) = 1.
(b) There are three possible flow-augmenting paths.

s, b, d, k with flow increase of 1.

s, a, d, k with flow increase of 1, and

s, a, g, k with flow increase of 2.

(c) The new flow is never maximal, since another flow-augmenting path will always exist. For example, if s, b, d, k is used above, the new
flow can be augmented by 2 units with s, a, g, k.

7. (a) Value of maximal flow =31.
(b) Value of maximal flow = 14.
(c) Value of maximal flow = 14.

One way of obtaining this flow is:

Step Flow — Augmenting Path ~ Flow Added

1 Source, A, Sink 2
2 Source, C, B, Sink 3
3 Source, E, D, Sink 4
4 Source, A, B, Sink 1
5 Source, C, D, Sink 2
6 Source, A, B, C, D, Sink 2

9. To locate the closest neighbor among the list of £ other points on the unit square requires a time proportional to k. Therefore the time required

for the closest-neighbor algorithm with n points is proportional to (n — 1) + (n — 2) + --- + 2 + 1, which is proportional to n?. Since the strip
algorithm takes a time proportional to n (log n), it is much faster for large values of n.

11. LetP = Py, P,, ..., P, be a set of points in the unit square. If S is a subset of P, define min (S) to be the point in S with smallest x coordi-
nate. If there is a tie, select the point with smallest y coordinate.

Matching Algorithm:
1. §:=P
2. While S # @ Do
2.1 v :=min(S)
2.2 w:= closestpointtovinS — {v}
2.3 pairupvandw
24 §:=85—{v, w}

Although this could be classified as a closest-neighbor algorithm, there is a better one, but it is more time-consuming.
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Section 9.6

1. Theorem 9.6.2 can be applied to infer that if n = 5, then K, is nonplanar. A K; is the largest complete planar graph.
3.(@3b)3 (©3 @3 (2 (4
5.n

7. Suppose that G' is not connected. Then G' is made up of 2 components that are planar graphs with less than & edges, G; and G,. For i = 1 and
2, let v;, r;, and e; be the number of vertices, regions and edges in G;.

By the induction hypothesis:
vitri—e =2
and vy + 1 —ep =2

One of the regions, the infinite one, is common to both graphs. Therefore, when we add edge e back to the graph, we have
r=ri+rn—-1,v=vi+v,, ande=e; +e, + 1.
vdr—e+(vi+v)+ i +mn-1)—(eg+e+1)

=(vi+tri—e)+(a+rn—e)-2

=2+2-2

=2 ]

n(n

. . -1 . . -1 . . .
9. Since |E|+ E‘ = M, either Eor E€ has at least T) elements. Assume that it is E that is larger. Since

2
3n—6 for n =11, G would be nonplanar. Of course, if E is larger, then G' would be nonplanar by the same reasoning.

- .
"("4—) is greater than

11. Suppose that (V, E) is bipartite (with colors red and blue), |E| is odd, and (v, v2, ..., V2,41, v1) is @ Hamiltonian circuit. If v is red, then
vz 41 Would also be red. But then {v, .1, v{} would not be in E, a contradiction.

13. Draw a graph with one vertex for each edge, If two edges in the original graph meet at the same vertex, then draw an edge connecting the
corresponding vertices in the new graph.

Supplementary Exercises—Chapter 9

1. Graphs G| and G, are isomorphic. One isomorphism between them is {(a, e), (b, h), (c, f), (d, g)}. To see that G5 is not isomorphic to the
other two notice that k and j are not connected by an edge while in G, and G, every pair of vertices is connected.

3.(a) {a, e} is a maximal independent set in Figure 9.1.2.

(b) (By contradiction) Assume that W is a maximal independent set in G. If V is not connected to any vertex, W | {v} is independent, and since
this is a larger set, W is not maximal.

(c) A single vertex is maximal; no larger set can be independent.

5.(a)

Mexico

N

Belize

/

Guatemala _
Honduras

ElSalvador \
Nicaragua

CostaRica

Panama

(b) (Mexico, Guatemala, Belize, Nicaragua, Costa Rica, Panama)
(c) This path could be a list of the countries that you would go through in your trip.

7. (a) If one source s exists, then (s, v) is on the edge of the round-robin tournament graph for each vertex v different from s. Therefore no other
vertex could be a source. By similar reasoning, only one sink can exist. In a round-robin tournament, only one team can be unbeaten and only
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one can be winless.
(b) If |V| =n, outdeg (source) = indeg (sink) = n— 1

(c) Let V ={v, va, ..., v,}. The following graph demonstrates that p /\ = g is possible. Similar graphs can be drawn for the other situations.

k 1 2345467289
Viklname a b ¢ d e f g h i

9. Vlklfound T T T T T T T T T
Vlk]Jfrom 4 1 5 5 1 3 5 5 6
depth set 312213224

11. G, is randomly Eulerian from no vertex, yet it is Eulerian.
G, is randomly Eulerian from only vertex 1.
G35 is randomly Eulerian from only vertices 1 and 2.

G, is randomly Eulerian from every vertex.
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Gy

LN
VAN

G;3 Gy

13. Addition of edges to E will certainly not decrease the degrees of each vertex. After adding some edges to E until no more can be added

without allowing a Hamiltonian circuit, select e = {v;, v,} not in the new, larger E. Since a Hamiltonian circuit exists in (G, E | {e}), there is a
path in G that visits every vertex in the order vy, v;, ...v,. Now for 2 <i <n, if {v, v;} € E, then

Not both of the thicker red edges can be in E.

{vi_1, va} & E, for otherwise, (vi, V2, ..., Vi_1, Vi, Vs> Vu1, -.-, Vi, V1) is @ Hamiltonian circuit.

Since {vi, vi} € E=> {vi_1, vy} € E & = ({v1, vi} € E and {v;_1, v,} € E), no more than n — 1 of the possible edges that connect v; and v, to other
vertices could be in E, even after adding edges to E. Therefore, for the original graph, with {v;, v,} ¢ E, deg v, + degv, < n, a contradiction.

15.@) fb,d)=flc,d)=fla,9)=fy, D=1, fd, =2, V(f)=3.

(b) One flow-augmenting path is (s, a, g, t), which increased the flow value by 1, to 4. (A second one is (s, b, d, a, g, t).)
(¢) The new flow is maximal since its value is equal to the sum of capacities into the sink.

17(a) (A, D, F,E, C, B, A)

(b) Starting at any city, it would take n — 2 seconds to decide where to go first. Then it would take n — 3 seconds from the next step, and so on.
The total time would be

nm-2)+m-3)+---+2+1+0= l—seconds
2 (n-2) (n—1)

1 .
oyt seconds, when 7 is large.
n
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19.

] CHAPTER 10

Section 10.1
1. The number of trees are: (a) 1, (b) 3, and (¢) 16. The trees that connect V, are:

e SN ya
\S \S \S/ S
a SN A SN
S/ S S/ S/
N \. \ N
\S/ S S/ S/

3. Hint: Use induction on |E|.

5. (a) Assume that (V, E) is a tree with |V| = 2, and all but possibly one vertex in V has degree two or more.
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2|E| = Ydeg(v) =2|V| -1
veV

or |E|= V| = 3 = |E| = |V| = (V, E)is not a tree.
(b) The proof of this part is similar to part a in that we get 2 |[E| = 2 |V| — 1, since a tree that is not a chain has a vertex with degree three or more.
Section 10.2

1. It might not be most economical with respect to Objective 1. You should be able to find an example to illustrate this claim. The new system
can always be made most economical with respect to Objective 2 if the old system were designed with that objective in mind.

3. In the figure below, {1, 2} is not a minimal bridge between L = {1, 4} and R = {2, 3}, but it is part of the minimal spanning tree for this graph.

}‘l
AT
N
T —’Q/ |
|

solution are:

5, (a) Edges in one
{8, 7}, {8, 9}, {8, 13}, {7, 6}, {9, 4}, {13, 12}, {13, 14}, {6, 11}, {6, 1}, {1, 2}, {4, 3}, {4, 5} {14, 15}, and {5, 10}

(b) Vertices 8 and 9 are at the center of the gr h Starting from vertex 8§, a minimum diameter spanning tree is
{{8, 3}, {8, 7}, {8, 13}, {8, 14}, {8, 9}, {3, {13, 12} {13, 19}, {14, 15}, {9, 16},
{9, 10}, {6, 1}, {12, 18}, {16, 20}, {16, 17}, {10, 11}, {20, 21}, {11, 5}}. The diameter of the tree is 7.

Section 10.3

1. Locate any simple path of length d and locate the vertex in position [d/2]on the path. The tree rooted at that vertex will have a depth of
[d /27, which is minimal.

3.
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Section 10.4

1.
(a) (b)
(d
©
(e)
Preorder Inorder Postorder
3 (@) -a+bc ab+c abc+ -
“(b) +-abc a-b+c ab-c +
(¢) +-ab-ac a-b+a-c ab-ac-+
5.
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()
(b)

7. Solution #1:
Basis: A binary tree consisting of a single vertex, which is a leaf, satisfies the equation leaves = internal vertices + 1,

Induction: Assume that for some k = 1, all full binary trees with k or fewer vertices have one more leaf than internal vertices. Now consider
any full binary tree with k + 1 vertices. Let T4 and Tg be the left and right subtrees of the tree which, by the definition of a full binary tree, must
both be full. If iyjandig are the numbers of internal vertices in T4andTp, and jsand jg are the numbers of leaves, then
ja=1ia+ land jp =ip + 1. Therefore, in the whole tree, the number of leaves = j4 + jp

=(a+D)+@Gp+1)

=(s+ig+1)+1

= (number of internal vertices) + 1

Solution #2:  Imagine building a full binary tree starting with a single vertex. By continuing to add leaves in pairs so that the tree stays full,
we can build any full binary tree. Our starting tree satisties the condition that the number of leaves (1) is one more than the number of internal
vertices (0). By adding a pair of leaves to a full binary tree, an old leaf becomes an internal vertex, increasing the number of internal vertices by
one. Although we lose a leaf, the two added leaves create a net increase of one leaf. Therefore, the desired equality is maintained.

Supplementary Exercises—Chapter 10

1. Each of the n — 1 edges of a tree contributes to the degrees of two vertices. Therefore the sum of all degrees of vertices in an n vertex tree is
2(n-1)=2n-2.
3.(a) Gyisgraceful : vi =1, v +2, v3=4

Gyisgraceful: vi=2, v =1, 3 =3, wy=4

(b) Starting at either end of the chain label the first vertex S(1) = 1 and the (k + 1) st vertex, k = 1, S(k + 1) = S(k) + k. The edge connecting the
kth and (k+ 1)st vertex is the kth edge and since (S(k+ 1)—s(k)) =k, the chain is graceful. The closed form expression for

S(kyis 1+ (k(k = 5))-

5. First, {3, 6} is added to the edge set, then {1, 2} and {3, 4}. Then {4, 6} is rejected since it would complete a cycle. This can be seen from the

forest.

Vertices 4 and 6 have the same root in this tree; hence {4, 6} is rejected. {1, 5} and {2, 3} are the final edges that complete the minimal spanning
tree. Notice that {4, 6} could have been the second edge selected. In that case, {3, 4} would be rejected.

7. The depth of the tree is four.
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9. (a)

(b) aa-2a-b-+b + is the postorder traversal of the tree. This is also the postfix version of the original expression.
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CHAPTER 11

Section 11.1

1. (a) Commutative, and associative. Notice that zero is the identity for addition, but it is not a positive integer.)
(b) Commutative, associative, and has an identity (1)
(c) Commutative, associative, has an identity (1), and is idempotent
(d) Commutative, associative, and idempotent

(e) None.Note: 2 @ (3 @ 3) = 512
Re3e3 =64

andwhilea@ 1 =a,1 @a = 1.

3.a,b e A\ B = a, b € A by the definition of intersection
= axb e A by the closure of A with respect to =

Similarly,a, b € A (\ B> axb € B. Therefore,a +b € A () B.

