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Dimensional Fractions 
The dimensions in dimensional fractions relate to length, time, weight, etc. 

Examples of length dimensions are inches, feet, and miles. 

Examples of weight dimensions are pounds and grams. 

Examples of time dimensions are seconds, minutes and days. 

 

Dimensional fractions are fractions composed of just dimensions like those mentioned 

above.  The term “miles per hour” can be shown as a dimensional fraction: 

miles
hour

 

Other terms like “miles per gallon” or “dollars per pound” can be shown similarly: 

miles
gallon

  $
pound

  or  $
.lb
 

The use of dimensional fractions can be helpful in solving various word problems.   

 
Example 1 

Suppose we are told that a certain car gets 30 miles per gallon, and we need to find out 

how many gallons will be needed to go 200 miles.  We can write 30 miles per gallon like 

this: 30 miles
gallon

 

We know that our answer must be a number of gallons, so we need to cancel miles from 

the above fraction.  We can do this by dividing by 200 miles: 

 30 30 200 miles milesmiles
gallon

÷ =
200 miles

3
20  gallonsgallon

=  

Since we want gallons in the numerator, we just invert the above fraction: 

 20 26
3 3

gallons gallons=  

So it takes 6 2/3 gallons to go 200 miles. 

Another way to look at this problem is to consider 

200 miles 30 miles 200 26 .
30 3

gallons gallons
gallon

= =  
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We can also use dimensional fractions to convert between different units of measure.  

Sometimes we may want to go from pounds to ounces or even pounds to grams.  Other 

times we may want to convert feet per second to miles per hour. 

 
Example 2 
A runner is measured going 90 feet in 10 seconds.  How fast is this runner in miles per 

hour? 

Going 90 feet in 10 seconds is the same as 90 feet
10 seconds

 or 9 feet
second

. 

We know that there are 60 minutes in an hour which is 60 minutes
hour

. 

We also know that there are 60 seconds in a minute which is 60 seconds
minute

. 

We can cancel minutes by multiplying these two fractions: 

60 minutes 60 seconds
hour minutes

×
3,600 seconds

hour
=  

Now, since there are 5,280 feet in a mile, we can write that as 5,280 feet
mile

. 

The runner went 9 feet
second

, so we want to cancel feet and seconds.   

First, we’ll cancel feet:  

9 feet
9 feetsecond

5,280 feet
mile

=
mile

second 5,280 feet
×

9 miles
5,280 seconds

=  

Next, we’ll cancel seconds: 

9 miles
5,280 seconds

3,600 seconds
×

9 3,600 miles 6.1 miles
hour 5,280 hours hour

×
= =  

So the runner was going 6.1 miles per hour. 
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Example 3 
At the meat department of a supermarket, steak is priced at $7.99 per pound.  The steak 

you want to buy is 12 ounces.  How much will it cost? 

We can write $7.99 per pound as 7.99 dollars
pound

. 

Since there are 16 ounces in a pound, we write this as 16 ounces
pound

. 

We want to buy 12 ounces so we need to find the number of pounds first: 

12 ounces 12 ounces16 ounces
pound

=
pound

16 ounces
×

12 pounds 3 pound
16 4

= =  

Now we can calculate the price: 

7.99 dollars
pound

3 pound
4

×
37.99  dollars 5.99 dollars
4

= × =  

So, 12 ounces of steak will cost $5.99. 
 

Note that multiplying and dividing fractions are covered on pages 9 and 10.  The 

emphasis in this example is to deal with ounce and pound dimensions. 
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MCAS Problems 

2006 

http://www.doe.mass.edu/mcas/2006/release/g8math.pdf 

 
2006 Grade 8 #12 

 

Answer: 
2 260 3600 180

20 20 20
nf = = = = , so the answer is C, 180 feet. 

http://www.doe.mass.edu/mcas/2006/release/g8math.pdf


 5 

2004 

http://www.doe.mass.edu/mcas/2004/release/g10math.pdf 

 

2004 Grade 10 #8 

 
1.11 dollars

1.11 dollarsgallon
28 miles gallon
gallon

=
gallon

×
1.11 dollars

28 miles 28 miles

250 dollars 250 dollars1.11 dollars
28 miles

=

=
28 miles

1.11 dollars
×

250 28 miles 6,306.3 miles
1.11
×

= =

 

Answer:  B.  6,000 miles

http://www.doe.mass.edu/mcas/2004/release/g10math.pdf
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2004 Grade 10 #9 

 

93,000,000 miles 93,000,000 miles186,000 miles
second

=
second

186,000 miles
×

93,000,000 seconds
186,000

500 seconds

=

=

 

Answer: C.  500 seconds
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Fraction Arithmetic 

Adding and Subtracting Fractions 

When adding or subtracting fractions, there are two important things to note: 

1. Only the numerator should be added or subtracted 

2. The denominators must be the same 

 
Examples 

1 3 1 3 4 2
2 2 2 2

+
+ = = = ,  2 1 2 1 3

5 5 5 5
+

+ = = ,  3 1 3 1 2 1
4 4 4 4 2

−
− = = =  

Common Denominator 

If the fractions to be added or subtracted do not have the same denominator, then the 

least common denominator (LCD) must be found first.  The least common denominator is 

the smallest number that both denominators can divide evenly.  

 
Example 

For the fractions 1
3

 and 1
4

, the least common denominator is 12 since that is the 

smallest number that both 3 and 4 can divide evenly. 

The denominator and numerator of 1
3

 must be multiplied by 4:  

1 4 4
3 4 12
⋅ =  

The denominator and numerator of 1
4

 must be multiplied by 3:  

1 3 3
4 3 12
⋅ =  

Finding the Least Common Denominator 

One way to find the least common denominator is to use the following steps: 

1. Factor the denominator of each fraction into prime numbers. 

2. Count the number of times each prime number occurs. 
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3. For each prime number, choose the largest count then multiply to get the least 

common denominator. 

4. Multiply the denominator and numerator by the same number so that you have a 

new fraction with the least common denominator.  

 
Example 1 

Find the least common denominator of 2 3 and 
15 8

, then add the two fractions.  

1. Factor the denominator of each fraction into prime numbers 

- The denominators are 15 and 8.   

- 15 factors into 3 5⋅   

- 8 factors into 2 2 2⋅ ⋅  

2. Count the number of times each prime number occurs 

- For the first fraction, 3 occurs once and 5 occurs once 

- For the second fraction, 2 occurs three times. 

3. For each prime number, choose the largest count then multiply to get the 

least common denominator. 

- The least common denominator is 3 5 2 2 2 120⋅ ⋅ ⋅ ⋅ =  

4. For 2
15

, multiply by 8
8

 since 15 8 120× = : 

          2 8 16
15 8 120

× =  

For 3
8

, multiply by 15
15

 since 8 15 120× = : 

          3 15 45
8 15 120
× =  

 

Then 2 3 16 45 61
15 8 120 120 120

+ = + =  
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Example 2 

Find the least common denominator of 1 3 and 
12 8

, then add the two fractions. 

1. Factor the denominator of each fraction into prime numbers 

- The denominators are 12 and 8.   

- 12 factors into 2 2 3⋅ ⋅   

- 8 factors into 2 2 2⋅ ⋅  

2. Count the number of times each prime number occurs 

- For the first fraction, 2 occurs twice, 3 occurs once 

- For the second fraction, 2 occurs three times. 

3. For each prime number, choose the largest count then multiply to get the 

least common denominator. 

- The largest count of 2 is three 

- The largest count of 3 is one 

- The least common denominator is 2 2 2 3 24⋅ ⋅ ⋅ =  

4. For 1
12

, multiply by 2
2

 since 12 2 24× = : 

          1 2 2
12 2 24

× =  

For 3
8

, multiply by 3
3

 since 8 3 24× = : 

          3 3 9
8 3 24
× =  

 

Then 1 3 2 9 11
12 8 24 24 24

+ = + =  

Multiplying Fractions 

To multiply fractions, the numerators and the denominators must be multiplied 

separately.  After completing the multiplication, the fraction must be simplified to lowest 

terms.   
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Lowest Terms 

To simplify a fraction to lowest terms, factor both the numerator and denominator to their 

prime factors then look for portions of the fraction that can be grouped to equal 1.  The 

remaining fraction is in lowest terms. 

 
Example 

Simplify 20
75

 to lowest terms. 

20 2 2 5 2 2 5 2 2 41
75 3 5 5 3 5 5 3 5 15

⋅ ⋅ ⋅ ⋅
= = ⋅ = ⋅ =

⋅ ⋅ ⋅ ⋅
 

 

Multiplication Examples 

2 1 2 1
3 4 12 6
× = =   3 1 3 1

5 9 45 15
× = =   4 3 12 1

9 4 36 3
× = =  

 
Another way to solve this problem is to cancel factors: 

2 1
3 2
×

1
62

=
⋅

   3 1
5 3
×

1
153

=
⋅

  2 2⋅
3

3
3
×

⋅ 2 2⋅
1
3

=  

Mixed Fractions 

If the fractions are mixed with whole numbers like 12
2

, convert the number to be a 

fraction only before multiplying.  So for 12
2

, convert this to 5
2

. 

Examples  

1 1 5 5 25 12 1 3
2 4 2 4 8 8
× = × = =    1 1 4 1 4 11

3 4 3 4 12 3
× = × = =  

Dividing Fractions 

Dividing is the inverse operation to multiplication.  That means that dividing by a number 

is the same as multiplying by the inverse of that number.  The inverse of a number is 

what you multiply that number by to get 1.   
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Example 

Find the inverse of 6. 

Let x be the inverse of 6.  Then 16 1
6

x x= → =  

We can use the inverse for division such as 5 6÷  which is the same as 15
6

× .   

Dividing by a fraction is the same as multiplying by the inverse of that fraction.  We find 

the inverse of a fraction in the same way as before.   

 
Example 

Find the inverse of the fraction 3
4

 

Let x be the inverse of  3
4

 

Then 3 41
4 3

x x= → =  

 

You can see that the inverse of a fraction is just switching the numerator and 

denominator.  So now all we have to do when dividing by a fraction is find the inverse of 

that fraction and then multiply. 

 
Examples  

1 2 1 3 3
8 3 8 2 16
÷ = × =   2 4 2 5 10 1

5 5 5 4 20 2
÷ = × = =  3 4 3 5 15

7 5 7 4 28
÷ = × =
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MCAS Problems 

2006  

http://www.doe.mass.edu/mcas/2006/release/g6math.pdf 

 

2006 Grade 6 #15 

 
 

1 1 2 1 123 8 23 8 15
2 4 4 4 4
− = − =  

Answer: A.  115 inches
4

http://www.doe.mass.edu/mcas/2006/release/g6math.pdf
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2006 Grade 6 #32 

 
 

62 2 2 4
3

+ = + =  

Answer: A.  4 

 

http://www.doe.mass.edu/mcas/2006/release/g8math.pdf 

 

2006 Grade 8 #3 

 

( )
( )

4 10 54 5 40 5 45 9 5 9
8 5 8 10 5 80 5 85 17 5 17

x
x

++ + ⋅
= = = = =

+ + + ⋅
 

Answer: B.  9
17

http://www.doe.mass.edu/mcas/2006/release/g8math.pdf
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2006 Grade 8 #4 

 
1 3 1 3 1 3 1 32 1 1 1 2 1 1 1
4 4 2 4 4 4 2 4

1 3 2 35
4 4 4 4
95
4

15 2
4

17
4

+ + + = + + + + + + +

= + + + +

= +

= +

=

 

Answer: D.  17
4
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2006 Grade 8 #5 

 

 
3 35 yards 5 yards
4 4

=
3 feet
yard

⋅
9 115 feet 17 feet
4 4

= =  

Perhaps an easier way to solve this problem without the compound fractions is to 

consider: 

3 235 yards yards
4 4

=
3 feet
yard

⋅
69 1feet=17 feet
4 4

=  

Answer: C.  117 feet
4
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http://www.doe.mass.edu/mcas/2006/release/g10math.pdf 

 
2006 Grade 10 #2 

 

( )
( )

( )
( )

( ) ( ) ( )15 4 8 15 12 15 12 15 12
3 12 36

2 2 1 1 2 3 1 6 1 5
+

= = = = =
+ − − −

 

 

Answer: B.  36 

 

2004 

http://www.doe.mass.edu/mcas/2004/release/g6math.pdf 

 

2004 Grade 6 #30 

 
1 miles1
2 day

30 days⋅
3030 miles 45 miles
2

= =  

 

 

http://www.doe.mass.edu/mcas/2006/release/g10math.pdf
http://www.doe.mass.edu/mcas/2004/release/g6math.pdf
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2004 Grade 6 #38 

 
3 6 3 12 1
4 4 2 2
⋅ = = =  

 

Answer: B.  11
2
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http://www.doe.mass.edu/mcas/2004/release/g8math.pdf 

 

2004 Grade 8 #3 

 

30
6

6

n
=

6
n

⋅ 30 6

30 6n

= ⋅

= ⋅

 

 

Answer: A.  30 6n = ⋅

http://www.doe.mass.edu/mcas/2004/release/g8math.pdf
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2004 Grade 8 #8 

 
1 1 1 3 3 11
3 2 3 2 6 2
× = × = =  

 

Answer: 1
2

 

 

 

2004 Grade 8 #31 

 

          
 

13  cups  cups2
6 dozen 20 dozen

20 dozen

x
=

7  cups
2

6 dozen
⋅  cups

720  cups
2  cups
6

x

x

=

⋅
=

 

140  cups
2  cups

6
70 cups  cups

6
411  cups  cups
6
211  cups  cups
3

x

x

x

x

=

=

=

=

 

 

Answer:  B.  211  cups
3
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2004 Grade 8 #36 

 
 

38  pounds
4

hamburgers4
pound

×
1232 hamburgers
4

35 hamburgers

=

=

 

 

Answer: C.  35 hamburgers
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2002 

http://www.doe.mass.edu/mcas/2002/release/g6math.pdf 

 

2002 Grade 6 #24 

 
1 1616 pieces  pieces 4 pieces
4 4
1 1616 pieces  pieces 2 pieces
8 8
4 pieces 2 pieces 6 pieces

⋅ = =

⋅ = =

+ =

http://www.doe.mass.edu/mcas/2002/release/g6math.pdf
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http://www.doe.mass.edu/mcas/2002/release/g8math.pdf 

 

2002 Grade 8 #11 

 
 

Pages read so far: 

3 2091 3697 pages  pages 522  pages
4 4 4
⋅ = =  

 

Pages left to read: 

3 1697 pages 522  pages 174  pages
4 4

− =  

 

 

2002 Grade 8 #36 

 
1 10 10

10 1
p p p÷ = ⋅ =  

http://www.doe.mass.edu/mcas/2002/release/g8math.pdf
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Ratios 
Ratios are a comparison of numbers or amounts of things, like the ratio of boys to girls in 

a classroom.  This is a comparison of part to part.  Ratios can also compare numbers or 

amounts of things to the larger group that these things belong, like the ratio of boys to 

total number of students in a classroom.  This is a comparison of part to whole. 

Comparison of Part to Part 

In the case of comparing part to part, we are comparing part of the whole to another part 

of the whole.  Boys are one part of the whole classroom and girls are the other part of the 

whole classroom.  Ratios of this type are written with a “:” between the two numbers.  

The numbers are simplified to lowest terms so the ratio 4:2 would be simplified to 2:1.  

This is read as “2 to 1”. 

 
Example 1 

A math class has 20 boys and 30 girls.  The ratio of boys to girls is 20 to 30.  This 

ratio is written 2:3. 

 
Example 2 

The lunch room has 25 tables and 125 chairs.  The ratio of tables to chairs is 25 to 

125.  This ratio is written 1:5. 

 

More than two sets of things can be compared in part to part ratios.  A colon (:) is placed 

between all of the numbers being compared. The numbers are simplified to lowest terms 

just like the comparison of two numbers.  A ratio like 5:10:15 would be simplified to 

1:2:3 and a ratio like 3:4:5:2 is already in lowest terms.  A recipe is an example of a ratio 

that has multiple parts. 

 
Example 3 

A recipe calls for 2 cups of flour, ½ cup of sugar and 3 cups of hot sauce.  This 

ratio is written as 2:½: 3 or 4:1:6.  In this case we have all numbers as whole 

numbers and multiplied by 2 to convert ½ to a whole number. 
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Comparison of Part to Whole 
This type of ratio compares a part of the whole to the whole, like the ratio of boys to the 

total number of students in the classroom mentioned earlier.  This type of ratio is the 

same as a fraction.   

 
Example 4 

There are 20 boys and 30 girls in a classroom.  The total number of students is 50.  

The ratio of boys to the total number of students is 20:50 or 2:5.  Since this is a 

comparison of part to whole, this can be written as 2
5

. 

 

In this example we had to add the number of boys to the number of girls to get the total 

number of students.  The number of boys is part of the whole and the total number of 

students is the whole. 

 
Example 5 

A bag of red, blue and yellow marbles has ratio of 2:3:1.  What fraction are the 

blue marbles of the total number of marbles? 

3 3 1
2 3 1 6 2

= =
+ +

 

 

Equations from Ratios 

Ratios can be written as an equation when solving certain types of problems.  We learned 

earlier to write ratios in lowest terms.  A ratio like 3:6:9 is written in lowest terms as 

1:2:3.  The ratio 5:10:15 is also written in lowest terms as 1:2:3.  So the ratios 3:6:9, 

5:10:15 and 1:2:3 are equivalent to each other. We can think of these ratios as 1 : 2 : 3x x x  

where x is equal to 1 in the lowest terms form and equal to 3 in the first ratio and equal to 

5 in the second ratio.   
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Example 6 
A bag of red, blue and yellow marbles has ratio of 2:3:1.  There are a total of 18 

marbles in the bag.  How many red marbles are there? 

We can write the ratio 2:3:1 as 2 : 3 :1x x x .  The total number of marbles can be 

written as the equation 2 3 1 18x x x+ + = . 

Solve for x: 

2 3 1 18
6 18

3

x x x
x

x

+ + =
=
=

 

So there are 2x or 6 red marbles in the bag. 

 
Example 7 

A school has 500 students where the ratio of boys to girls is 2:3.  How many girls 

are in this school? 

Write the ratio 2:3 as 2 : 3x x .  The total number of students can be written as the 

equation 2 3 500x x+ = . 

Solve for x: 

2 3 500
5 500

100

x x
x

x

+ =
=
=

 

The number of girls in the school is 3x or 300. 

 

We can get another kind of equation from ratios that compare two things.  If we know the 

ratio of two things and we know the number of one of them, we can find the number of 

the other.  This type of ratio equation is called a proportion.  A proportion is an equation 

with two ratios.  In the equation, the two ratios are equal to each other.  For example, 

1 3
2 6
= .  If we are solving a proportion with an unknown, the equation would look like 

1
2 6

x
= .  We can find that 3x = .   
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Example 8 
The ratio of cats to dogs in the neighborhood is 2:3.  If there are 6 cats in the 

neighborhood, how many dogs are there? 

Since the number of dogs is unknown, we call this x. 

We can write a second ratio as 6 : x . 

Since these two ratios must be equal, we can write the proportion equation: 

 2 6
3 x
=  

Now we just solve for x: 2 6 36 9
3 2

x x
x

= ⇒ = ⋅ ⇒ =  

The number of dogs in the neighborhood is 9. 