The set of positive integers is closed under addition, and so is the set of negative integers, but 1 + —1 — 0. Therefore, their union, the nonzero
integers, is not closed under addition.

5. Let N be the set of all nonnegative integers (the natural numbers).

(a) = is commutative since |a — b| =|b —a| foralla, b € N

(b) = is not associative. Take a = 1,b = 2,and ¢ = 3, then
(@xb)yxc=|1-2[-3]=2,and
axb=xc)=11-2-3||=0.

(c) Zero is the identity for « on N, since
ax0=la+0|=a=10-al=0=xa.

(d) a!'=a foreachaeN,since
axa=la—al =0.

(e) = is not idempotent, since, for a # 0,

axa =0 #a.

Section 11.2

1. The terms "generic" and "trade" for prescription drugs are analogous to "generic" and "concrete" algebraic systems. Generic aspirin, for
example, has no name, whereas Bayer, Tylenol, Bufferin, and Anacin are all trade or specific types of aspirins. The same can be said of a
generic group [G, *] where G is a nonempty set and = is a binary operation on G, When examples of typical domain elements can be given
along with descriptions of how operations act on them, such as Q* or M,,,(R), then the system is concrete (has a specific name, as with the
aspirin). Generic is a way to describe a general algebraic system, whereas a concrete system has a name or symbols making it distinguishable
from other systems.

3. b,d,e,and f.
10 0 1 .
5.(a) (0 | ),( _— ), abelian

I R R, F| F, F4
T |1 R R, F| F, F3
R|R R I F, F5 F

® Ry (R, I R F3 F| F,
F|\Ff, F F, T R R
F,|F, Fy Fs Ry I R
Fi|Fs Fo Fi Ry Ry 1

This group is non-abelian since, for example, F| F, = Ry and F, F; = R;.

(c)4!=24,n!
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7. The identity ise. axb = c,axc= b, bxc = a,and [V, =] is abelian. (This group is commonly called the Klein-4 group.)

Section 11.3
1. (a) fisinjective: f(x) = f(y) > axx =axy
= x =y (byleft cancellation)
fis surjective: Forall b, f(x) = b has the solution a! »b.

(b) Functions of the form f(x) = a + x, where a is any integer, are bijections

3. Basis: (n = 2) (a;*ay)”' = ay”'#a; " by Theorem 11.3.4.

Induction: Assume that for some n > 2,

(@rsays-sa) ' =a, ' wxay wa

‘We must show that

(@ 5y s %A Ane1) " =y way o ap vay”

This can be accomplished as follows:

(aysays %@, aps1)”" = ((ay xay -~ xa,)xa,.)”" by the associative law
=ap " % (ay xar % -~ xa,)”" by the basis
=ap1 " % (a, " %+ % a7  xa;™") by the induction hypothesis

1

= ape1 7 wa, " %% ay”' wa; 7! by the associative law ®

5. (a) Let p (n) be, where a is any element of group [G; «]. First we will prove that p (n) is true for all n = 0.

First, we would need to prove a lemma that we leave to the reader, that if n = 0, and a is any group element, a*a" = a" xa.

Basis: If n = 0, Using the definition of the zero exponent, (a 0y R e, while (a‘l)0 = e. Therefore, p (0) is true.

Induction: Assume that for some n = 0, p(n) is true.

(@)™ = (@"xa)™" by the definition of exponentiation
=a'%(@)™" byTheorem 11.3-4
a~'«(a")" by the induction hypothesis

= (a~1"*! by the lemma

If n is negative, then —n is positive and

= (@)

= (a~")™"™ since the property is true for positive numbers
— ( a—l)n

(b) For m > 1, let p(m) be a"" =a"«a™ for all n=1. The basis for this proof follows directly from the basis for the definition of
exponentiation.

Induction: Assume that for some m > 1, p (m) is true. Then

a™tmh = q+m+l by the associativity of integer addition

™ .a' by the definition of exponentiation

=a
(a@"+a™ =a' by the induction hypothesis

= a"«(a™+a') by associativity

= @"+a"*! by the definition of exponentiation
(c) Let p (m) be (a*)" = a™™ for all integers n.
Basis: (") = e and " = a° = e therefore, p (0) is true.

Induction; Assume that p (m) is true for some m > 0,

(@)™ = (a"Y"«a" definition of exponentiation
nm

=ad""+a" by the induction hypothesis
=qg"mtn by part (a) of this problem
= g"m+D)

Finally, if m is negative, we can verify that (¢")" = @"” using many of the same steps as the proof of part (a).
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Section 11.4

1. (a)2 (b)5 ©0
@o (e)2 ()2
(&1 (h)3

3. @)1 (b) 1 (c)m(4) = r(4),wherem = 11q + r,0 < r < 11 .

5. Since the solutions, if they exist, must come from Z, , substitution is the easiest approach.
(a) 1is the only solution, since 12+, 1=0 and 0>+, 1=1

(b) No solutions, since 02 +, 0+, 1 =1,and 1>+, 1+, 1=1

7. Hint: Prove by induction on m that you can divide any positive integer into m, That is, let p (m) be "For all n greater than zero, there exist
unique integers g and r such that. . . ." In the induction step, divide n into m - n.

Section 11.5
1. aandc

3. {I, Ry, R}, {1, F1},{I, F»},and {I, F3} are all the proper subgroups of Rj.
5. @) =(5) = Zs
(2) =& =1{2, 4,0}
(3) =1{3, 0}
0) = {0}
O =G5) =(7) =(11) =Zy»
(2) =(10) = {2, 4, 6, 8, 10, 0}
(3) =(9 =1{3,6,9,0
@) =(8)=1{4,8,0}
(6) = {6, 0}
0) = {0}
(© (1) =(3)=(5)=(7) = Zg
(2) =(6) =1{2, 4,6, 0}

4) = {4, 0}
(0) = {0}
(@) (b) (©
(1) 1) (1)
2
(2)
(2) (3) (4 3)
(4)
6
(0) © (0)

(d) Based on the ordering diagrams in parts a through c, we would expect to see an ordering diagram similar to the one for divides on
{1, 2, 3, 4, 6, 8, 12, 24} (the divisors of 24) if we were to examine the subgroups of Z,4. This is indeed the case.

7. Assume that H and K are subgroups of group G, and that, as in Figure 11.5.1, there are elements x € H — K and y € K — H. Consider the
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product x % y. Where could it be placed in the Venn diagram? If we can prove that it must lie in the outer region, H® (| K¢ = (H J K)°, then we

have proven that H |J K is not closed under * and can’t be a subgroup of G, Assume that xxy e H. Since x is in H, x™! is in H and so by
closure

xls(xsxy)=yeH
which is a contradiction. Similarly, xxy ¢ K. ®

One way to interpret this theorem is that no group is the union of two groups.

Section 11.6
1.Table of Z, X Z5 :

{0, 1} {0, 1} | {0, 2} [ {0, O} {1, 1} | {1, 2} | {1, O}

{0, 23} {0, 2} | {0, O} [ {0, 1} ({21, 2} | {1, 0} | {1, 1}

{1, 0} {1, 0} | {1, 1} [ {1, 2} [ {0, O} | {O, 1} | {0, 2}

{1, 1} (1, 1} [ (1, 2} | {1, 0} | {0, 1} | {0, 2} | {0, O}

{1, 2} {1, 2} [ {1, 0} | {1, 1} | {0, 2} | {0, O} | {O, 1}

The only two proper subgroups are {(0, 0), (1, 0)} and {(0, 0), (0, 1), (0, 2)}
3.(a) (i) a + b couldbe (1, 0)or (0, 1).
(i) a + b= (1, 1).
(b) (i)a + b = couldbe (1, 0, 0), (0, 1, 0), or (0, 0, 1).
(iDa+b=(,1,1.
(©) (i) a + b has exactly one 1.
(i)a + bhasall 1's.
5. (a) No, Oisnotanelementof Z xXZ.
(b) Yes.
(¢) No, (0, 0) is not an element of this set.
(d) No, the set is not closed: (1, 1) + (2, 4) = (3, 5)and (3, 5) is not in the set.
(e) Yes.

Section 11.7

1.(a) Yes, f(n, x) = (x, n) for (n, x) € Z x R is an isomorphism.
(b) No, Z;, X Z has a finite proper subgroup while Z x Z does not.
(¢) No.
(d) Yes.
(e) No.

(f) Yes, one isomorphism is defined by f(a|, az, as, as) = ( ar @ )

as ag
(g) Yes, one isomorphism is defined by f(a;, a) = (a1, 10%).
(h) Yes.
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(1) Yes f(k) = k(1,1).
3. Consider 3 groups Gy, G», and Gz with operations x, ¢, and o, respectively.. We want to show that if G; is isomorphic to G, , and if G is
isomorphic to G3 , then G| is isomorphic to G3.
G isomorphic to G, = there exists an isomorphism f : G; = G,

G, isomorphic to Gz = there exists an isomorphism g : G, - G3

If we compose g with f, we get the function go f : G| - G3, By Theorems 7.3.2 and 7.3.3, go f is a bijection, and if a, b € Gy,

(g°f) (axb) = g(f(axDb))
= g(f(a)< f(b)) since f is an isomorphism
= g(f(a)) og(f(b)) since g is an isomorphism
=(gof) (@) = (g°f) (b)

Therefore, go f is an isomorphism from G, into G5 , proving that “is isomorphic to" is transitive.

5. Zg,Z,X Z4 ,and Z5%1. One other is the fourth dihedral group, introduced in Section 15.3.
7. Let G be an infinite cyclic group generated by a. Then, using multiplicative notation, G = {a" | n € Z}.

The map T: G — > Z defined by T(a") = n is an isomorphism. This is indeed a function, since a" = @™ implies n = m. Otherwise, a would
have a finite order and would not generate G.

(a) T is one-to-one, since T'(a") = T(a™) implies n = m,soa" = a™.
(b) T is onto, since forany n € Z,T(a") = n.
(c) T(a"«a™) = T(a"™)

=n+m
=T(@") + T(a™)

Supplementary Exercises—Chapter 11
1. (a) With respect to V under +, the identity is a; and —a = a, —b = ¢, and —c = b.

(b) With respect to V under -, the identity is b. Inverses: b~'=b, ¢! = ¢, and g has no inverse,

(c) -is distributive over + since x - (y + z) = x -y + x- z for each of the 27 ways that the variables x, y, and z can be assigned values from V.
However, + is not distributive over - since b + (a -¢) = b, while (b + a) - (b + ¢) = a,

3. By Theorem 7.3.4 every bijection has an inverse, so o has the inverse property on S.If f € S,

fof'=flof=i = finvertsf!, or (f )= 7f.
Therefore, inversion of functions has the involution property.
5.If a and b are odd integers,a = 2j + land b =2k + 1 for j, ke Z. ab=Q2j+ 1)Qk + 1) =2Q2jk + j+ k) + 1, which is an
odd integer. Since 1 is odd and 1 + 1 is even, the odds are not closed under addition, The even integers are closed under both addition and

multiplication. If a and b are even, a =2j and b = 2k for some j, ke Z, a+ b =2j+ 2k =2(j + k), which is even, and
ab = (2))(2k) = 2(2 jk), which is also even.

7. That GL(2,R) is a group follows from laws of matrix algebra. In addition to being associative, matrix multiplication on two-by-two
matrices has an identity /, and if A € GL (2, R), it has an inverse by the definition of GL (2, R). The inverse of A is in GL(2,R) since it has an

inverse: (A" = A.
9.Ifa, b, c € R,

(axsb)yxc=(a@+b+5x*c
=a+b+5+c+5
=a+b+c+10

a = (b * c)isalsoequal toa + b + ¢ + 10, and so = is associative. To find the identity we solve a * ¢ = a for e:
axe=a > a+e+5=a = e=-—5.

If a is a real number, the inverse of a is determined by solving the equation a * x = =5;
axx=-5 2a+x+5=-5=>x=-a-10

Since a is real, —a — 10 is real, and so = has the inverse property.

11. By Supplementary Exercise 2 of this chapter, the identity for « is 2 and = is associative. All that is left to show is that * has the inverse

4 14 o . .
property. Ifa € Q* ,axx =2 = x = —;hence a~! = =, which is also a positive rational number.
a a
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13. Recall that matrix multiplication is the operation on GL(2, R).

AXB=C = XB=A"'C (multiply on the leftby A™")
= X = A7' C B! (multiply on the right by B~")

1 1 1 1
o2 Oz 2o °
- 1 1\lo 1 1 - 11
0 - -1 - =
3 2 6 3

15. (@ 1 (b) 4 ©0 (@3
17.(a) (1) = {1}, 3)= {1, 3}, (5) = {1, 5},and (7) = {1, 7}.
(b) No, because no cyclic subgroup equals U(Zg).
19.(a) A,B € SL(2,R) = |A|=|B|=1.
[AB| = |A]-|1Bl=1-1=1 = AB eSL(2,R)
= SL(2, R) is closed with respect to matrix multiplication
(b) =1 = I eSL2,R)

(c) AeSL(2,R) = |Al=1

AT =]A"=1 2 A'e SL(2,R)
21. Yes, S is a submonoid of Bsx3. The zero matrix is in S since it is the matrix of the empty relation, which is symmetric. Furthermore, if A
and B are matrices of symmetric relations,
(A + B)j = Aj; + By definition of matrix addition

= Aj + Bji sinceboth A and B are symmetirc

= (A+B)j definition of matrix addition
Therefore, A + B is symmetric, which means that it is the matrix of a symmetric relation and that relation is in S.
23.(a(1,4,200 () (-1,0,-1,-1) (¢)(1/3,4) (D(-2,-3,-5)
25. The groups in parts a and c are abelian, since each factor is abelian. The group in part b is non-abelian, since one of its factors, GL (2, R), is
non-abelian.
27, Since (4) = {0, 4, 8, 12} is a cyclic group and has order four, it must be isomorphic to Z,,
29, (a) There exists a "dictionary" that allows us to translate between the two systems in such a way that any true fact in one is translated to a

true fact in the other.
(b) If one system is familiar to you, the other one should be familiar too.

© If(p A =q) © 0,and (p A\ q) & 0,then p < 0.

31. The key to this exercise is to identify the fact that adding two complex numbers entails adding two pairs of numbers, the real and imaginary
parts. If we simply rename these parts the first and second parts, then we are doing R? addition. This suggests the function T : C — > R? where
T(a + bi) = (a, b).For any two complex numbers @ + biandc + d i,
T((a + bi) + (¢ + di)) = T((a + ¢) + (b + d)i) definitionof + inC
={a + ¢, b + d) definitionof T
(a, b) + (c, d) definitionof + inR?
T(a + bi) + T(c + di) definitionof T

Since T has an inverse (T~!(a, b) = a + bi), T is an isomorphism and so the two groups are isomorphic.

It should be noted that 7" is not the only isomorphism between these two groups. For example U(a + bi) = (b, a) defines an isomorphism.

33. The key here is to realize that both groups consist of elements that are constructed from four real numbers and that you operate on elements
by adding four different pairs of real numbers. An isomosphism from R* into M,,>(R) is

c d

There are an infinite number of isomorphism in this case. This one is the most obvious.

T(a, b, ¢, d) = (“ b)

CHAPTER 12

Section 12.1
1.(a) {(4/3, 1/3)}
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() {(-3 = 0.5x3, 11 — 4x3, x3) | x3)

(©) {(=5, 14/5, 8/5)}

(d) {(625 — 2.5x3, 075 + 0.5x3, x3) | x3 € R}
3.(a) {(12,26,4.5)}

(b) {(=6x3+ 5, 2x3 + 1, x3) | x3 € R}

©1(-9x; + 3, 4, x3) | x3 € R}

() {Bxs + 1, 2x4 + 2, x4 + 1, xg) | x4 € R}

5.(a) {(3,0)

1121 112 1
(b) [1244] R+ Ry —>[012 3]
1330 —R; + R3 021 -1
—R, + R, 10 0 -2
_>[01 2 3]
2R, + R;3 00 -3 -7
100 -2
>l01 2 3
LR 001 I
3 3
100 -2
TRy+Ry> (0123
001 1

The row reduction can be done with Mathematica:

1121
RowReduce[ [ 1 2 4 4 ] ]
1330

100 -2
010 -2

3
001 I

In any case, the solution set is {(-2, —5/3, 7/3)}
7. Proof: Since b is the nx 1 matrix of 0’s, let’s call it 0. Let S be the set of solutions to AX = 0.If X; and X, beinS. Then

AX; + X)) =AX; + AX,=0+0=0

so X; + X, € §;thatis, S is closed under addition.

The identity of R” is 0, which is in S. Finally, let X be in S. Then
A-X) = -(AX) =-0=0,

and so —X is also in S.

Section 12.2

5030
11 11
@ 5 5
11 11
0 29 3
2 2 2
2 -1 0 O
®) -4 2 1 0
; 1 31
2 2 2
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(c) The inverse does not exist. When the augmented matrix is row-reduced (see below), the last row of the first half cannot be manipulated to
match the identity matrix.

1 00
) —311]
412

(e) The inverse does not exist.

® |-36 192 -180
30 —180 180

5. The solutions are in the solution section of Section 12.1, exercise 1, We illustrate with the outline of the solution to Exercise Ic of Section

12.1.
11 2 X1 1
A RS
1 3 1 X3 5

11 2y 5 5 -5
A-I:[lz—l} :;— -2 -1 3]
13

1 -2 1

9 =36 30 J

f~)
=
o
—_—
[N
(95} 8] —
N —
1]
o
—_—
[
u‘b—‘
~—_—
|
u-|oou|:(‘|h

Section 12.3
3.(b) Yes

7. If the matrices are named B, A;, A, , A3, and Ay , then

B = §A. + §A2+ ’3—5A3+ §A4.
9. (@Ifx; = (1, 0),x,= (0, 1),andy = (by, by), then
y =bix1+byx;.
If x}, = @3, 2),x=(2,1),andy = (b;, by), then
Yy =(=b1 +2b))x; +(2b; —3by) x,.
The second linear combination can be computed using Mathematica as follows.
Solve[c; {3, 2} +c; {2, 1} = {b;, bz}, {c1, c2}]

{{ct »2by = by, ca > 2by —3by}}

(b) If y = (by, by)is any vector in R? , then
y=(=3b1+4by)x1 + (b1 + by) x, + (0) x3
(c) One solution is to add any vector(s) to xy, x,, and x3 of part b.
@ 2,n
(e) If the matrices are Ay, A, , Az, and A4 , then
()zc vyv)= XAIZ+ YA+ ZA3+ WA,
) ap+arx + ar x> + a3 x> = ap(1) + a;(x) + ar(x») + a3(x?) .
11. (a) The set is linearly independent: let a and b be scalars such that a (4, 1) + b(1, 3) = (0, 0), then

4a + b =0 and
a+3b=0

which has @ = b = 0 as its only solutions. The set generates all of R? : let (a, b) be an arbitrary vector in R? . We want to show that we can
always find scalars §; and , such that 5;(4, 1) + B> (1, 3) = (a, b). This is equivalent to finding scalars such that 4 8; + 5, = a and
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3a-

11

4b—
- 4 Therefore, the set generates R2.

13. (d) They are isomorphic. Once you have completed part (a) of this exercise, the following translation rules will give you the answer to parts
(b) and (c),

B1 + 3 B> = b. This system has a unique solution S = b ,and B, =

(a, b, c,d) & (i Z)«—) a+bx+cxl+dx?
Section 12.4

1
1. (a) Any nonzero multiple of ( 1 ) is an eigenvector associated with A = 1.

1
(b) Any nonzero multiple of ( ’ ) is an eigenvector associated with A = 4.

b 0
(c) Letx; = ( _aa) and x; = ( Zb) . You can verify that ¢y x; + ¢, xp = ( 0 ) if and only if ¢; = ¢; = 0. Therefore, {x;, x,} is linearly
independent.

40 10
3.(c) You should obtain ( 01 ) or ( 0 4 ), depending on how you order the eigenvalues.

5 If P= 21 then P'AP = 40
.(a) _(3 1 ), en —(0 . )
11 . (5 0
(b)IfP—(7 1),thenP AP—(0 1 )
1 0 ) (30
(©) IfP—(0 1),thenP AP—(O 4),
1 -11 -2 00
(d)IfP:[—l 4 2],thenP'AP=[0 1 0].
-1 1 1 0 00O

(e) A is not diagonalizable. Five is a double root of the characteristic equation, but has an eigenspace with dimension only 1.

1 1 1 300
) IfP:[—2 0 1],thenP"AP=[O 1 0].

1 -11 000

7. (b) This is a direct application of the definition of matrix multiplication. Let A, stand for the i row of A, and let P stand for the j" column
of P. Hence the j™ column of the product A P is

Ay 2
Ao 2

Ay PV

Hence, (AP) = A(P(j)) forj =1, 2, ..., n. Thus, each column of A P depends on A and the j column of P.
Section 12.5

3. If we introduce the superfluous equation 1 = 0-S;_; + 1 we have the system

S, =58, + 4
1=0-8, + 1

WhiCh, in matrix form, is:
( ' ) ( )( | )
— ( ( )
= 1 ) 1
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5 4
Let A=( 01 ) . We want to diagonalize A; that is, find a matrix P such that P'AP = D,where Disa diagonal matrix, or
A=PDP' > Ak=ppkp "~
Diagonalizing A:
u-en=|"0¢ 2= s-00-0
ci=1" o .17 c c

The eigenvaluesarec = landc = 5. Ifc =1,
(00)(%)-(5)
00/\x/) \o
which implies x; + x, =0, 0r x, = —x;, and so ( 1 ) is an eigenvector associated with 1.

Ifc=5,

(o 5)(2)-(0) = ==

Therefore, ( 0 ) is an eigenvector associated with 5. Combining the two eigenvectors, we get

a=(ollo S o) = ()6 500 )

(1 1)(1 O)k(o —1)
-1 0J\0 5 1 1

Volle 5 )00

(—1 0/)\o 5k (1 1

(5’< Sk—l)

0 1

k sk _ 0 k _

50 > l](l):(sl1)andfinally,Sk:5k—l.

and

Ak

Hence, ( Si ) = (
1 1
110
5.Since A=A!= [ 1 01 ], t here are O paths of length 1 from: node ¢ to node a, node b to node h, and node a to node c; and there is 1
011
path of length 1 for every other pair of nodes.
(b) The characteristic polynomial is

l1-¢ 1 0
1 - 1
0 1 1-c¢

|[A=cl| = =-+22+c-2

Solving the characteristic equation - + 2%+ ¢ =2 =0 we find solutions 1,2, and -1.

If ¢ = 1, we find the associated eigenvector by finding a nonzero solution to

0 1 0)\(x 0
0 1 0){x; 0

1
One of these, which will be the first column of P, is [ 0 ]
-1

-1 1 0 X 0 1
If ¢ = 2, the system [ 1 -2 1 ] [ X2 ] = [ 0 ] yields eigenvectors, including [ 1 J, which will be the second column of P.
0 1 -1 0 1

If ¢ = —1, then the system determining the eigenvectors is

X3
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10 X1 0
1 2 X3 0

2
[ :
0
1
and we can select [ -2 ], although any nonzero multiple of this vector could be the third column of P.

1

1 1 1
(c) Assembling the results of (b) we have P = ( 0o 1 -2 ] .
-1 1 1

0 0 1 00
A*=P|l 0 2¢ 0O P":P{O 16 O]P-1

0 0 (-1* 0 0 1
1 1
_0__
1 16 1|2 2
:016—2]lll
3 3 3
-1 16 1) 0
6 3 6
655
:565]
556

Hence there are five different paths of length 4 between distinct vertices, and six different paths that start and end at the same vertex. The
reader can verify these facts from Figure 12.4.1.