 
Example 9 

The ratio of ducks to geese on a pond is 3:7.  If there are 21 geese on the pond, 

how many ducks are there? 

Since the number of ducks is unknown, we call this x. 

We can write a second ratio as x: 21. 

Since these two ratios must be equal, we can write the proportion equation: 

3
7 21

x
=  

Now we just solve for x: 3 9
7 21

x x= ⇒ =  

The number of ducks on the pond is 9. 
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MCAS Problems 

2006 

http://www.doe.mass.edu/mcas/2006/release/g8math.pdf 
 

2006 Grade 8 #27 

 

( )

5 3 56
8 56

7
Female ducks: 5 5 7 35

x x
x

x
x

+ =
=
=

= =  
 
Answer:  D. 35 
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2004 
 
http://www.doe.mass.edu/mcas/2004/release/g8math.pdf 

 

2004 Grade 8 #2 

 
Let x be the diameter of Gear B.   

 
 
The circumference of Gear B is diameter 10 cmπ π⋅ = ⋅  
 
Answer: B. 
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2004 Grade 8 #7 

 
 

Since the number of dolls sold is 15,000, we use the ratio $225
4,500

. 

We can now form the proportion equation: 

 
 

The profit for 15,000 dolls is $750 
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http://www.doe.mass.edu/mcas/2004/release/g10math.pdf 
 
2004 Grade 10 #34 

 
 

We have the ratio 100 pounds
8 inches

. 

We can form the proportion100 pounds  pounds
8 inches 12 inches

x
= . 

Solving the proportion we find that 150 poundsx = . 

 

Answer: D.
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2002 

http://www.doe.mass.edu/mcas/2002/release/g6math.pdf 
 
2002 Grade 6 #12 

 
 

 

http://www.doe.mass.edu/mcas/2002/release/g6math.pdf
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2000 

http://www.doe.mass.edu/mcas/2000/release/g10math.pdf 

 

2000 Grade 10 #26 

 
 

Answer:  The correct answer is C.  In each trial, the number of tagged deer is 

proportional to the total number of deer.  For trial 1, we get: 
1

10 400
65 x

=  where 

1 2600x =  is an estimate of the total number of deer in the forest.  For trial 2, 

2

15 400
75 x

=  and 2 2000x =  is an estimate of the total number of deer in the forest.  

Averaging estimates 1x  and 2x , 1 2 2600 2000 2300
2 2

x xx + +
= = =  which 

represents a better estimate for the number of deer we could expect to find in the 

forest. 



 33 

Decimal Notation 

Terminating Decimals 

Any terminating decimal can be expressed as a rational number p
q

  where p and q are 

both integers, 0q ≠ .  A rational number is a fraction. 

 
Example 1 

0.55= 55
100

 or simplified it can be expressed as 5 *11
5

11
20*20

= .   

 
Example 2 

0.625= 625 5
1000

=
*125

5
5

*200
=

*25
5

5
*40

=
*5

5
5
8*8

= .  This process of canceling took a bit of time.  

A simpler way is 625 125
1000

=
*5

125
5
8*8

=  but this means that you have to recognize that 125 

is a factor of both the numerator and denominator.  Use the approach that you find easier 

to deal with. 

 

A terminating decimal can also be expressed as a sum of fractions.  For example, 

3 70.37
10 100

= + .  We already know from Example 1 that we can express 0.37 as 37
100

.  

The question now is how to combine 3 7
10 100

+  to get the result 37
100

.  The least common 

denominator (LCD) as discussed on page 7 is a way to combine fractions with unlike 

denominators.  The LCD is the least common multiple of the denominators.  For the 

numbers 10 and 100, the LCD is 100, and we get 3 7
10 100

+ = 3*10 7 37
10*10 100 100

+ = .   
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Example 3 

Express the terminating decimal 0.573 as a sum of fractions and then combine the 

fractions.  First of all, 0.573= 573
1000

.  As a sum of fractions, 0.573= 5 7 3
10 100 1000

+ + .  In 

order to combine the fractions, we need the LCD which is 1000.  Then adding the 

fractions, we find that 5 7 3 5*100 7*10 3 573
10 100 1000 10*100 100*10 1000 1000

+ + = + + = . 

 

The TI-84 calculator has as an option to enable conversion of a terminating decimal to a 

fraction.  In order to convert 2.3 to a fraction on the TI-84, type in 2.3 on the home 

screen, the press MATH and option 1 ( Frac ) followed by ENTER and the result on the 

screen will appear as 23
10

.  This feature can be used to help check your future work when 

manipulating decimals and fractions. 

 

The procedures to add and subtract like fractions and unlike fractions were presented in 

the Fraction Arithmetic section (page 7).  On pages 9-10 of that section, multiplying and 

dividing fractions were discussed. 

 

Repeating Decimals 

Any repeating decimal can be expressed as a rational number p
q

  where p and q are both 

integers, 0q ≠ .   

 
Example 4A 

Let’s find the rational number for the repeating decimal  0.333… 

Let x = .333…, then 10x = 3.333… and this implies that 10x – x = 9x = 3.  Dividing, we 

find that x = 3 1
9 3
= , or .333… = 1

3
. 
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Geometric Series 

Revisiting the previous problem, we will show that 0.333… is equal to 1
3

, but now we 

will use geometric series.  A geometric series takes the form 2 3a ar ar ar+ + + +  where 

r is called the ratio.  The geometric series converges, i.e. approaches a finite value, when 

the absolute value of the ratio is less than 1, i.e. 1r < .  The sum of a convergent 

geometric series is 
1

a
r−

.  For those of wondering where this result came from, just divide 

a by 1-r and the result after the long division is 2 3a ar ar ar+ + + + .   

 
Example 4B 

0.333… = 
2 33 1 1 11

10 10 10 10
    + + + +         

 .  The ratio r = 1
10

 and a = 3
10

.   Since the 

sum is 
1

a
r−

, we see that 0.333… = 

3 3
3 110 10

1 9 9 31
10 10

= = =
−

.  After doing a few of these 

geometric series problems, they get easy.  The goal is to factor out the common term a 

and then all you are left with is 2 31 r r r+ + + + in parentheses. 

 
Example 5 
Show that 0.999… is equal to 1 using geometric series.  In this case 

0.999…=
2 39 1 1 11

10 10 10 10
    + + + +         

 .  The ratio r = 1
10

 and a = 9
10

.  Then 
1

a
r−

 

becomes 

9 9
10 10 11 91

10 10

= =
−

.  Try to show that the repeating decimal 0.999… = 1 using the 

same approach as used in Example 4A. 
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Example 6 
 
Find a rational number for the repeating decimal 1.231231… 

As done in Example 4A, let’s just look at the portion 0.231231… and let x = .231231…, 

so 1000x = 231.231231… and this implies that 1000x – x = 999x = 231.  Solving, we get 

231 77
999 333

x = = .  Then using a bit of algebra, 1.231231… is equal to 1 + 77
333

 = 

1*333 77 410
333 333

+
= .  It’s easier to do Example 6 this way than as a geometric series. 

 
Do you think we can express π  as a rational number?  The answer is no since π  is not a 

repeating decimal.  People at times use the rational number 22
7

 as an estimate for π , but 

22
7

 is only an approximation for π  and not its exact value.  To the 8th decimal place, 

π =3.14159265, and none of the decimal places will repeat.  Dividing 22 by 7, we find 

that to the 8th place, 22 3.14285714
7
= .  Its approximation for π  is accurate to only the 

second decimal place and if we check carefully, the decimal portion of 22
7

 begins to 

repeat after the 6th decimal place. 

Fractions to Decimals 

We can use a calculator to convert a rational number to a decimal, but let’s examine the 

mathematics.   

 
Example 7 

Write 221
5

 as a decimal.  Just working on the fractional part, 
0.42 5 2

5
→ , so 221

5
 is 

equal to 21 + 0.4 or 21.4. 
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Example 8 

Write 2 1
3

 as a decimal.  We already know from Example 4A that 1
3

 is the repeating 

decimal 0.333…, but what if we didn’t know that.  We would then do a long division as 

in the previous example and find that 
0.3331 3 1

3
→  and the 3’s in the quotient continue to 

repeat.  We sometimes write 0.333… as 0.3 meaning that we have a repeating decimal.  

Anyway, 2 + 1
3

 is equal to 2 + 0.333… or 2.333… or 2.3  .  Using a calculator, we can 

use the mode and float options to round a decimal to a certain number of places.  If we 

selected the option on a TI-84 calculator to round 2.3  to two decimal places, we would 

get a result of 2.33. 

 
Examples 

The following examples can be used to test the concepts presented. 

 

1. Write 0.753 as a sum of fractions and then combine the fractions. 

      Answer:  7 5 3 7*100 5*10 3 7530.753
10 100 1000 10*100 100*10 1000 1000

= + + = + + = . 

 

2. Express the repeating decimal 4.232323… as a fraction. 

Answer:  Just work on the decimal portion .232323… and let x=.232323…, so 

100x=23.232323… and subtracting we find that 99x=23.  Solving for x we find that 

23
99

x =  and 4.232323… is equal to 4+ 23
99

.  The LCD is 99, so combining the rational 

numbers, 4 23 4*99 23 419
1 99 1*99 99 99
+ = + = . 

 

3. Write 114
7

 as a decimal.   
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Answer:  
0.1428571 7 1

7
→  and then repeats, i.e. 1

7
=.142857142857… so there are 6 

digits after the decimal point before the repetition begins.  114
7

 is equal to 

14+0.142857142857… or 14.142857142857… .  which can be written as 14.142857 . 

 

4. Using geometric series, show that the repeating decimal 0.222… is equal to 2
9

. 