2

A:e@) B:(OO) A+ _[ € € —¢€
7.(a) e (OO , e Oez,ande 0 &
(b) LetObethezeromatrix,eO:I+0+§+06—3+...:I.

(c) Assume that A and B commute. We will examine the first few terms in the product e e®. The pattern that is established does continue in
general. In what follows, it is important that AB = B A. For example, in the last step, (A + B)? expands to A>+AB + BA + B2, not
A%+ 2AB + B?, if we can’t assume commutativity.

o[z

k=0 k=0
AZ A3 BZ 33
:(I+A+—+ —+ ---)(I+B+—+ -+ )
2 6 2 6
A2 B A A’B  AB? B
=l +A+B+ —+AB+ —+—+ —+—]—+ —+ -
2 2 6 2 2 6

=1+ (A+B)+ (A2 + 248 + B+ - (A + 3A°B+ 3AB + BY) + -~

=1+ A+B)+ S(A+BP+ T(A+BY + -
A+B

(A + BY for 248 + A’ + B®

ehe? = ( }_‘ Ak | s Bk

¥=0 k)
(d) Since A and —A commute, we can apply part d;

A ,—A A+(-A)

e e’ =@

=1 by part b of this problem.

Supplementary Exercises—Chapter 12

1.(a) xqy=x,=x3=1

0=

() x1=5,x0=0,x =

1
Es
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-8 -4 1
3. [ 7 3 -1 J

-5 -2 1
5. Suppose that A™! exists and that (A x;) + a2(A x,) is equal to the zero vector, 0. By applying several laws of matrix algebra, this implies
that

Alayx; +aax) =0 = a;x;+a2x=0 since A~! exists
> a; =ap =0 since {x;, x»} is a basis
= {Ax;,AXx,} islinearly independent

To see that {A x; A x»} also spans R2 ,let b € RZ, we note that since {x;, x»} is a basis, it will span A b
@ X1 +arx,=A""b forsomea;, @, € R.
Using laws of matrix algebra:
ap (Axy) + a2 (Axz) = Ala) x1 + @z x2)
= A(A D)
=b

Hence, b is a linear combination of A x; and A x,.

If A has no inverse, then Ax = 0 has a nonzero solution y, which is spanned by the vectors x; and x, : y = @ x; + @ X, , where not both of the
a’s are zero.

Ay =0 = Alaix1+apx)=0
> a(Ax)+a(Axy) =0
= {Ax;, Ax,} islinearly dependent

7.b) -X = X

(c) 2° = 64, since each entry can take on two possible values.

9. A=P'DP = A% =plpi®p

(0.6 0.2)_1(1 2 )(1100 0 )(1 1 )~
04 08 )7 3\2 -1 0 04 J{2 -1 )"

Note: 0.4'%° =1.60694%x107% ~ 0.

LN W —
——————

N W=

1.1 =0, +V2

10 0
10 0\(4 00 )
(b)B:PDP‘:[Ol 1][040]01 3
00 -2)loo2/{yo _L

2

13. (a) Let the vertices be a;, ay, and a3; and use the convenient matrix representation

a a as

ai 210
a [ 103 ]
as 110

one sees immediately, for example, that there are 3 different edges from a; to as, so that the multigraph is
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(40

523
(b) A%= [ 540 ] and by Theorem 12.5.1, (A%); ; 1s the number of paths of length 2 from a; to a;. For example, the reader can verify from

313
the graph that there are 3 different paths of length 2 from a; to as.
CHAPTER 13

Section 13.1
1.(a1,5 ()5

(¢) 30 (d) 30
(e) See Figure 13.4.1 with 0=1,a,=2,a, = 3,a3=5,b; =6,b,=10,b3 = 15,and 1 = 30

3. Solution for Hasse diagram (b):

(a)
Iub |a; a; a3 as as glb |a; ax a3 as as
a |ay a; asz as as ay (ar ap ay a; a
ap |ay a; a4 a4 das a (ap ay ay a; a
as |(asz d4 az a4 das as (ap ay az as as
as |44 a4 a4 a4 as as |(ay ax az dasg ay
as |as as as as das as |a; ap az asg as

(b) ay is the least element and a5 is the greatest element.
Partial solution for Hasse diagram (f):
(a) lub(ay, a3) and lub(ay, as) Bdo not exist.
(b) No greatest element exists, but a; is the least element.
5. If 0 and 0" are distinct least elements, then

0<0' sinceOisaleastelement

—_0' H Toti
0'<0 since0'is a least element } = 0=0"'by antisymmetry, acontradiction. B

Section 13.2

1. Assume to the contrary that g and b have two different greatest lower bounds, and call them g and 4. Then g = £ since g is a greatest lower
bound and 4 = g since & is a greatest lower bound. Therefore, by antisymmetry & = g.

3. (a) See Table 13.3.1 for the statements of these laws. Most of the proofs follow from the definition of gcd and lem.
(b) (partial) We prove two laws as examples.
Commutative law of join: Let [L, \/ , A]be alattice,a, b € L. We must prove thata \/ b = b \/ a.

Proof: By the definition of least upper bound, @ \/ b = b and a \/ b = a therefore, by Exercise 4, part ¢, a \/ b = b \/ a. Similarly,
b\ a=a\ b,and by antisymmetrya \/ b =b Va. ®
Idempotent law (for join): We must prove that foralla € L,a V a = a.
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Proof: By the reflexive property of <, a < a and hence, by 4(c), a <a V a. But a is an upper bound for a; hence a = a V a. By antisymmetry,
a=aVa 1

Section 13.3

1.

B Complement of B
(1) A
{a} {b, ¢}
(b} {a, c}
{c} {a, b}

{a, b} {c}

{a, c} {b}

{b, c} {a}
A 0

This lattice is a Boolean algebra since it is a distributive complemented lattice.
3. aandg.
5.8 :a\ b=aifa=b
(b) S:ANB=Aif ACB
S*:AUB=AifADB
(c) Yes
@ S:pAgepiftp=g
S:pVgepifg=p
(e) Yes

7. Definition: Boolean Algebra Isomorphism. [B, A, \/, —] is isomorphic to [B', A, V., ~]if and only if there exists a function
T : B — B'such that

(a) T is a bijection;

(b) T(a \ b)=T(a) \ T(b) foralla, b B
©T@\V b)y=T(@)\ T() forall a, b € B
(d) T@ = T(a) foralla c B.

Section 13.4

1. (a) For a = 3 we must show that for each x € D3y one of the following is true: x A 3=3 or x A 3=1. We do this through the following
table:

x verification

| IA3=1
5 2A3=1
3 3A3=3
5 5A3=1
6 6A3=3
10 20A\3=1
15 15A3=3
30 30A3=3

For a =5, a similar verification can be performed.

b6=2V310=2V515=3V5,and30=2YV3V5.
3.1f B = D3y 30then A = {2, 3, 5} and D3 is isomorphic to P(A), where
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) 56 {5}
26 (2) 10 & {2, 5)
363 156 (3,5
66 (2,3} 306 {2,3,5

5. Assume that x # 0 or 1 is the third element of a Boolean algebra. Then there is only one possible set of tables for join and meet, all follow-

and

Solutions to Odd Numbered Exercises

Join < Union
Meet & Intersection

Complement <> Set Complement

ing from required properties of the Boolean algebra.

\/|0x1 /\|0x1
00 x 1 00 0O
x|x x 1 x |0 x x
1{1 11 10 x 1

Next, to find the complement of x we want y such that x /A y = O and x \/ y = 1. No element satisfies both conditions; hence the lattice is not
complemented and cannot be a Boolean algebra. The lack of a complement can also be seen from the ordering diagram from which A and V

must be derived.

7. Let X be any countably infinite set, such as the integers. A subset of X is cofinite if it is finite or its complement is finite. The set of all

cofinite subsets of X is:

(a) Countably infinite - this might not be obvious, but here is a hint. Assume X = {xg, x, X2, ..

that set to the integer

Y xa ()2
i=0

You can do a similar thing to sets that have a finite complement, but map them to negative integers. Only one minor adjustment needs to

be made to accommodate both the empty set and X.

(b) Closed under union

(¢) Closed under intersection, and

(d) Closed under complementation.

Therefore, if B ={A C X : Ais cofinite}, then B is a countable Boolean algebra under the usual set operations.

Section 13.5
1. (a)

Vo [0,00 0,1 (1,0 ,D A 0,0 O, 1) (1,0) (1, 1)
0,0)((0,0) (0,1) (1,0) (1, 1) 0,0) [(0,0) (0,00 (0,0) (0,0)
O, O, 1) O, 1) 1,1 1,1 0,1)](,0) (0,1) (0,00 (0, 1)
(1,0) ((1,0) (1, 1) (1,0) (1, 1) (1,0) [(0,0) (0,0) (1,0) (1,0)

(1,1 1,1 [@©,00 0,1) (10) (1,1)

(L, n(a, 1y a,n an

0,0) (1, 1)
O, 1 [(1,0)
(1,0) [0, 1)
(1, 1) ] (0, 0)

(b) The graphs are isomorphic.

©) (0,1)and (1)

3.(a) (1, 0, 0, 0),(0, 1, 0, 0),(0, O, 1, 0),and (0, O, O, 1) are the atoms.

(b) The n-tuples of 0’s and 1’s with exactly one 1.
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Section 13.6
1 (a)

Mi(x1, x)=0

M(x1, x2) = (1 A X2)

Ms(x1, x2) = (61 A x2)

My(x1, x2) = (61 AX2)

Ms(xy, x2) = (x1 A x2)

Me(x1, x2) = (XTAX) V (7 A x2)) = X1

Mi(xi, x2) = (XTAR) V (x1 AX) =X

Mg(x1, x2) = (¥FT AX2) V (x1 Ax)) = ((x1 Axa) V (3T A X2)

Mo(x1, x2) = ((¥1 A x2) V (x1 AX2)) = ((x1 AX2) V (31 A x2))

Mig(x1, x2) = (T A x2) V (x1 A x2)) = xo

Mii(x1, x2) = ((x1 AX) V (x1 A X)) = xy

Mip(x1, ) = (T ARV (T A x2) V (0 AXp) = (31 V X2)

Mi3(x1, ) = (R AV GrAx) V (x1 A x)) = (31 V x2)

Mig(x1, %) = (AR V (i1 AX) V (x1 A xo)) = (x V X2)

Mys(x1, ) = (R Ax) V (1 AX) V (x1 A xa)) = (x1 V x2)

Mis(x1, x2) = (T ARV T A )V (1 Ax) V (1 Axp)) =1
(b) The truth talbe for the funcitons in part (a) are

1 X M, M M; M, Ms Ms M; Mg Mo Mo My, M, M3 M4 Mis Mie

- - o °o x
- o - o
oo oo
oo o~
oo~ o
o - oo
— o o —
- o - o
- - o o
—— - o

(©  filxr, x2) = My5(x1, x2)
fo(x1, x2) = Mia(x1, X2)
F(x1, x2) = Mi(x1, x2)
fa(x1, x2) = Mie(x1, X2)
3. (a) The number of elements in the domain of fis 16 = 42 = |B|?
(b) With two variables, there are 43 = 256 different Boolean functions. Withthree variables, there are 4% = 65 536 different Boolean functions.
©  fGLx)=UATARDVUIATA)VAAX ARV OAx Ax)

(d) Consider f: B? > B, defined by f(0,0)=0, f(0, 1)=1, f(1,0)=a, f(1, 1) =a, and f(0, a) = b, with the images of all other pairs in B?
defined arbitrarily. This function is not a Boolean function. If we assume that it is Boolean function then f can be computed with a Boolean
expression M (x;, x;). This expression can be put into minterm normal form:

M(x1, x) = (1 AXTAR) V(e AXTAX) Vs Axi A%) V (ca Axi Axo)

£(0,0)=0 = M(0,0)=0 = ¢; =0
O, 1)=1= M©0,0)=1 = ¢ =
f(1,0)=a > M@©0,0)=a = ¢
fl,h=a = M@©,0)=a > ¢

1
a
a

Therefore,
M, x) =@ Ax) V@A AR)V(ahx Ax)
M©0.a)=0Aa)V@NOADV @NOAa)=a
This contradicts f(0, a) = b, and so fis not a Boolean function.
Section 13,7
1.(a)
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‘ (2 + X3} o5y + X3} =Xy

1
)
| |z
i
U

) f (1, x2, x3) = ((x1 + x2)-x3)- (X1 + X2)
= (0 + 1) +33)- (11 + x2)

= (x1 + x2) - (x1 + x2) + X3 (x1 + x2)
=0+x3-(x; +x2)
=X3-(x1 +x2)

(c) The Venn diagram for the function is:

A
We can read off the minterm normal form from this diagram:
SOxr, X2, x3) = X1 X2 X3 + X1 X2+ X3 + X[ X2+ X3
(d)
Simplified form:
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\/

. 1o —

Minterm [lorm:

D

Xy

e

F—— Xz - X}
i O TR T n+x (o Fxalx f

g 0 0 1] I 0

a a |1 0 I 0

g 1 0 | I ]

0 1 | | 0 a

I 0 0 | | 1

I aQ 1 | 1] 0

1 1 0 1 I 1

| S . | I 0 a

Current will flow only when one of the switches x; or x, is On and x3 is Off.