Answer:  0.222…=
2 32 1 1 11

10 10 10 10
    + + + +         

 .  The ratio 1r=
10

 and 2
10

a = .  

Then 

2 2
210 10

1 91 91
10 10

a
r
= = =

− −
. 

Adding and Subtracting Decimals 

Adding and subtracting decimals are done much like the addition and subtraction of 

whole numbers with the exception that the decimal point must be retained.  Rewrite the 

quantities as necessary to enable decimal point and integer alignment. 

 
Example 9A 

Add the quantities 31 and 56.7.  For this example, rewrite the addition problem as 31.0 + 

56.7 and then add resulting in a sum of 87.7. 

 
Example 9B 

Perform the subtraction 98 – 24.3.  Rewrite the problem as 98.0 – 24.3 yielding a result 

of 73.7. 

 
Example 9C 

Add the quantities 31.23 and 56.7.  For this example, rewrite the addition problem as 

31.23 + 56.70 and then add resulting in a sum of 87.93. 
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Multiplying Decimals 

Multiply decimals just as you would multiply whole numbers, but the number of decimal 

places must be counted and adjusted for in the final result or product. 

 
Example 10A 
Perform the multiplication 7.3 x 8.2.  The answer is 59.86 but let’s show why we have 

two places after the decimal point.  If we were to only consider the whole numbers and 

multiply 73 x 82, the product is 5986.  However, in our problem, we actually have 

(7 0.3)*(8 0.2)+ + .  Expanding the factors, we get 56 + 7*0.2 + 8*0.3 + 0.3*0.2.  We 

could go back to fraction representation as in Example 3 and write 7*0.2 as 

2 147* 1.4
10 10

= = .  Likewise, 8*0.3 can be written as 3 248* 2.4
10 10

= =  and 0.3*0.2 can be 

written as 3 2 6* .06
10 10 100

= = .  Now add the individual results to get 56 + 1.4 + 2.4 + .06 

or 59.86.  The digits in our answer are of course the same as the original product 5986, 

and the two decimal places are the result of one decimal place for 7.3 and one for 8.2. 

 
Example 10B 
Perform the multiplication 2.1 x 4.3.  Without the detailed explanation as in the previous 

example, 21 x 43 is 903 and we have two decimal places to consider so the final answer 

is 9.03.  We can quickly approximate the final answer which helps us to align the decimal 

point.  Since 2.1 x 4.3 is actually (2+0.1)*(4+0.3) resulting in 8 plus some other “stuff”,  

the final result when multiplying 2.1 x 4.3 should be fairly close to 8.  Adding the other 

“stuff”, the final result is 9.03.  

Dividing Decimals 

When dividing a decimal by a decimal, the division is actually involving fractions.  If the 

denominator (divisor) is a decimal, manipulate the division problem so that the 

denominator becomes a whole number.  We will then be able to proceed with the division 

as done for whole numbers.  The rules following Example 11 will explain the proper 

placement of the decimal point in the result. 
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Example 11 

Compute .23
1.2

.  We want to make only the denominator a whole number.  The initial 

problem takes the form .23 10 2.3*
1.2 10 12

= .  Following the approach in Example 7, 

0.191662.3 12 2.3
12

→  and the result or quotient is equal to 0.192 rounded to three decimal 

places. 

 

Making the denominator a whole number results in the following rules to remember 

when dividing decimals: 

• Make the denominator (divisor) a whole number; 

• Count the number of places after the decimal point in the divisor and move the 

decimal point in the numerator (dividend) the appropriate number of places to the 

right required to make the divisor a whole number. 

 
Example 12 

Perform the division 37 0.23÷ .  Following the rules which are a result of making the 

denominator a whole number, we get 
160.873700 23 3700

23
→  rounded to two decimal places. 

 

References 

Calculus, from Graphical, Numerical, and Symbolic Points of View, Ostebee and Zorn, 

2nd edition, Houghton Mifflin, 2002. 

 

Pre-Algebra, An Integrated Transition to Algebra and Geometry, Glencoe/McGraw-Hill, 

2001. 

 

Some of the MCAS problems listed in the following material relate to the specific topics 

discussed in the previous decimal notation sections while others serve as enrichment. 
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MCAS Problems 

2006 

http://www.doe.mass.edu/mcas/2006/release/g6math.pdf 

 

2006 Grade 6 #19 

 
Answer: B 

 

2006 Grade 6 #25 

 
 

Answer: C 

 

http://www.doe.mass.edu/mcas/2006/release/g6math.pdf
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2006 Grade 6 #36 

 
 

Answer: Since point K lies between 1 and 2, and is closer to 1 than it is to 2, the correct 

answer is B. 

 

http://www.doe.mass.edu/mcas/2006/release/g8math.pdf 

 

2006 Grade 8 #15 

 
 

Answer: C. 

 

http://www.doe.mass.edu/mcas/2006/release/g8math.pdf
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2006 Grade 8 #32 

 
 

 

Answer: B 

 

 

http://www.doe.mass.edu/mcas/2006/release/g10math.pdf 

 

2006 Grade 10 #4 

 
Answer: The values of the expressions are: A=7, B= 9, C=12, D=4, so C has the greatest 

value. 

 

http://www.doe.mass.edu/mcas/2006/release/g10math.pdf
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2006 Grade 10 #7 

 
Answer: C 

 

2006 Grade 10 #15 

 

Answer: 2 84 16 2 18
4

+ = + =  

 

2005 

 

http://www.doe.mass.edu/mcas/2005/release/g6math.pdf 

2005 Grade 6 #1 

 
Answer: 13*0.85=$11.05, so A is the correct answer. 

 

http://www.doe.mass.edu/mcas/2005/release/g6math.pdf
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2005 Grade 6 #5 

 
 

Answer: 298.7 x 10.1 is approximately 300 x 10 = 3,000 and C is the correct answer. 

 

 

 

2005 Grade 6 #20 

 
Answer: D 

 

 

2005 Grade 6 #23 

 
Answer: B 



 46 

 

 

http://www.doe.mass.edu/mcas/2005/release/g8math.pdf 

 

2005 Grade 8 #6 

 
Answer: The numbers in the pattern are 50, 10, 2, 2/5 and B is the fourth number. 

 

2005 Grade 8 #36 

 
 

Answer: The costs per nugget rounded to 3 decimal places are: Kid Size – 0.258, Small – 

0.232, Medium – 0.213, Large – 0.227.  C is the best buy and has the least cost per 

nugget. 

http://www.doe.mass.edu/mcas/2005/release/g8math.pdf
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http://www.doe.mass.edu/mcas/2005/release/g10math.pdf 

 

2005 Grade 10 #6 

 

Answer: 1 5 1 2.236 1.618
2 2
+ +

≈ = , so B has the closest value. 

 

2005 Grade 10 #11 

 

Answer: 28.63 7.975
3.59

=  rounded to 3 places, so C is the correct answer.  Without a 

calculator, we could estimate the total costs as 6*3.60, 7*3.60, 8*3.60 and 9*3.60.  In 

that case, 8*3.60=$28.80 which is closest to the amount paid. 

 

http://www.doe.mass.edu/mcas/2005/release/g10math.pdf
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2005 Grade 10 #12 

 

Answer: X must be larger than 3.  8 2.83≈  and 11 3.32≈  so C is the correct answer. 

 

 

2005 Grade 10 #31 

 
 

Answer: a) 10=g + s  b) 206.50= 318g + 5s  c) Solve for g in part a) and substitute g=10 – 

s into part b) resulting in s=2973.5/313=9.5 ounces of silver.  Then g=0.5 ounces of gold. 

d) Value of gold is 318 * 0.5=318/2=$159.00.   
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2005 Grade 10 #33 

 
Answer: 280/18 is approximately 15.56 so 16 lawns have to be mowed and the correct 

answer is B. 
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2005 Grade 10 #41 

 
 

Answer:  a) To the nearest ten-thousandth, 
44 3.1605

3
  = 
 

 and 22 3.1429
7
= .  The 

absolute value of the difference is 0.0176. 

b) 355 3.1416
113

= and the absolute value of the difference with 22 3.1429
7
=  is 0.0013. 

c) Since the approximation used by the Chinese to 7 decimal places is 3.1415929, 
4355 22 4

113 7 3
π  < < <  

 
. 
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Percents and Fractions 

Conversions between Fractions and Percent 

Just as quantities can be converted from decimals to fractions and from fractions to 

decimals, fractions can also be converted back and forth to percents.  A percent is a ratio 

that compares a number to 100 and its symbol is %.  

 
Example 1 
Assume I got 42 of 50 multiple choice items on an exam correct.  To find the percent 

correct, set up the ratio 42
50 100

x
= , x=84 and I got 84% correct. 

 
Example 2 

Express the fraction 2
5

 as a percent.   

a) One way to solve the problem is to represent the ratio 2
5 100

x
= , so x=40 and 2

5
 is 

equal to 40%.   

b) Another way to express 2
5

 as a percent is to first convert it to decimal, i.e. 

2
5

=0.40.  Since 0.40 is written to the hundredths place, it is equal to 40%.   

We now see that we can move easily between fractions, decimals and percent. 

 
Example 3 

Express 5
3

 as a percent.   

a) Using the ratio method, 5
3 100

x
= , x=166.66… and as a percent 5

3
 is 

approximately equal to 167% or with a bit more accuracy, 5
3

 is approximately 
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equal to 166.7%.  As a fraction, 166.7% is 166.7
100

 and is 1.667 as a decimal to 3 

places.   

b) If we used the alternate method and first converted 5
3

 to a decimal, then 

5
3

=1.66666… and as a percent it could be rounded to 167% or 166.7% if we want 

more accuracy. 