30 (@ Iy ey Xyt Xy (X5 * xa+x3) * (X2 + ¥3) Jixy xz, x3)

: Vi

(b)  f (x1s X2, x3) = (((x1 - x2) + x3) - (2 + X3)) + x3
placing ()'s to indicate order of evaluation
= (((x1-x2) (2)) + x3) + x3
by the distributive law of + over -
= (x1-(x2-x2)) + (x3 + x3)
by the associative laws of - and +
= (x1°x2) + X3
by the idempotent laws of - and +

(©)

Applied Discrete Structures by Alan Doerr & Kenneth Levasseur is licensed under a Creative Commons Attribution-Noncommercial-No Derivative Works 3.0 United States



Solutions to Odd Numbered Exercises

{xp o) +x3
Xy .

(i

) X3

-

Supplementary Exercises—Chapter 13
1. (a) The following Sage input generates an ordering diagram.

Poset({1:[2,3,5,7,11],2:[4,6,10].,3:[6,9] 4:[6,8,12],5:[10],6:[12]}) .plot()

@

L

@, e ©

N

©)

(b) The ordering diagram for < is a chain

@
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3.4V 8=83VI15=154A8=43A15=33A5-15.
(b) Yes. Leta, b, ¢ € P and assume that there are n primes, p;, pa, ..., p, that appear as factors of a, b and c. Then we can write
a = pi" ps”
b= pit pyl e pyin
c=pif ph - pl

where each exponent is a nonnegative integer. The greatest common divisor and least common multiple of two integers such as a and b can be
expressed in terms of these exponents.

a \b=ged(a, b) = pi™ p™ - p,/™

where m, = min(i,., j,) and

a v b = lCm(a, b) = p]Ml p2M2 ...pnMn

where M, = max(i,, j,).

Based on this observation, we can compare a A\ (b V ¢) and (a A b) VV (a Ac). The exponent of p, is min(i, , max(j,, k- ))ina A\ (b V ¢)
and max(min(i ., j,), min(i,, k,)) in (@ A\ b) V (a A ¢). These two exponents are equal; this is easiest to verify by checking the possible
relative sizes of i,, j. and k.. Therefore, the lattice is distributive.

(c) The least element is 1. There is no greatest element.

5. (a) The ordering diagram is the one-cube in Figure 9.4.5. It is interesting to note that the poset relation is really the logical implication, =,
since0= 0, 0 = 1,1 = 1 are all true statements.

(b) From the definitions of lub and gib and part (a) we have the tables

A0 1 V1|0 1
010 0 010 1
110 1 1111

which are the logical tables for the connectives "and" and "or."

() L? = Lx L = {0, 0), (0, 1), (1, 0), (1, 1)} where the poset relation < on L? and the binary operations A and V are all defined compo-
nentwise so that, for example, (0, 1) < (1, 1), since in the two first coordinates, 0 < 1 and in the two second coordinates, 1 < 1. Also, for

example, (0, 1) A (I, 0) = (0 A 1, 1 A 0) = (0, 0). The operation tables are given in the solution of Exercise 1 Section 13.5. The Hasse
diagram for L? is the two-cube.

(d) The Hasse diagram for L? is the three-cube. Tables for A and V can
easily be constructed where, for example,
(1,0,00 VO, 1,00=01VO0,0V1,0V0)=(,1,0)
7. (a) No. It is not true that every pair of elements in A has both a lub and a gib
in A. For example, 10 \/ 4 does not exist in A.

(b) Yes.Foralla, b € A,a +#b,
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a \/ b = the maximumof a and b,

a /\ b = the minimum of a and b.

9. (x+y)-(x+7y =x+ (y-y) bythedistributive law of + over -
=x+0 by the complement law
=X by the identity law

The switching circuit diagram has a single switch labeled x.

11. (a)
x | complement(s) of x
0 1
ai a, as, dg, Ag
a ap, ds
as a, as
ay ap, ds
as az, as, ag, de
ag ap, ds
1 0

(b) No, it is not distributive, for if it were, complements would be unique.

13.(@) Dy = {1, 2, 4, 5, 10, 20} contains 6 elements and so cannot be a Boolean algebra by Corollary 13.4.1.

(b) Dy =1{1,3,9, 27} has four elements and so we cannot use Corollary 13.4.1 to rule it out as a Boolean algebra. However, 3 has no
complement, which means that D57 is not a Boolean algebra.

(¢) D35 = {1, 5, 7, 35} has 4 = 2? elements, and so that it may be a Boolean algebra by Corollary 13.4.1. We can confirm through the
definition of a Boolean algebra that it is.

(d) Notice that 210 =2-3-5-7, which means that |D;;9| = 16 =2* and so Corollary 13.4.1 can’t be used to rule it out as a Boolean algebra.
Indeed, D5 is a Boolean algebra, which can be confirmed by applying the definition of a Boolean algebra.

15. (a) First, by definition of subsystem in Section 11.5, a sub-Boolean algebra of a Boolean algebra B is a subset W of B which is a Boolean
algebra under the same operations as B. Specifically, W must satisfy the conditions:

(i) The 0 and 1 of B must be in W,
(i)aeW=>aeW
(ii)a,beW=a\VVbeWanda ANbeW.

Hence if W is to contain 4 elements it must be of the form {0, B, E, 1}. Wy, = {(, 0, 0), (0, 1, 1), (1, 0, 0), (1, 1, 1)} is one such
set. The 3-cube below illustrates this sub-Boolean algebra.

ol

There are two others that are isomorphic to this one, where Corollary 13.4.2, assures us of this isomorphism.

(b) Again, the form of the sub-Boolean algebra with four elements must be {0, B, B, 1}. Since the 2" elements of B," can be paired up with

their complements to give us 2"~! pairs, there are 2"~' — 1 ways to select the elements 8 and § (0 and its complement, 1, are already selected).
Of course, all of these sub-Boolean algebras are isomorphic.

(c) A sub-Boolean algebra with 2¢ elements must have k atoms; so the selection of k elements that will act as atoms can be considered in
counting numbers of sub-Boolean algebras of a certain size. What is the number? We leave it to the reader in the general case.
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17. @A Ax3)V ETAZ Axz) V(g Axy Axs)

19. (a) Since each of the three variables can be any one of two values there are 23 rows, (See Table 13.6.3 for an example.) For n variables
there are 2" rows.

(b) For each row, there can be any one of two truth values. Since there are 23 =8 rows there are 28 = 256 functions. For n variables and

m = 2" rows, there are 2™ = 22" functions.
21 (i)

X3

'-l/lg H
ta -

{4+ a419)%0

(G +m+ e +4) +122 L

| D =Dy

(© flx1, x2, x3) = ((x1 + X2+ X3)-X + X1 + X2)- X1 - X3
= (xp-X7 + Xo- X[ + X3-X] + X1 +X2)- X1 X3
=0+ x-X7 +x3-X] + X +X2) X1 X3
(X271 + x3-X1 + X1 +X2)- X1+ X3
= XXX X3+ X3°X[ X[ X3 + XX -X3 + XX X3
= x2:0-%3+x3-0-3%3 + X1 - X3 + X2 X1 - X3
=X1X3+ XX X3
=x1-% (1 +3x)

Switching and gate diagrams to be added.

23.(a) z =& +x)+ X' X3

(b) z=0G1+x)+ X%
=¥+ x) + (2 +X3)
=X+ (2 + X))+ X3
=x+1+x3
=1

The circuit is always on, no gates are necessary.

CHAPTER 14

Section 14.1

1. (a) S is not a submonoid since the identity of [Zg, Xg], which is 1, is not in S;. S, is a submonoid since 1 € S, and S, is closed under
multiplication; that is, for all a, b € S,,axgbisin S,.

(b) The identity of NN is the identity function i : N — N defined by i (@) = a,VaeN.Ifa €N, i(a) = a < a, thus the identity of N is in §.
However, the image of 1 under any function in S, is 2, and thus the identity of NY is not in S,, so S, is not a submonoid. The composition of any
two functions in S, fand g, will be a function in S;:
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(feg)(n) = f(g(n)) <g(n) since fisins$,
<n sincegisinS;

Thus fog € S}, and the two conditions of a submonoid are satisfied and S, is a submonoid of NY .

(c) The first set is a submonoid, but the second is not since the null set has a non-finite complement.

3. The set of n X n real matrices is a monoid under matrix multiplication. This follows from the laws of matrix algebra in Chapter 5. To prove
that the set of stochastic matrices is a monoid over matrix multiplication, we need only show that the identity matrix is stochastic (this is
obvious) and that the set of stochastic matrices is closed under matrix multiplication. Let A and B be n X n stochastic matrices.

n
(AB)ij= Xayby
k=1
The sum of the j™ column is

n n n n
2(AB)j= Yabt+ Xaybj+ o+ Yayby;
Jj=1 k=1 k=1 k=1

M=

(alkbkj+a1kbkj+~~~+ankbkj)

~
I

M=

bkj(alk +a1k+~-+ank)

=~
I

|
M=

by since A is stochastic

[
Il

since B is stochastic
Section 14.2

1. (a) For a character set of 350 symbols, the number of bits needed for each character is the smallest n such that 2" is greater than or equal to
350. Since 2°= 512> 350 > 28, 9 bits are needed,

(b) 212 = 4096 > 3500 > 2'!; therefore, 12 bits are needed.
3. This grammar defines the set of all strings over B for which each string is a palindrome (same string if read forward or backward).
5. (a) Terminal symbols: The null string, 0, and 1.
Nonterminal symbols: S, E.
Starting symbol: S.
Production rules: S - 00S, §>01S, S>10S, S> 118, S»>E, E->0, E- 1
This is a regular grammar.
(b) Terminal symbols: The null string, 0, and 1.
Nonterminal symbols: S, A, B, C
Starting symbol: §
Production rules: S -» 0A,S » 1A,S—>A,A -» 0B,A > 1B,A->A,B->0C,B->1C,B->A,C->0,C->1,C-> A
This is a regular grammar.
(c) See Exercise 3. This language is not regular.
7.1f sis in A* and L is recursive, we can answer the question “Is s in L°?” by
negating the answer to “Is s in L?"

9. (a) List the elements of each set x; in a sequence X;1, X;2, X;3, -.. -

Then draw arrows as shown above and list the elements of the union in order established by this pattern: xyy, X21, X12, X13, X22, X31, X41, X32, X23,
X145 X155 «.-
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(b) Each of the sets A! , A2, A% , ... are countable and A* is the union of these sets; hence A* is countable.
Section 14.3
X K Z(x, s) t(x, s)

Deposit25¢ Locked Nothing  Select

Deposit25¢ Select Return25¢ Select
Press S Locked Nothing Locked
Press S Select Dispense S Locked
PressP  Locked Nothing Locked
Press P Select Dispense P Locked
Press B Locked Nothing Locked
Press B Select Dispense B Locked

Deposit 25¢/
Lock reléased

Dispeénse

S,P,B

Locked

3. {000, 011, 101, 110, 111}

5. (a) Input:10110, Output: 11011 = 10110 is in position 27
Input: 00100, Output: 00111 = 00100 is in position 7
Input: 11111, Output: 10101 = 11111 is in position 21

0G,

1G,”
works, let p (n) be the proposition "Starting in Copy state, x's output is the position of x in G,; and starting in Complement state, x's output is

the position of x in G,,"." That p(1) is true is easy to verify for both possible values of x, 0 and 1. Now assume that for some n = 1, p (n) is true
and consider x = x| X3 ... X, X41-

Ifxl = 0,

(b) Let x=x; x5 ... x, and recall that forn =1, G, = ( ) , where G, is the reverse of G,,. To prove that the Gray Code Decoder always

x' s output = 0 followed by (x; ... x,, x,41)' s output starting in Copy
= 0 followed by (x3 ... X, X,41)" s position in G,
= x'sposition in G4

If x 1= 1 )
x'soutput = 1 followed by (x; ... X, x,+1)" s output starting in Complement

1 followed by (x; ... X, x,11)' s position in G,
= x'sposition in Gy

Section 14.4
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Input String | a b c aa ab ac
1 1 (a, 1) (@2 (3) (@l (@2 (3)
2 @2 @1 (c,3) (@2 (@l (?3)
3 (c,3) (3 (3) (3) (3) (3
Input String |  ba bb be ca cb cc
1 (@?2) (a,1) (¢,3) (c,3) (c,3) (c,3)
2 (@ 1) (@?2) (c,3) (c,3) (c,3) (c,3)
3 3) (3 €3) 3 (3 (3

Wecanseethat T, T, = Tya=T,, T,T, = T,, = T, etc. Therefore, we have the following monoid:

Ta Ta Tb Tc
T, | Ty, To T
T.| 7. T. T.

InputString | 1 2 11 12 21 22
A C B A DD A
(b) B D A B C CB
C A D C B B C
D B C D A A D
Input String | 111 112 121 122 211 212 221 222
A ¢c B B C B C C B
B D A A D A D D A
C B ¢ C¢C B C B B C
D B ¢ ¢ B C B B C

We have the following monoid:

T, Tn Tn

T |Thyw T T T

L |T, Tw . T

T1 1 T1 Tz Tl 1 T12

To| T Tv T Tn
Notice that 7 is the identity of this monoid.

3. Yes, just consider the unit time delay machine of Figure 14.4.2. Its monoid is described by the table at the end of Section 14.4 where the T,
row and T, column are omitted. Next consider the machine in Figure 14.5.3. The monoid of this machine is:
I, To T\ Too Tor Tw Tn

IL|Th To Th Too T Tio Tu

To | To Too Tor Too Tor T Tn

Ty | Ty To Tu Too Tor T Tu

Too | Too Too Tor Too Tor T Tu

Tor [Tor Tio Tii Too Tow T Ti

Tio [Two Too Tor Too Tor T Tn

Ty |Tnw T Tu Too Tor T Tu
Hence both of these machines have the same monoid, however, their transition diagrams are nonisomorphic since the first has two vertices and
the second has seven.

Section 14.5
1. (a)
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@$@

RN
S

Q\—*———l——/

(b)

{{0, 0}, {O,MOL {1, 13}

(0,0}
({0, 0}A67T}) ({070K4L. 0})
{1,0} {0, 1}

[, opt, 1) 10fon @(1,1})
Ty (07T
!

1,1}

A

Supplementary Exercises—Chapter 14
1. Letf, g, h € M,anda € B.
(f+g)xh) (@) = (fxg) (@) N\ h(a)
= (fl@ A g(@) A\ h(a)
= fla) A\ (gl@) N\ h@)

= fla) A\ (g=h)(a)
= (f*(gxm)(a)

Therefore (f = g) « h = f = (g x h) = = is associative.

The identity for = is the function u € M where u (a) = 1 =the “one” of B.Ifa € B
(f+w) (@) = f@ Aul@ = fl@ A1l = fla

Therefore f « u — f.Similarly u = f = f.

There are 22 = 4 functions in M for B = B . These four functions are named in the text (see Figure 14.1.1). The table for = is

3. {a, bb, bbb, bbbb, ...}

5. S =start symbol. Nonterminals = {S, By, B;, B}
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S - By By —>a By Bo—)bBl
B1—>aB| B|—>bB2 B|—>b
32 —)de Bz—>a

7.
@HH—F@
9. (a)

-

— O A
00,10,11/0 ' Left 5 Middle 5 Right  00,01,11/0

111

Down

OOWI /0

(b) The possible output sequences are 100, 010, 001, and 111. Note: Output for r = 3 is determined by the next state, s(4)). If s(4) = s(3),
output at t = 3 is 0, while if s(4) # s(3), outputats=31is 1.

11.
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CHAPTER 15

Section 15.1
1. The only other generator is —1.

1

3. If |Gl=m ,m>2,and G = {a), then a, &?, ..., a™ ! ,a" = e are distinct elements of G. Furthermore, ™! = ™ ' +a, f l <k<m, a!

generates a*:

2—m-mk +k

(afl)m—k - (amfl)m—k = gq"
= (@ wdk = exd* = a*
Similarly, if G is infinite and G = {a), then a~' generates G.
5.(a) No. Assume that ¢ € Q generates Q. Then (q) = {ngq : n € Z}. But this gives us at most integer multiples of g, not every element in Q.
(b) No. Similar reasoning to part a.
(c) Yes.6is a generator of 6 Z.
(d) No.
(e) Yes, (1,1, 1)is a generator of the group.

7. Theorem 15.1.4 implies that a generates Z,, if and only if the greatest common divisor of n and a is 1 (i. e., n and a are relatively prime).
Therefore the list of generators of Z,, are the integers in Z, that are relatively prime to n. The generators of Z,s are all of the nonzero elements

except 5, 10, 15, and 20. The generators of Z,s are the odd integers in Z,s¢ since 256 is 28. Mathematica expression to generate these sets are
Select[Range[0, 24], Function[a, GCD[25, a] == 1]]

{1,2,3,4,6,7,8,9,11, 12, 13, 14, 16, 17, 18, 19, 21, 22, 23, 24}
Select[Range[0, 255], Function[a, GCD[256, a] == 1]]

{1,3,5,7,9,11, 13,15, 17, 19, 21, 23, 25, 27, 29, 31, 33, 35, 37, 39, 41, 43, 45, 47, 49, 51, 53, 55, 57, 59, 61, 63, 65,
67,69, 71,73,75,77,79, 81, 83, 85, 87, 89, 91, 93, 95, 97, 99, 101, 103, 105, 107, 109, 111, 113, 115, 117, 119,
121, 123, 125, 127, 129, 131, 133, 135, 137, 139, 141, 143, 145, 147, 149, 151, 153, 155, 157, 159, 161, 163, 165,
167, 169, 171, 173, 175, 177, 179, 181, 183, 185, 187, 189, 191, 193, 195, 197, 199, 201, 203, 205, 207, 209, 211,
213, 215, 217, 219, 221, 223, 225, 227, 229, 231, 233, 235, 237, 239, 241, 243, 245, 247, 249, 251, 253, 255}

9.(@) 0:2Z7; > Z7 X 2y,

200 5 (0, 10)
5 S (5,5
7 S 0,7

15 - (1,4)
sum =48 « (6,4)7:sum
The final sum, 48, is obtained by using the facts that §-'(1, 0) =22 and §71(0, 1) = 56
0716, 4) = 6 x776°1(1,0) + 4 x76°1(0, 1)
=6X7722 +77 4%X7756

=55 +77;70
=48

(b) Using the same isomorphism:

25 > @, 3)

26 — 5,4

40 - 5,7
sum = (0, 3)

6710, 3) = 3x7,671(0, 1)
= 3X7756
=14

The actual sum is 91. Our result is incorrect, since 91 is not in Z7;. Notice that 91 and 14 differ by 77. Any error that we get using this
technique will be a multiple of 77.

Applied Discrete Structures by Alan Doerr & Kenneth Levasseur is licensed under a Creative Commons Attribution-Noncommercial-No Derivative Works 3.0 United States



Solutions to Odd Numbered Exercises

Section 15.2

1. Call the subsets A and B respectively. If we choose 0 € A and 5 € B we get 0 +;p 5 =5 € B. On the other hand, if we choose 3 € A and
8 € B,weget3 +98 = 1 € A. Therefore, the induced operation is not well defined on {A, B}.

3. (a) The four distinct cosets in G/H are
H = {0, 0), 2, 0)}
(1, 0) + H={(1,0), (3, 0)}
O, D+ H={0, D, 2, D},
and (1, 1) + H = {(1, 1), (3, 1)}
None of these cosets generates G/ H; therefore G/H is not cyclic. Hence G/H must be isomorphic to Z, X Z, .

(b) The factor group is isomorphic to [R; +]. Each coset of R is a line in the complex plane that is parallel to the x-axis: 7: C/R - R, where
T{a + bi|aeR}) = bis an isomorphism.

() (8) =10, 4, 8, 12, 16} = [Zy/8)|=4.

The four cosets are: 0, 1,2, and 3. 1 generates all four cosets. The factor group is isomorphic to [Z,, +4] because 1 generates it.

5. a€ebH © a=bxh forsomeh €¢ H
o b lxa = h forsomeh € H
o blsae H

Section 15.3

Lo (isa) ® (6500
© [yia1) @ (5327
© [i213) o (5743)
® (1145)

3. Yes and no, respectively

5.D4={i, r, 2,7, fifo. fn f4)

1 234

Where i is the identity function, r = ( 2341

fi=(y351) 2=

4
f3:(3 2 i i) f“:(i

1
The operation table for the group is

), and

o W N
W W B~ W
w oA
-

L \S R ]

ol i r PP A A S

A lattice diagram of its subgroups is
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Dy
(i, fi. o} {i,r. . r) (i, fs. fa)
{i. fi) {i. o) (i, {i. f3} {i. fa)

All proper subgroups are cyclic except {i, %, fi, f} and {i, 7%, f3, f}. Each 2-element subgroup is isomorphic to Z, ; {i, r, r%, r’} is isomor-
phic to Z4 ; and {i, 2, fi, f} and {i, 2, f3, f4} are isomorphic to Z, X Z,.

7. One solution is to cite Exercise 3 at the end of Section 11.3. It can be directly applied to this problem. An induction proof of the problem at
hand would be almost identical to the proof of the more general statement.

(tity--t) ' =1"1-.t,71y7!  byExercies 3 of Section 11.3
=t ht since each transposition inverts itself. W
9. Part I: That |S;| = k! follows from Exercise 3 of Section 7.3.
Part II: Let f be the function defined on {1, 2, ..., n} by f(1)=2, f(2)=3, f(3)=1,and f(j) =j for 4 <j<n; and let g be defined by

g(1) =1,8(2) =3,803) =2,and g(j) =j for4 =< j=<n. Note that fand g are elements of S,. Next, (fog) (1) = f(g(1)) = f(1) = 2, while
(gof)(1) = g(f(1)) = g(2) = 3,hence fog+ gof and S, is non-abelian for any n > 3.