 
Example 4 
A baseball batter gets 27 hits in 85 times at bat.  As a decimal accurate to 3 places, 

27
85

=0.318 and we report the average as “.318” which is a pretty good average.  We could 

say that the baseball batter’s average is 31.8%, but that is not the customary way to report 

baseball averages and sports enthusiasts wouldn’t know what we meant. 

 
Example 5 

2000 students attend ABC College.  1300 students live at college and 700 students 

commute from home. 

a) What percent of the students commute? 

Answer: 700/2000=0.35 so 35% commute. 

 

b) Next year, a 5% increase in total enrollment is expected and it is expected that the 

college will be able to house 1350 students.  What percent of students will live at school 

and what percent will commute? 

Answer: 0.05*2000=100, so next year there will be 2100 students attending ABC 

College.  1350/2100=0.6428 or approximately 64.3% will live at school and 35.7% will 

commute. 

Percent of Change 

Often, businesses give percentage discounts during sales or percentage increase for 

services they render.   
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Example 6 
Best Buy decreased the price on a HD Sony TV from $1500 to $1250.  What is the 

discount rate? 

Answer: The discount is $250.  250 1 0.1666
1500 6

= = … or approximately 17%. 

 
Example 7 
I am now paying $100 a month to NSTAR for gas to heat my home.  Rates are scheduled 

to increase 3% for 2008.  How much more will I have to spend for heat in 2008? 

 

Answer:  Each month during 2008, it will cost me and additional 0.03*100 or $3 for heat.  

My total increase for the year will be 12 months * 3 dollars
month

 = $36. 

 
Example 8 

Assume that the present seating capacity at Fenway Park is 36,000 and that at Gillette 

Stadium is 60,000, and that they both increase their seating capacities by 4,000 seats.  

What is the percentage increase at each place? 

 

Answer:  The percentage increase at Fenway Park is 4000 1 0.111
36000 9

= = … or slightly 

more than 11%.  The percentage increase at Gillette Stadium is 4000 1 0.0666
60000 15

= = … 

or just under 7%.   

 
Example 9 

Assume you are a professional athlete and are offered two contract options.  The first 

option is to get $600,000 the first year with an increase of $200,000 each year for the 

next 3 years.  The second option is to get $800,000 the first year and a 10% increase 

yearly for the next 3 years.  Which option is better? 
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Answer:   

a) With the first option, yearly salaries are $600,000, $800,000, $1,000,000 and 

$1,200,000 for a total during the 4 years of $3,600,000. 

 

b) With the second option, yearly salaries are $800,000, (800,000+0.10*800,000) or 

$880,000, (880,000+0.10*880,000) or $968,000, (968,000+0.10*968,000) or 

$1,064,800.  The total for the 4 years is $3,712,800. 

 

It is pretty close but the second option is better if you just consider total income during 

the 4 years.  However, if we extended the same scenario one more year, then the first 

option would yield $1,400,000 for year 5 with a total of $5,000,000 for the 5 year period.  

The second option would yield $1,171,280 (1,064,800+0.10*1,064,800) during year 5 

with a total of $4,884,080 for the 5 years.  Now the decision is getting interesting since 

the first option is generating considerably higher incomes during years 4 and 5 and 

inflation becomes a consideration.  Wouldn’t it be nice to have these problems!  

 

References 

Comparing and Scaling, Ratio, Proportions, and Percent, Lappan et al, Prentice Hall, 

Connected Mathematics (grade 7), 2002 

 

Pre-Algebra, An Integrated Transition to Algebra and Geometry, Glencoe/McGraw-Hill, 

2001 

 

Some of the MCAS problems listed in the following material relate to the specific topics 

discussed in the previous percents and fractions sections while others serve as 

enrichment. 
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MCAS Problems 

2006 

http://www.doe.mass.edu/mcas/2006/release/g6math.pdf 

 

2006 Grade 6 #26  

 

Answer: D.  The fraction is 16 0.80 80%
20

= = . 

 

http://www.doe.mass.edu/mcas/2006/release/g6math.pdf
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http://www.doe.mass.edu/mcas/2006/release/g8math.pdf 

 

2006 Grade 8 #11 

 
Answer:  D:  Lisa increased her exercise time by 7 minutes.  The percent increase is 7/8 

or 87.5%. 

 

 

2006 Grade 8 #16 

 
 

Answer: A.  Martin answered 36 correctly and 4 incorrectly.  4/40 is 10% incorrectly. 

 

http://www.doe.mass.edu/mcas/2006/release/g8math.pdf
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2006 Grade 8 #37 

 
Answer: B.  90 students are members of 2 or more clubs.  90/500 is equal to 18%. 
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http://www.doe.mass.edu/mcas/2006/release/g10math.pdf 

 

2006 Grade 10 #30 

 
Answer: B:  13 vehicles are either new cars or new trucks and 13/100=13%. 

 

2005 

http://www.doe.mass.edu/mcas/2005/release/g6math.pdf 

 

2005 Grade 6 #8 

 
Answer: D.  6/8=75%. 

 

http://www.doe.mass.edu/mcas/2006/release/g10math.pdf
http://www.doe.mass.edu/mcas/2005/release/g6math.pdf
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http://www.doe.mass.edu/mcas/2005/release/g8math.pdf 

 

2005 Grade 8 #19 

 
 

Answer: 0.30*600=180 

 

2005 Grade 8 #23 

 
 

Answer: C.  Housing is 30% of the total, i.e. 0.30*40,000=12,000. 

 

http://www.doe.mass.edu/mcas/2005/release/g8math.pdf
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2005 Grade 8 #39 

 
 

Answer: a) Sale price is 14 - .15*14 = $11.90  b) Final price is 11.90 + .07*11.90 = 

$12.73   c) The customer is wrong since the regular price is $14 and 14 - .08 * 14 = 

$12.88, not $12.73.  15% of $14 does not equal 7% of $11.90 + 8% of $14. 

 

http://www.doe.mass.edu/mcas/2005/release/g10math.pdf 

 

2005 Grade 10 #16 

 
 

Answer: 0.10 * 160=16 so 144 passengers will show up and 9 will not have a seat. 

 

http://www.doe.mass.edu/mcas/2005/release/g10math.pdf
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2005 Grade 10 #37 

 
Answer: There are 1100 Math/Science majors and 330/1100=0.3 so the correct answer is 

B. 

 

2005 Grade 10 #39 

 
Answer: On Tuesday the price will be 135 – 0.08 *135=$124.20.  On Wednesday the 
price is 124.20 – 0.08 * 124.20 or approximately $114.26.  Since the price just dropped 
about $10 from Tuesday to Wednesday and it will drop a bit less (8% of the new daily 
price) each following day, a good guess is that the price will be less than $100 in 2 more 
days or on Friday.  Let’s do the math.  On Thursday the price will be approximately 
$105.12 and on Friday it will be approximately $96.71.  The correct answer is C. 
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Probability and Fractions 
The probability of any event must lie between zero and one inclusive.  If we are sure that 

an event will occur, its probability is one.  Likewise if we are sure that an event won’t 

occur, its probability is zero.  The probability of an event occurring is the total number of 

favorable outcomes divided by the total number of outcomes. 

 
Example 1A 
There are 10 red marbles and 5 blue marbles in an urn.  If we don’t look, the probability 

of selecting a red marble on a single selection is 10/15 or 2/3 since there are 10 red 

marbles and 15 total marbles in the urn.  Another way of looking at probability is to 

consider the results in terms of odds or chance.  For this example with a probability of 

2/3, there are 2 favorable outcomes and one unfavorable, so the odds or chance of 

winning when trying to select a red marble are 2 to 1 in our favor.  In terms of a wager, 

that means I must bet $2 to win back $3.  Looked at another way, the probability of 

selecting a blue marble is 5/15 or 1/3.  The odds are 2 to 1 against us winning, so the 

wager must be $1 to win back $3 if in fact a blue marble is selected. 

 
Example 1B 

The same urn exists with 10 red and 5 blue marbles.  The probability of selecting a green 

marble is 0/15 or 0 since there are no favorable outcomes.  On the other hand, the 

probability of selecting on one selection either a red or blue marble is 15/15 or 1.  This is 

called the sure event. 

 

Rather than consider only two possible choices, let’s consider a situation with several 

choices.  Probability is still defined the same way. 

 
Example 2 

Fifty students in the King Middle School were surveyed about their favorite sandwich.  

Ten like tuna fish, 25 like turkey, 8 like jelly, and 7 like cheese.  If a student is selected at 

random (closing your eyes and arbitrarily picking someone), the probability that the 
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student’s favorite sandwich is turkey is 25/50 or ½.  The probability that the sandwich is 

tuna fish is 10/50 or 1/5.  The odds that the sandwich is neither turkey nor tuna is  

1 – (1/2 + 1/5).  Remember that the sure event has a probability of 1.  This last example 

represents some manipulation that we have to do with fractions.  First of all, 1/2 + 1/5 has 

a lowest common denominator or 10 and equals 1*5 1*2 7
2*5 5*2 10

+ = .  The probability that 

the sandwich is neither turkey nor tuna is 7 1*10 7 31
10 10 10 10

− = − =  and the odds of this 

occurring are 7 to 3.  That means, a wager of $3 that a random student eats neither turkey 

nor tuna would return $10 if we were correct. 

 

The situation presented in Example 2 can be used to predict outcomes based on other 

populations sizes.  If we assume that the results from the King School can be used in a 

school with 500 students, then we can expect that 500*1/5 or 100 students will select tuna 

fish.  Mathematically, we are using the same probabilities in Example 2 and then saying 

that the expected outcome is equal to 500 times the appropriate probability.  In a similar 

way, I would expect that 500*(8/50) at the larger school like jelly.  This fraction 

simplifies to 80 students preferring jelly sandwiches. 

 

Let’s now look at independent events.  In that situation, the probability of events A and B 

occurring is the product of their probabilities.  Mathematically, we say that 

the ( ) ( ) ( )P A B P A P B∩ = .  An example of this occurs when tossing a fair coin.  The 

probability of getting heads or getting tails on any toss of the coin equals ½, i.e. each 

outcome is equally likely to occur.   

 
Example 3A 

A fair coin is tossed twice.  What is the probability of getting exactly 2 heads? 

 
Answer:  On each toss there 2 possible outcomes, so in all there are 2*2 or 4 possible 

outcomes.  The only favorable outcome is getting heads on the first and the second toss, 

so the desired probability equals ¼.  The odds against this happening are 3 to 1. 
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If we change the problem slightly and ask what is the probability of getting exactly 1 

head and 1 tail, there are 2 favorable outcomes.  They are HT which means heads on the 

first toss and tails on the second toss, and the second favorable outcome is TH.  The 

probability is then 2/4 or ½.  In other words the odds of this happening are 1 to 1.   We 

sometimes refer to these odds as 50:50. 

 

This type of problem dealing with independent events can be extended to 3 tosses of the 

coin.  In that case there are 2*2*2 or 8 outcomes.   

 
Example 3B 
A fair coin is tossed 3 times.  What is the probability of getting exactly 2 heads? 

 
Answer:  There 2*2*2 or 8 total outcomes.  Listing the favorable outcomes, we get HHT, 

HTH, and THH.  (Notice what was done when doing the listing.  We kept H in the first 

position and listed the different possibilities.  Then we move T to the first position.)  

There are 3 favorable outcomes and the probability of getting exactly 2 heads on 3 tosses 

is 3/8.  The odds are 5 to 3 against this. 

 

We could extend Example 3B and check for all the probabilities.  See if you can verify 

that the probability of getting exactly 3 heads equals 1/8, the probability of getting 

exactly 2 tails equals 3/8 and is the same as that found for exactly 2 heads, and finally the 

probability of getting exactly 3 tails is 1/8.  Look at what happens when adding all 

possible results.  (The sum of all probabilities equals one since we covered all possible 

outcomes.) 

 

These types of probability problems can easily be extended to n tosses of a fair coin but 

the listing of favorable outcomes would become tedious.  Fortunately the binomial 

distribution formula covers such cases.  The implication of that formula deals with 

combinations and is beyond the scope of this document, so for now we must resort to 

listing the outcomes. 
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Example 4 

Another problem dealing with independent events is tossing a pair of dice.  What is the 

probability of getting a sum of 7 or 11 when tossing dice? 

 
Answer:  Each die is a cube with 6 sides.  The numbers on each of the sides are one of: 1, 

2, 3, 4, 5 or 6.  There are 6*6 total outcomes when tossing the 2 dice.  To get a sum of 11, 

there are only 2 favorable outcomes.  They are 5 and 6 (5 on the first die and 6 on the 

second die) or 6 and 5.  To get a sum of 7 requires a bit more work.  Let’s start with 1 on 

the first die, and then we must get 6 on the second die.  If we get 2 on the first die, then 

we must get 5 on the second die.  The following table lists all favorable outcomes when 

getting a sum of 7. 

    Die 1   Die 2     Sum 

      1      6       7 
      2      5       7 
      3      4       7 
      4      3       7 
      5      2       7 
      6      1       7 
 
There are 6 ways of getting a sum of 7.  Finally, the probability of getting a sum of 7 or 

11 is 6/36 + 2/36 or 8/36 which simplifies to 2/9.  The chance of this happening is 7 to 2 

against you.  A fair wager would be $2 in order to win back $9 if you win. 

 
Now that we have discussed various types of probability problems, let’s return to the first 

example where we had 10 red and 5 blue marbles in an urn.  We will now investigate 

conditional probability in which we will select 2 marbles from the urn, but without 

replacing the first marble selected.    Mathematically, we say 

the ( ) ( ) ( / )P A B P A P B A∩ = .  This means that the probability of event A occurring first 

and B occurring second is the probability of A times the probability of B given that A has 

just occurred, i.e. ( / )P B A .  What has happened is that for cases without replacement, 

( / ) ( )P B A P B≠ , but for cases with replacement as will be shown in Example 5B 

( / ) ( )P B A P B= .  This may seem confusing but the next examples will show the 

difference. 

 



                                                                                                                                               67 

Example 5A 

On 2 selections without replacement from an urn with 10 red and 5 blue marbles, what is 

the probability of selecting a red marble and then a blue marble? 

 
Answer:  On the first selection, the probability of selecting a red marble is 10/15 or 2/3.  

Now there are only 14 marbles left and the probability of selecting a blue marble is 5/14.  

Finally, the desired probability is 2 5 10 5*
3 14 42 21

= = .  The chance of this happening is 16 to 

5 against it. 

 
Example 5B 

If we change Example 5A and make it with replacement, then we have independent 

events again and the probability of selecting a red marble is always 2/3 and that for the 

blue marble is always 1/3.  What is the probability of selecting a red marble and then a 

blue marble from an urn with 10 red and 5 blue marbles if a marble is replaced after 

being selected? 

Answer:  Mathematically ( ) ( ) ( )P R B P R P B∩ =  and the desired probability is 2 1 2*
3 3 9

= .  

The odds are 7 to 2 against this. 
 
Probability problems without replacement can be extended to other situations and there is 

a formula to cover such cases.  It is called the hypergeometric distribution which deals 

with combinations and, as mentioned in Example 3B, is beyond the scope of this 

document. 

 
References 

How Likely Is It? Probability, Lappan et al, Prentice Hall, Connected Mathematics 

(grade 6), 2002 

Statistics for the social sciences, William L. Hays, Holt, Rinehart, Winston, 2nd ed. 1973 

What Do You Expect? Probability and Expected Value, Lappan et al, Prentice Hall, 

Connected Mathematics (grade 8), 1998 
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MCAS Problems  

2006 

http://www.doe.mass.edu/mcas/2006/release/g6math.pdf 

 

2006 Grade 6 #28 

 
Answer:   There are (3/10)*20=6 yellow balls in the bag. 

 

2005 

http://www.doe.mass.edu/mcas/2005/release/g10math.pdf 

 

2005 Grade 10 #26 

 
Answer: The remaining 11,250 people comprise 1- (1/3 +1/4) or 1 – 7/12 = 5/12 of those 

in attendance.  The answer is 11,250/(5/12)=27,000 so select A. 

 

http://www.doe.mass.edu/mcas/2006/release/g6math.pdf
http://www.doe.mass.edu/mcas/2005/release/g10math.pdf
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2004 

http://www.doe.mass.edu/mcas/2004/release/g10math.pdf 

 

2004 Grade 10 #40 

 
Answer:  (2/25)*2200=2*88=176.  The correct answer is C.  

 

 

http://www.doe.mass.edu/mcas/2004/release/g10math.pdf
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2003 

http://www.doe.mass.edu/mcas/2003/release/g6math.pdf 

 

2003 Grade 6 #1 

 
 

Answer: C 

 

http://www.doe.mass.edu/mcas/2003/release/g6math.pdf


                                                                                                                                               71 

http://www.doe.mass.edu/mcas/2003/release/g8math.pdf 

 

2003 Grade 8 #32 

 
Answer: 8/40=1/5=0.2 so the answer is C 

 

http://www.doe.mass.edu/mcas/2003/release/g8math.pdf
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2002 

 

http://www.doe.mass.edu/mcas/2002/release/g8math.pdf 

 

2002 Grade 8 #15 

 
Answer:  The probability of drawing a red marble is 4/9.  The probability of not drawing 

a red marble is 1 - 4/9 = 5/9. 

 

http://www.doe.mass.edu/mcas/2002/release/g8math.pdf
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2002 Grade 8 #22 

 
Answer:   

a) The fractions are 1/1, 2/1, 3/1, 4/1, 5/1, 6/1, 1/2, 2/2, 3/2, 4/2, 5/2, 6/2 and so 

on.  Since there are 6 fractions for each number in the denominator, there are 36 

total different fractions. 
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b) Winning fractions for Tracy are the 2 outcomes 3/1 and 3/2.  Since there are 36 
total possible fractions from part a), the probability that Tracy wins 1 point is 2/36 
or 1/18. 
c) If Tracy’s die shows a “1”, she has 5 chances to win that occur when Lionel’s 
die is 2, 3, 4, 5, or 6.  Tracy loses only if Lionel’s die is “1”.  Using this approach, 
we can set up the following tables to examine the probability of each player 
winning: 

 
Tracy’s 
die 

1 2 3 4 5 6 

Tracy’s 
probability 
of winning 

5/6 4/6=2/3 3/6=1/2 2/6=1/3 1/6 0 

 
Lionel’s 
die 

1 2 3 4 5 6 

Lionel’s 
probability 
of winning 

5/6 4/6=2/3 3/6=1/2 2/6=1/3 1/6 0 

 
Examining the tables, the game is fair to both. 
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http://www.doe.mass.edu/mcas/2002/release/g10math.pdf 

2002 Grade 10 #6 

 
Answer:  This situation is with replacement so the events are independent.  The 

probability of a red marble is 2/6 and the probability of a blue marble is 1/6.  The 

probability of a red followed by a blue is (2/6)*(1/6) = 1/18. 

 

 

http://www.doe.mass.edu/mcas/2002/release/g10math.pdf
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2001 

http://www.doe.mass.edu/mcas/2001/release/g6math.pdf 

 

2001 Grade 6 #12 

 

 
 

Answer: a) Since gold cover 25% of the circle, the probability of landing on gold is 

25/100=1/4.  b) 15 times on gold, 15 times on green, 30 times on black.  c) The 

probability of landing on black is 50% or 1/2.  The sample of only 30 spins does not 

represent a large enough sample to justify the true probability of landing on black. 