11. (a) Both groups are non-abelian and of order 6; so they must be isomorphic, since only one such group exists up to isomorphism. The
function 6 : S3 — R defined by

0 =1 6(f1)=F
0(r) =Ry 6(f) =F,
0(r)) =Ry 0(f3)=F3
is an isomorphism,

(b) Recall that since every function is a relation, it is natural to translate functions to Boolean matrices. Suppose that f € S,. We will define its
image, 6(f), by

0=1 < f(H=k
That 6 is a bijection follows from the existence of g-!. If A is a rook matrix,

6-'(A)(j) =k < The 1incolumn jof A appears inrow k
S Ay=1

For f, g€ S,,

0fogk;=1 & (Fo)()=k
< 3 [ suchthat g(j) =1 and f(I) =k
< 3 [ suchthat 6(g); =1 and 0(f);, = 1

< 00 =1

Therefore, 6 is an isomorphism. B

Section 15.4
1.(a) Yes,the kernel is {1, —1}

(b) No, since 652 +54) = 02(1) = 1, but 62(2) +2 65(4)=0+,0 =0

(¢) Yes,the kernel is {(a, —a) | a € R}
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(d) No

3. (ry={i, r, ¥, *} is a normal subgroup of Dy4. To see you could use the table given in the solution of Exercise 5 of Section 15.3 and verify

that a'ha e (r) forall a € Dy and h € (r). A more efficient approach is to prove the general theorem that if H is a subgroup G with exactly
two distinct left cosets, than H is normal.

(f1) is not a normal subgroup of Dy. (fi) = {i, f1} and if we choose a = r and h = f] then atha=r hr=fHhe&)

5. (Bo @)(ay, az, az) = 0 and so Boa is the trivial homomorphism, but a homomorphism nevertheless.

7.Letx, y €G.
qx +y) = (x = y°
= X*y *X*y
=x* x*y %y since G is abelian
= 2y’
= q(x)=q(y)

Hence, ¢ is a homomorphism.
In order for g to be an isomorphism, it must be the case that no element other than the identity is its own inverse.
x eKer(q) ® qgx) =e¢

S XX =e

o xl=x

9. Proof: Recall: The inverse image of H' under 6 is

0 (H)={geG | bg) eH}
Closure: Let g, g, € 67'(H"), then 6(g,), 6(g2) € H'. Since H'is a subgroup
of G',

0(g1)00(g2) = 0(g1+82) = gi1xg €6 '(H"

Identity: By Theorem 15.4.2(a), e € 6~'(H").
Inverse: Let a € ~'(H") . Then 6(a) € H' and by Theorem 15.4.2(b),8(a)™! = 8(a™') e H' andsoa™! € 6~ 1(H").

Section 15.5

1. (a) Error detected, since an odd number of Is was received; ask for retransmission.
(b) No error detected; accept this block.
(c¢) No error detected; accept this block.

3.(a) Syndrome = (1, 0, 1). Corrected message = (1, 1, 0).
(b) Syndrome =(1, 1, 0). Corrected message =(0, 0, 1).

(¢) Syndrome (0, 0, 0). Corrected message = received message.
= 0, 1,1

(d) Syndrome = (1, 1, 0). Corrected message =(1, 0, 0).
(e) Syndrome = (1, 1, 1).This syndrome occurs only if two bits have been switched. No reliable correction is possible.

5. Let G be the 9 x 10 matrix obtained by augmenting the 9 x 9 identity matrix with a column of ones. The function ¢ : Z,° — Z,'* defined by
e (a) = a G will allow us to detect single errors, since e (a) will always have an even number of ones.

Supplementary Exercises—Chapter 15

1. Theorem 15.1.3 guarantees that all subgroups of any cyclic group can be determined by finding all cyclic subgroups. We can find all cyclic
subgroups of noncyclic groups but there may be other subgroups.

3. First, write 120 as a product of powers of distinct primes: 120 = 23.3.5. The Chinese Remainder Theorem states that
0:2Z50 > Zgx2Z3xZs5 defined by 6(k)=(kmod8, kmod3, kmod5) is an isomorphism. In particular, 6(74)=(2,2,4) and
6(85) = (5, 1, 0). Therefore,
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0(74 +120 85) = 6(74) + 6(85)
=2,2,4)+(5,1,0)
=(7,0,4)

Since 6(105) = (1, 0, 0),and 6 (96) = (0, 0, 1), we can compute
9_1(7, 0, 4) = 7 X129 105 4159 4 X209 96.
=39

5,2 H=0+H=1{0,4,8 =4+H=8+H

| +H=1{1,5,9=5+H=9+H

2+H={2,610=6+H=10+H

3+ H=03,7,1}=7+H=11+H

The operation table for this factor group is the same as that of [Z4, +4] with k replaced with k + H.
7.(a) |Zs| = 8 and [(2)| = 4, therefore there are 2 distinct left cosets, and they are:
0+(2)=1{0,2,4,6}=2+2)=4+2) =6+ (2)
1 +2)={1,3,5,71=3+2)=5+2)=7+ (2)
(b) 1Z12] = 12 and [(2)| = 6, therefore there are 2 distinct left cosets and they are:
0+(2)=1{0,2,4,6,8,100=2+2)=4+2) -6+ 2)=8+(2) =10 + (2)
andl + (2) ={1,3,5,7,9, 11} =3+(2)=5+2)=7+2)=9+ (2) =11 + (2)

+

(c) Since both groups are of order 2 and there is only one group of order 2 up to isomorphism, they are isomorphic. A simpler group is Z.
7. Assume fiseven, f =t oto---oty, for some r, where each ¢; is a transposition. Hence
fl=(tiotyo-oty,)™! = ty,0---01y01 by Exercise 11 of Section 15.3.
Since the alterative, that fis odd, leads to f~! being odd, fis even if and only if f~! is even.
11. (a) This following is the "standard definition" of a Boolean algebra homomorphism.
f: By = B, is a Boolean algebra homomorphisrn if and only if for all a, b, € B;.
(D flaAd)=fl@) A fb)
@ flaVb)=f@V fb)
@) f@ = fla)
®) @ fO0) = fla A a)

= fa) A\ f(a)

= f(@) A fla)
=0

and
Sf) = f@V a

= f() \/ f(a)
= f@) V fla)
=1

Note : The 0 and 1 of B} may be different than those of B;.

(i) a<b= a=a A\ b by Supplementary Exercise 4 of Chapter 13

= fla) = fla \b) = fla) \ f(b)

= f(a) = f(b) by the same exercise cited above.
(iii) See the solution to Exercise 15 of the Supplementary section of Chapter 13 for the definition of Boolean subalgebra. Part (i) of this
exercise shows that f(B) contains the 0 and 1 of B,. The definition in part a shows that f(a) € f(B;) has a complement, namely
f@ € f(By) , and also that f(B;) must be closed with respect to both A and V. For example, if a, b € By, thena A b € By, and since

f@ ANf®) = flaAb), flaNfh) e fB).
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1000110
0100101
B@ 1010011
0001111

(b) e(1111) = 1111111 and €(1001) = 1001001

(¢) (i) Syndrome = 101 => Error in second bit, since 101 is the second row of P.
Corrected message = 0000.
(ii) Syndrome = 000 => No error in transmission. Correct message is 1010.
(iii) Syndrome = 001 => Error in seventh bit, since 001 is the seventh row of P.
Corrected message = 1011. (Since the error was in a parity bit, the actual message is not corrected.)

(d) The most direct way of proving that all single errors can be corrected is to compute the syndromes of each of the seven possible one-
bit errors. Since each of them produces a distinct syndrome (the rows of P), single errors can always be corrected.

CHAPTER 16

Section 16.1

1. All but rings ¢ and e are commutative. All of the rings have a unity element. The number 1 is the unity for all of the rings except ¢ and e. The
unity for My, (R) is the two by two identity matrix; the unity for M,,(R) is the n by n identity matrix. The units are as follows:

(@ {1, -1}

(b) C*

© {A]lAl==x1}

@ Q*

() {A| Ajj A — Ay Ay %0}
" {1}

3. Hints: (a) Consider commutativity

(b) Solve x? = 3 x in both rings.

5. (a) We already know that 3 Z is a subgroup of the group Z; so part 1 of Theorem 16.1.1 is satisfied. We need only show that part 2 of the
theorem holds: Let3m, 3n € 37.

Bm)(Bn) =3Bmn) € 3Z,since3mnec”Z. m
(b) The proper subrings are {0, 2, 4, 6} and {0, 4}; while {0} and Zg are improper subrings.
(c) The proper subrings are {00, 01}, {00, 10}, and {00, 11}: while {00} and Z, X Z, are improper subrings.
7. (a) The left-hand side of the equation factors into the product (x — 2) (x — 3). Since Z is an integral domain, x = 2 and x = 3 are the only

possible solutions.

(b) Over Z1,,2, 3, 6, and 11 are solutions. Although the equation factors into (x — 2) (x — 3), this product can be zero without making x either 2
or 3. For example. If x =6 we get (6 —2)X2(6 —3) =4 X3 = 0. Notice that 4 and 3 are divisors of zero.

9.Let Ry, Ry, and R3 be any rings, then

(a) R, isisomorphic to R; and so “is isomorphic to” is a reflexive relation on rings,

(b) R, is isomorphic to R, = R, is isomorphic to R;, and so “is isomorphic to” is a symmetric relation on rings,

(c) R, is isomorphic to R, and R, is isomorphic to R3 implies that R, is isomorphic to R3, and so “is isomorphic to” is a transitive relation on
rings.

We haven’t proven these properties here, just stated them. The combination of these observations implies that “is isomorphic to” is an
equivalence relation on rings,

11. (a) Commutativity is clear from examination of a multiplication table for Z, X Z;. More generally, we could prove a theorem that the direct
product of two or more commutative rings is commutative. (1, 1) is the unity of Z, x Z3.

(b) {(m, n) | m=0o0rn =0, (m, n) # (0, 0)}

(c) Another example is Z X Z. No, since by definition an integral domain D must contain the additive identity so we always have
(m, 0)-(0, n) = (0, 0)in D x D.
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13. (a) (a+ b)(c+d) =(a+b)c+ (a+bd
=ac+ bc +ad + bd
(b) (a+ b)(a+b)=aa+ ba+ab+ bb by parta

=aa + ab + ab + bb since Ris commutative
=a* + 2ab + b?

15. Hint: The set of units of a ring is a group under multiplication. Apply a theorem from a group theory.

17. Proof of Corollary to Theorem 6.1.4: Since p is a prime, all nonzero elements of Z, are relatively prime to p. By Theorem 16.1.4 we are
done.

Section 16.2
3.No,since 2! = 2in Zs,buta™' +aand b~ #bin F.
5.(a) O (overZ,), 1 (over Zs), 3 (over Zs)
(b) 2 (over Zz ), 3 (over Zs)
(© 2
7.(a) Oand1 (b)1 (c)1 (d)none

9. (¢) The roots of x2 —2 =0 are V2 and -v2 . Both numbers can be expressed in the form a +bV2 where a, b € Q:
V2 =0+1-V1 and-V2 =0 + -1-V2.

(d) No, since +v3 cannot be expressed in the form a + b2 ,a, b € Q. If there exist rational numbers a and b such that
V3 =a+bV2 , then clearly b # 0 since V3 s irrational and a # 0 for that would imply that \/3/_2 is rational, which is false. If we
square both sides, of the equation we will get a rational expression for V2 which is also false.

Section 16.3

1.G) f(x) + gx) =2 + 2x + X2, fx)gx) =1 +2x +2x2+5°

(i) f) + g =22,  f)g) =1+x

()1 +3x +4x2 +3x +x*

(V1 +x+x +x*

W) 2+ X3
3.(@Ifa, b € R,a — band ab are in R since R is a ring in its own right. Therefore, R is a subring of R[x]. The proofs of parts b and ¢ are
similar.
5.(a) Reducible, (x + 1) (x> + x + 1)

(b) Reducible, x(x%+ x + 1)

(c) Irreducible. If you could factor this polynomial, one factor would be either x or x + 1, which would give you a root of O or 1,
respectively. By substitution of O and 1 into this polynomial, it clearly has no roots.