 

http://www.doe.mass.edu/mcas/2001/release/g6math.pdf
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2001 Grade 6 #16 

 
 

Answer: There are 30 marbles, 14 of which are green.  By adding two green marbles, 16 

of the 32 marbles will be green. 

 

http://www.doe.mass.edu/mcas/2001/release/g8math.pdf 

 

2001 Grade 8 #33 

 
Answer: 3 favorites and 12 songs total implies 3/12=1/4 so A is the correct answer. 

 

http://www.doe.mass.edu/mcas/2001/release/g8math.pdf
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http://www.doe.mass.edu/mcas/2001/release/g10math.pdf 

 

2001 Grade 10 #26 

 
Answer: There are 3 multiples of both 4 and 6.  They are 12, 24 and 36.  The probability 

is 3/36=1/12. 

 

http://www.doe.mass.edu/mcas/2001/release/g10math.pdf
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2001 Grade 10 #37 

 
 

Answer: Each cube has 6 sides so there are 36 possible outcomes when rolling the 2 dice.  

A sum of 0 can be obtained by -15 and 15 (2 ways), -10 and 10 (2 ways) and -5 and 5 (2 

ways) for a total of 6 favorable outcomes.  The probability that the sum will be 0 is 

6/36=1/6. 
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2000 

 

http://www.doe.mass.edu/mcas/2000/release/g8math.pdf 

 

2000 Grade 8 #8 

 
Answer:   

a) The sums are not equally likely.  There is one way to get a sum of 2 (1 on each 
die), there are two ways to get a sum of 3, three ways to get a sum of 4, etc. 

b) There are two ways of rolling a sum of 11, a 5 on one die and a 6 on the second 
die or a 6 on the first die and a 5 on the second die.  There are 36 total outcomes, 
so the probability of rolling a sum of exactly 11 is 2/36 or 1/18. 

   

 

2000 Grade 8 #16 

 
Answer:  8 socks are either blue or black.  There are 12 socks in the bag.  The desired 

probability is 8/12 or 2/3. 

http://www.doe.mass.edu/mcas/2000/release/g8math.pdf
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2000 Grade 8 #29 

 
Answer:  The probability that a single student selected at random will want Jeremy for 

president is 4/50 or 2/25 = 0.08.  This probability is quite small and the event is rather 

unlikely to occur.  To get at least 5 of the next 10 students to select Jeremy will make the 

probability much less than 0.08 and will be very unlikely, but not impossible.  The 

formulas to find the exact probability for this example involve the binomial distribution 

as discussed in Example 3B on page 65.  For the interested reader, the probability that at 

least 5 of the next 10 will want Jeremy is 
4

0
1 ( )

i
P i

=

−∑  where ( )P i  is the probability that 

exactly i students out of 10 want Jeremy.  ( ) ( , )*(.08) *(.92)i n iP i C n i −=  where ( , )C n i  is 

the number of combinations of i things out of n.  Computations yield P(0)=.4344, 

P(1)=.3777, P(2)=.1478, P(3)=.0343, P(4)=.0052 and 
4

0
1 ( )

i
P i

=

−∑ =.0006 which confirms 

that the event is unlikely to occur. 

 

 



                                                                                                                                               82 

http://www.doe.mass.edu/mcas/2000/release/g10math.pdf 

 

2000 Grade 10 #19 

 
 

Answer:  There are 24 ways of arranging the 4 letters.  Only one of the arrangements will 

have the correct order.  The probability that the letters will spell MATH is 1/24.  (Note 

that this problem involves permutations which are arrangements with order.)  

1 1 1
4! 4 3 2 1 24
= =

⋅ ⋅ ⋅
 

 

http://www.doe.mass.edu/mcas/2000/release/g10math.pdf
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Advanced Fraction Topics 

Division Algorithm 

When dividing a number a by another number b, the result is a quotient q and a 

remainder r.  So if we divide 13 by 3, the quotient is 4 and the remainder is 1.  Looking at 

this another way, we can say 13 3 4 1= ⋅ + .  Written generally, this is a b q r= ⋅ + .  This is 

the division algorithm equation. 

 
Example 1 

Find the quotient and remainder for 13 divided by 5. 

13,  5

13 5
13 5 2 3

2,  3

a b
a b q r

q r

q r

= =
= ⋅ +
= ⋅ +
= ⋅ +
= =

 

 
Example 2 

Find the quotient and remainder for 53 divided by 17. 

53,  17

53 17
53 17 3 2

3,  2

a b
a b q r

q r

q r

= =
= ⋅ +
= ⋅ +
= ⋅ +
= =

 

Euclidean Algorithm 

The Euclidean Algorithm is used to find the greatest common divisor (GCD) of two 

integers.  The Euclidean Algorithm is a repeated use of the Division Algorithm.  We want 

to find the GCD of the two numbers a and b described in the Division Algorithm above.  

First we find the quotient q and the remainder r of a and b. Next we use the Division 

Algorithm again with a = b from the first step and b = r.  We continue this process until 

0r = .  The GCD is b from the last step. 
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Example 3 

Find the GCD of 18 and 10. 

First use the Division Algorithm with 18,  10a b= = : 

18 10
18 10 1 8

q r= ⋅ +
= ⋅ +

 

Since 0r ≠ , use the Division Algorithm again with 10,  8a b= = : 

10 8
10 8 1 2

q r= ⋅ +
= ⋅ +

 

Since 0r ≠ , use the Division Algorithm again with 8,  2a b= = : 

8 2
8 2 4 0

q r= ⋅ +
= ⋅ +

 

Since 0r = , the GCD of 18 and 10 is 2 which is b from this last step. 

 
Example 4 

Find the GCD of 13 and 5. 

First use the Division Algorithm with 13,  5a b= = : 

13 5
13 5 2 3

q r= ⋅ +
= ⋅ +

 

Since 0r ≠ , use the Division Algorithm again with 5,  3a b= = : 

5 3
5 3 1 2

q r= ⋅ +
= ⋅ +

 

Since 0r ≠ , use the Division Algorithm again with 3,  2a b= = : 

3 2
3 2 1 1

q r= ⋅ +
= ⋅ +

 

Since 0r ≠ , use the Division Algorithm again with 2,  1a b= = : 

2 1
2 1 2 0

q r= ⋅ +
= ⋅ +

 

Since 0r = , the GCD of 13 and 5 is 1 which is b from this last step. 
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Continued Fraction Expansion 

The following expressions are called continued fractions: 

11
x

+ ,  
11 11

x

+
+

, 
11 11 11

x

+
+

+

, 
11 11 11 11

x

+
+

+
+

.  Each simplifies to an expression of 

the form ax b
bx c

+
+

.  Trace the value of a, b, c as you continue the fraction.  What is the 

pattern that these values follow? 

 
Example 5 

Convert 11 11 11
x

+
+

+

 to the form ax b
bx c

+
+

. 

1 1 1 1 1 3 21 1 1 1 11 1 2 1 2 1 2 11 1 11 1 1 11

x x
x x x x

x x x
x x

+ +
+ = + = + = + = + =

+ + + + + +  + +  + +  
 

 

The fourth continued fraction before Example 5 can be converted to the form 5 3
3 2

x
x
+
+

.  

Try to verify this.  Note that the results from Example 5 can be used to help. 

 

Continued fraction expansion utilizes repeated application of the division algorithm 

until 0r =  in a similar way as finding the GCD. 

 
Example 6 

Perform continued fraction expansion on the fraction 13
5

. 

A fraction such as 13
5

 is the same as dividing 13 by 5.  Using the division 

algorithm equation, we can represent this division as 13 5 2 3= ⋅ +  where a = 13 
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and b =5.  Dividing both sides of this equation by b which is 5 gives us 

13 32
5 5
= + .   

The fraction 3
5

 can be written 1
5

3
.  So now we can write 13 12 55 3

= + .  Now we 

apply the division algorithm to 5
3

 and get 5 3 1 2= ⋅ + .  Dividing this last equality 

by 3 gives us 5 21
3 3
= + . 

We go back to our earlier equation 13 12 55 3
= +  and substitute what we just found 

for 5
3

.  This gives the equation 13 12 25 1
3

= +
+

.   

Now we repeat this process with the fraction 2
3

.  Write 2
3

 as 1
3

2
, and rewrite the 

equation 13 12 25 1
3

= +
+

 as 13 12 15 1 3
2

= +
+

 

Now apply the division algorithm to 3
2

.  This gives us 3 2 1 1= ⋅ + .  Next we 

divide by 2 and get 3 11
2 2
= + .  Substituting in the earlier equation gives us 

13 12 15 1 11
2

= +
+

+

. 

Repeat the process with 1
2

.  Write 1
2

 as  1
2

1
 and rewrite the equation 

13 12 15 1 11
2

= +
+

+

 as 13 12 15 1 11 2
1

= +
+

+
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Apply the division algorithm to 2
1

 gives us 2 1 2 0= ⋅ + .   Since 0r = , this is our 

last step.  So we really didn’t need to apply the division algorithm to 2
1

.   The full 

continued fraction expansion is 13 12 15 1 11
2

= +
+

+

.   We can stop when we get a 

fraction that has a denominator of 1 as in 2
1

 . 

 

The continued fraction expansion for 53/17 in Example 2 is 13 18
2

+
+

. Try to verify this. 

Example 7 

Evaluate 13 14 13
4 ...

+
+

+
+

 where the 3 dots indicate the pattern continues without end. 

 

First set the continued fraction equal to x: 

1 13 31 14 41 13 3
4 ... 4 ...

x x= + ⇒ − =
+ +

+ +
+ +

 

Note that 13
4 ...

x − =
+

 and substitute into the equation above: 

( )

1 1 13 3 3 31 1 4 1 4 14 4
3 3

xx x x x
x x

x x x

− = ⇒ − = ⇒ − = ⇒ − =
+ + + +  + −  

 

( )( ) 2 23 4 1 4 12 3 4 12 3 0

12 144 4 4 3 12 192 12 8 3 3 3
8 8 8 2

x x x x x x x x x

x

− + = ⇒ − + − = ⇒ − − =

± − ⋅ ⋅− ± ±
= = = = ±
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Examining the solutions 3 3
2
± , 3 3

2
−  is an extraneous solution since it is less 

than 0 and x must be > 3.  So then from the original equation: 

1 33 31 24 13
4 ...

x = + = +
+

+
+

 or approximately 3.23205 rounded to 5 decimal 

places.  

 

References 

College Algebra by Michael Sullivan, Prentice Hall, 6th ed., 2002. 

NCTM calendar problem favorites.

Generalization of Continued Fractions 

Examples 5, 6, 7 in the previous section showed different cases for continued fractions.  

In general, continued fractions are just another way of writing fractions.  For any fraction 

p/q where p and q are whole, positive numbers, a continued fraction representation is 

p/q=a+1/(b+1/(c+1/(d+1/(e+…)))).  In this general expression, a, b, c, d, e, etc. are all 

whole numbers.  The expansion stops when the last fraction in the expansion has a 

numerator or denominator equal to 1. 

 

Example 1 
 

37 12 116 3
5

= +
+

.  In this example, we stopped since the last fraction in the expansion 1/5 

has a numerator of 1.  We could have tried to start another step to yield 37 12 116 3
5 1

= +
+

 

but the last fraction now has a denominator of 1, so it is time to stop.  Make sure that you 

can verify the details for the continued fraction of 37
16

. 
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Example 2 
 
Express 4/19 as a continued fraction. 

Answer: 4 1 1 1 10 1 119 19 4 4 3 4 4 44 113 3

= + = = =
+ + +

+

.  Note that in this example, we 

included every step in the expansion.  Often, all the detail is not necessary.  An 

interesting observation in this example is that since 4 1
19

< , the generalization 

p/q=a+1/(b+1/(c+1/(d+1/(e+…)))) simplifies to p/q=1/(b+1/(c+1/(d+1/(e+…)))).  

Whenever the fraction 1p
q
< , the first value “a” in the continued fraction will always be 

0. 

 

Excellent sources for continued fraction material can be found on the web.  The 

generalization material was drawn from the site 

http://www.mcs.surrey.ac.uk/Personal/R.Knott/Fibonacci/cfINTRO.html.     

 

Examples 
 

Show all work to express the following as continued fractions: 

1. 21/26  Answer:  1
11 14

5

+
+

 

2. 103/14  Answer:  17 12 11
4

+
+

+

 

 

http://www.mcs.surrey.ac.uk/Personal/R.Knott/Fibonacci/cfINTRO.html


  

 90 

Splitting Rectangles into Squares 

Another way to look at the generalization of continued fractions as outlined in this 

section is to use rectangles and squares for a visual interpretation of the division 

algorithms used. 

Let’s start with Example 1, 37
16

.  We found that the continued fraction representation is 

2+1/(3+1/5).  For some, this representation may be easier to deal with when sketching a 

37 by 16 rectangle and splitting it into squares. 

  

16

1
5
5
5

516

16

 
In this figure, we have created “2” 16x16 squares and “3” 5x5 squares within the 37x16 

rectangle.  We are still left with a 1x5 rectangle, but the process always stops with a final 

1xn rectangle, in this case a 1x5 rectangle.  The geometry we have shown directly relates 

to the continued fraction for 37 12 116 3
5

= +
+

. 

Let’s suppose that when splitting a rectangle into squares, we get “3” 17x17 squares, 

followed by “4” 4x4 squares, followed by a 1x4 rectangle.  The longer side of the 

rectangle is 55 (3x17 + 4) and the shorter side is 17.  The fraction is 55/17 and its 

continued fraction is 55 13 117 4
4

= +
+

.  See if you can draw the figure to split the rectangle 

into squares.  The geometry software Geometer’s Sketchpad was used in this document, 

but even pencil and paper will suffice. 

 

When setting up the rectangle to represent the fraction p/q, a guideline to follow is to let 

the numerator p be the horizontal part of the rectangle and the denominator q the vertical 



  

 91 

part of the rectangle.  Following this approach will reaffirm that “a” in the general 

continued fraction expression is equal to 0 when the initial squares are generated along 

the vertical part of the rectangle. 

In Example 2, we started with the fraction 4
19

.  Splitting the rectangle into squares will 

take the following form: 

 

13

3

4

4

4

4

4

 
 

In this figure, we have “4” 4x4 squares and “1” 3x3 square within the 4x19 rectangle.  

We still have a 1x3 rectangle left over.  The geometry relates to the continued fraction 

form for 4 1
119 4 11

3

=
+

+

.  Since 4 1
19

< , “a” is equal to 0 and the initial squares are 

generated along the vertical part of the rectangle.   
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Examples 
 

Use splitting rectangles into squares to generate figures for  

1. 21/26 

2. 103/14 

Remember to let the numerator in each fraction be the horizontal part of the rectangle. 
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Fibonacci-related Continued Fractions 

Continued fractions are another way of writing fractions as shown in the Division 

Algorithm and Euclidean Algorithm sections.  They have interesting associations with 

various mathematical topics.  We will now discuss their links with Fibonacci numbers. 

 

The Fibonacci sequence is 0,1,1,2,3,5,8,13, … where F(n)=0 when n=0, F(n)=1 when 

n=1, and F(n)=F(n-1)+F(n-2) when 2n ≥ .  The sequence of continued fractions 

generated by  

1
1

, 11
1

+ , 11
1 1

+
+

, 11 11
1 1

+
+

+

, 11 11 11
1 1

+
+

+
+

, 11 11 11 11
1 1

+
+

+
+

+

  yields an interesting 

result.  The evaluation of the terms follows: 

 

                    Term Value 

                        1 1
1

=1 

                        2 11
1

+ = 2
1

 

                        3 1 31
2 2

+ =  

                        4 1 1 2 51 1 11 3 3 31
2 2

+ = + = + =
+

 

                        5 1 1 3 81 1 12 5 5 51
3 3

+ = + = + =
+

 

                        6 1 1 5 131 1 13 8 8 81
5 5

+ = + = + =
+
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The pattern hopefully is becoming apparent, and the 7th term if it were listed would be 

1 1 8 211 15 13 13 131
8 8

+ = = + =
+

.  The 8th term would be 1 1 13 341 1 18 21 21 211
13 13

+ = + = + =
+

.   

 

The sequence we generated and will continue to generate by following the procedure 

described is the ratio of terms of the Fibonacci sequence 

1 2 3 5 8 13 21 34 ( ), , , , , , , ,...,
1 1 2 3 5 8 13 21 ( 1)

F n
F n


 − 

, 2n ≥ .   

 

Example 1 
Evaluate the continued fraction 

 

  

11 11 11 11 11 11 11 11 11
1 1

+
+

+
+

+
+

+
+

+
+  

 

In this example, there are 9 division symbols.  In the sequence of continued fractions on 

page 93, the 4th term in the sequence has 2 division symbols.  As the number of division 

symbols increases, we find that: 

 

   Division Symbols             Value     F(n)/F(n-1) 

            2               5/3       F(5)/F(4) 

            3               8/5       F(6)/F(5) 

            4             13/8       F(7)/F(6) 
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We can then generalize that for the example presented with 9 division symbols, the value 

of the continued fraction is F(12)/F(11).  Assuming 5n ≥ , F(n)/F(n-1) as a continued 

fraction generates n-3 division symbols.  The terms in the Fibonacci sequence can be 

listed as 0,1,1,2,3,5,8,13,21,34,55,89,144,… so F(12)/F(11) is equal to 144/89.  Setting 

up the following table may make it a bit easier to identify each term in the Fibonacci 

sequence. 

 

i 0 1 2 3 4 5 6 7 8 9 10 11 12 n 

F(n) 0 1 1 2 3 5 8 13 21 34 55 89 144 F(n-1)+F(n-2) 

 

An interesting result of the ratio F(n)/F(n-1) is that ( )lim 1.6180339...
( 1)n

F n phi
F n−>∞

= =
−

.  

This last statement involving phi which is often referred to as the golden ratio opens up 

another area of research for interested students.  Note that 144/89≈1.618.  Even though 

we have stopped at n=12 in the Fibonacci sequence of terms, the ratio is quickly 

converging to phi. 

 
Example 2 
 
What is the continued fraction represented by the ratio F(9)/F(8)? 

 

In this case, there will be 6 divisions.  We already know that F(n)/F(n-1) generates 

n-3 divisions when 5n ≥ .  The desired continued fraction is then   

 

                                          11 11 11 11 11 11
1 1

+
+

+
+

+
+

+

  

 

and its value F(9)/F(8) is equal to 34/21. 
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Example 3 

Find the number n such that the error ( ) .00001
( 1)
F n phi

F n
− <

−
. 

Answer:  Phi is the positive solution to the quadratic 2 1 0x x− − = .  The roots are 

1 5
2
± , so phi is equal to 1 5

2
+ (see page 47, Grade 10 #6).  Since we already 

considered the case for n=12, let’s start at that point and compute the errors. 

 

n ( )
( 1)
F n

F n −
 

error 

12 144/89 .000056 

13 233/144 .000022 

14 377/233 .000008 

 

We can see that for n=14, ( ) .00001
( 1)
F n phi

F n
− <

−
.  Even without setting up an iterative 

process, the solution to find n was very quick using a TI-84 Plus for the repeated 

calculations.  
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