(d) Reducible, (x + 1)*

7. We illustrate this property of polynomials by showing that it is not true for a nonprime polynomial in Z,[x]. Suppose that p (x) = x> + 1,

2 3

which can be reduced to (x + 1)?> ,a(x) = x> + x,and b(x) = x> + x2. Since a (¥) b(x) =x° + x> = (2 + 1), p(x) | a(x) b(x). However, p (x)

is not a factor of either a(x) or b (x).
9. The only possible proper factors of x> — 3 are (x -3 ) and (x +V3 ) which are not in Q[x] but are in R[x].

11. For n = 0, let S(n) be the proposition: For all g (x) #0 and f (x) with deg f (x) = n, there exist unique polynomials ¢ (x) and r (x) such that
f(x) = g(x) g(x) + r(x), and either 7(x) =0 or degr(x) < degg (x).

Basis: S (0) is true, for if f (x) has degree 0, it is a nonzero constant, f(x) = ¢ # 0, and so either f(x) = g(x)-0 + ¢ if g(x) is not a constant, or
f(x) = gx) g(x)"! + 0 if g(x) is also a constant.

Induction: Assume that for some n =0, S(k) is true for all k < n, If f(x) has degree n + 1, then there are two cases to consider. If
degg(x) >n + 1, f(x) = g(x)-0 + f(x), and we are done. Otherwise, if deg g(x) =m < n + 1, we perform long division as follows, where
LDT’s = various terms of lower degree than n + 1.
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fn+1 ‘gm—l er—l—m
gn X"+ LDT's ) f. X1+ LDT's
fr1 X"+ LDT's

h(x)

Therefore,

h(x) = f) = (fue1-gn ™ X1 g(0) =
O = (farr-gn™ X1 g(0) + h(x)
Since deg £ (x) is less than n + 1, we can apply the induction hypothesis:

h(x) = g(x)g(x) + r(x) with degr(x) < degg (x).

Therefore,

) = g0) (fas1-gn ™" X7 + g(x)) + r(x) with degr(x) < degg (x).
This establishes the existence of a quotient and remainder. The uniqueness of ¢ (x) and r (x) as stated in the theorem is proven as follows: if
f (x) is also equal to g(x) g(x) + 7(x) with deg r(x) < deg g(x), then

8(x)q(x) + r(x) = g(x)qlx) +T(x) = gx) (k) —g(x) = r(x) —F(x)
Since degr(x) — 7(x) < degg(x), the degree of both sides of the last equation is less than degg(x). Therefore, it must be that
g(x) — q(x) = 0,0r g(x) =¢g(x) and and so r(x) = 7(x). &
Section 16.4

1.Ifap + a; V2 e Q[\/? ] is nonzero, then it has a multiplicative inverse:

1 _ 1 ap—a, \/7
am—al\/? ap+a; V2 ao—alﬁ
_ ap—a V2

ap’-2a?

— do _ a \/7

ap?-2a;? ap*-2a,?

~%__ are both rational numbers, ap + a; V2 isaunit of

. . . .. . . a
The denominator, ap> — 2 a;2, is nonzero since V2 is irrational. Since ﬁ and ——"—
ap - =a; a - =a;

Q[\/?] The field containing Q[ﬁ] is denoted Q(\/?) and so Q(\/?) = Q[ﬁ]

3.0% = 5x2 +6 = (x2 — 2)(x* — 3) has zeros i\/? and i\/?. Q(\/?) = {a + b\/? ‘ a, b e Q} contains the zeros tﬁ but does
not contain =+ \/? , since neither are expressible in the form a + b \/7 . If we consider the set {c +d x/? tc,d e Q(\/? )}, then this field

contains + as well as + , an is denote = , . Taking into account the form of ¢ and d in the description
i 3 las +V2 ,anis denoted (Q(V2 ))(V3 )= Q(V2, V3 ). Takingi he form of ¢ and d in the descripti

above, we can expand to
Q(VZ,V3)={bo + biV2 + V3 +55V6 | b e Q).

5.() f(x) = x> + x + 1is reducible if and only if it has a factor of the form x — a. By Theorem 16.3.3, x — a is a factor if and only if a is a
zero. Neither O nor 1 is a zero of f (x) over Z,.

(b) Since f (x) is irreducible over Z,, all zeros of f (x) must lie in an extension field of Z, . Let ¢ be a zero of f(x). Z,(c) can be described
several different ways. One way is to note that since ¢ € Z,(c), c" € Z;(c) for all n. Therefore, Z,(c) includes 0, ¢, c?,¢>, ....Butc® = ¢ + 1
4 S= 2+ c+1,c%=c?+1,and ¢’ = 1. Higher powers of ¢ repeat preceding powers. Therefore,

2 2

=2+ c,c
2

since f (¢) = 0. Furthermore, ¢

Z,)=1{0,1,¢c, %, c+ 1,2+ 1, ¢
={ag+ ajc+ayc*| a;€Zy)

+c+1,¢c” + c}.

The three zeros of f(x) are ¢, ¢ and ¢ + c.
fO=E+)@x+c2)x+ A+ o).

(c) Cite Theorem 16.2.4, part 3.

Section 16.5

3. Theorem 16.5.2 proves that not all nonzero elements in F[[x]] are units.
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7. () b=1
by=(-H@2-1)=-2
by=(-)2-(-2)+4-)=0
by=(-1)2-0 + 4-(-2)+8-1)=0
... (all others are zero)
Hence, f(x)™'=1-2x

b)) fO)=1+2x+22x2+225+ -
=20° + 20" + 202+ 213 + -
1
T o1-2x

The last step follows from the formula for the sum of a geometric series.

9.a) -2+ =2 -2x+1)7"
=x (1 -2x+ 12"

_ x-z( ozo“ (k+1) xk) by Example 2 of 16.5
k=0

= Y k4
k=-2
Supplementary Exercises—Chapter 16
1. (a) This ring is not commutative.
(A+B?=(A+B)-(A+B)
=(A+B)-A+(A+B)-B
A-A+B-A+A-B+B-B
=A>+ B-A+ AB + B

(b) Yes
3. (a) By Theorem 16.1.1 show:

(1) [D +] is a subgroup of the group [M>,>(R); +]. We leave this to the reader.

c 0

0
(2) D is closed under multiplication. To prove this, let ( 8 ) ( 0 d

(8 2)(8 g)z(aoc bod)ED

since a ¢ and b d are real numbers and the product is in the form of a typical matrix in D.

) € D. Then,

(b) Since
(a 0)(6‘ O)_(ac O)_(c 0)(a O)
0 bJ\0od)"\o0o bd) \0 a)l0o b)’
. . . . (10
D is commutative. The unity for D is ( 01 )

1 0/0 O 00
(c) The product of two nonzero matrices can be equal to zero. For example, ( 00 ) ( 01 ) = ( 00 ) Therefore, D has divisors of zero and

by Theorem 16.1.2 the cancellation law is not true in D.

5.(@)2* =16
(b) The product cited in the solution to 3(c) above shows that M,.,(R) has divisors of zero. Therefore, the matrix polynomial
11 10
(x = 1) (x + I) may have solutions other then +/. If fact you can verify that ( 01 ) and ( 11 ) satisfy the given equation.

0
7. UseT:A->R definedbyT((g 0 )): a

9. By substitution and the operation tables of Example 16.2.2,

+a+1l=b+a+l
=14+41=0
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Therefore, a is a root. A similar calculation shows that b is a root. Substitution of 0 and 1 for x shows that they are not root.

11. By Theorem 16.3.3,a € Q is a zero of f(x) iff (x — a) is a factor of f(x), which also implies a must be a factor of 9. Hence, the only
possible rational roots are: +1, £3. and £9. We can verify that (x — 3) is a divisor of f(x) or that x = 3 is a zero of f (x). Dividing f(x) by

(x — 3) produces g(x) = x> —3 x>+ x — 3, which has x = 3 as a rational root. Dividing ¢ (x) by x — 3 produces x> + 1. Hence, the complete
factorization of f (x) in Q[x]is (x — 3)% (x> + 1).
13. g0) = 0,¢(1) = 1,
g(a):a3+az+a: 1+b+a=1+1=0,and
gb)=b +P +b=1+a+b=1+1=0.
Hence, 0, a, and b are zeros of g (x) and the g(x) = x(x —a) (x — b) = x(x + a)(x + b).
15.(a) Sum = (1,0, 1), Product = (0, 1, 1, 1)
(b) Sum = (1,0, 0, 0),Product = (0, 1, 1, 1, 0, 0, 1)
(¢) Sum = (1, 1, 1, 0, 0), Product = (0, 0, 0, 0, 1, 1, 1, 0, 1)

(d) Sum = 010, Product = 11011

16. The encoding of a string of bits is based on polynomial division. Given a four bit message, we make the bits coefficients of a sixth degree
polynomial, b3 x> + by x* + bs x> + bgx® which we can also express in Z,% as (0,0, 0, b3, by, bs, bs), we divide this polynomial by
p(x) =1+ x+x* and add the remainder to the “message polynomial. The quotient is in the division is discarded. Thus, if the remainder,
which must be a polynomial of degree less than 2, is by + by x + b, x2, the encoded message is the string of bits (by, b1, b2, b3, by, bs, bg).

(a) Encode the following elements of Z,%as described above.
(@ (0,0,0,1, 1,0, 1)
(b) 0,0,0, 1,1, 1, 1)
(¢) (0, 0,0,0,0,1, 0)

(b) Prove that the encoded message will always represent a polynomial with is evenly divisible by the polynomial p(x) that is used to
encode the message.

17. If the message polynomial is m(x) = b3 x> + by x* + bs x° + be % we divide by p(x)= 1 + x+ x> and get a quotient and remainder:
m(x) = p(x) g(x) + r(x), where the degree of r(x) is less than 3.  We transmit #(x) = m(x) + r(x) = m(x) + (m(x) — p(x) g(x)) = p(x) g(x)

since m(x) + m(x) = 0. Now assume that the error x* is added and we receive p(x) g(x) + x*. Since x, 0 < k < 6, is not a multiple of p(x), the
recieved polynomial is also not a multiple of p(x). The following Mathematica calculation verifies this last claim.

({x“, PolynomialRemainder[x”, x}+x+1, x, Modulus -» 2] } & /@Range [0, 6]) //
Prepend[#, {"Monomial", "Remainder"}] &

Monomial Remainder

1 1

X by

x2 x>

X x+1
x* 2 +x
X Z+x+1
X6 2 +1

19.(@) b(x) = x° + x*+ 1= g2 +x+1)+0 3a = 111

® bx) =X+ +2+1=g)x2+1
= error in the first bit of b
= e(a) = 001101
= a=001

Getting a from e(a) involves doing this calculation:
PolynomialQuotient [x5 +x3+x%, x3+ x+1, x, Modulus - 2]

x2
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© b(x) =X+ x+1=gx) 2+ 1)+
= error in the third bit of b
= e(a) = 111001
= a=101

PolynomialQuotient [x5 +x>+x+1, x>+ x+1, x, Modulus - 2]

¥ +1
(d bx) =+ + x+1=gx)x+D+x2+x

= error in the fifth bit of b

= e(a) = 110100 (the string representation of g(x))
= a=100

21. (a) g(x) is irreducible over Z, since g(0) = g(1) = 1. Hence, g(x) does not split in Z,. Let B be a zero of g(x), so that
Zo[Bl={a+bB + cp? | a, b, c € Z,}. This is a field of 2* = 8 elements which, by Theorem 16.2 4, is isomorphic to GF(8).

23.1/g(x) = f(x) of Example 16.5.2.

1+2x+322+453+ -
1-2x+x2 )1
1-2x+2x°

2x—x

2
2x—4x*+2%°
3x2-24°
32 -6 +3x*
4x3-3x*
43 —8x* +4x°
S5x—4x
25.(a) ap=a, = l,ap=2,a3=3,a4= 5, ....,s0

fO=1+x+22+35+5x+ -

b) ag=a;=1,a0=0,a3=1l,a4=1,a5=0,....

) =1+x+02% + P+ 2+ 0+ 0 +x7 + -
=(1+x) + 20 +x) + 2°A+2x) + -

A+x) L+ + 20+ -0
_

- (1)
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