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ABSTRACT

Calculations of the half-width, its temperature dependence, and the line shift are made
for the rotational states J=0-120 for two of the Fermi-tetrad bands (30012 00001 and
30013 «00001) of CO, perturbed by N,. The calculations employ the semi-classical
complex Robert-Bonamy method with no ad hoc scaling, J-dependent or otherwise, and
an intermolecular potential (IP) comprised of an electrostatic part, an atom-atom part,
and an isotropic London dispersion part. The averaging over the impact parameter b and
relative speed v are explicitly carried out. Many interesting features about CO, as
the radiating molecule are elucidated. Effects of the trajectory model, the order of
the expansion of the atom-atom component of the potential, and the inclusion of the
imaginary terms are studied. It is shown that the results are very sensitive to the
intermolecular potential. The final IP parameters give results that demonstrate
excellent agreement with measurement for the three line shape parameters studied

in this work.

© 2012 Elsevier Ltd. All rights reserved.

1. Introduction

Carbon dioxide is the second strongest absorber of
infrared radiation in the Earth’s atmosphere after water
vapor [1]. However, unlike water vapor, which has a
residence time in the atmosphere of roughly 9 days, CO,
lifetime in the terrestrial atmosphere is about 120 years.
Because of the ability of carbon dioxide to absorb IR
radiation and its long lifetime it has become the standard
by which other molecules are gauged in global climate
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change. CO,’s concentration has been monitored by direct
measurement since 1957 [2,3] and proxy records go back
hundreds of thousands of years [4]. The current average
concentration of ~390 ppm is larger than it has been in at
least 650 thousand years [4,5]. The concentration of CO,
in the Earth’s atmosphere began rising abruptly after the
industrial revolution and this increased concentration of
CO, is thought to be of anthropogenic origin [6]. To
address this question a number of measurement pro-
grams are devoted to measuring CO, to high precision
in the Earth’s atmosphere. There are several satellite-
based instruments that are making remote sensing mea-
surements of CO, in the atmosphere. In the mid-infrared
region the Atmospheric Infrared Sounder (AIRS) [7] on
board the AQUA satellite [8] and the Infrared Atmospheric
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Sounder Interferometer (IASI) [9] onboard the METOP-A
satellite [10]. The Japanese launched the Greenhouse
Gases Observing Satellite (GOSAT) [11] in 2009, which
targets near-IR transitions of carbon dioxide particularly
in the 1.6 um region. Also in 2009, the Jet Propulsion
Laboratory’s Orbiting Carbon Observatory (OCO) mission
[12] failed to reach orbit; however, NASA has stated that
due to the importance of the mission OCO-2 will be
launched in 2013. OCO-2 will need spectroscopic para-
meters with uncertainty of less than 0.3%, placing strong
demands on the spectroscopic community. The additional
complications of line mixing for CO, [13] and high
temperature applications such as Venus [14] are of con-
cern for modeling CO, in planetary atmospheres.

The 2008 version of the HITRAN database [1] contains
314919 transitions for the nine isoptopologues of carbon
dioxide; the principal isotopologue, 2C'®0,, accounting
for 128 170 of these transitions. Some of the instruments,
GOSAT and OCO, are designed to measure in the range
4250-7000cm ™! region in order to support atmospheric
remote sensing, however, GOSAT band 4 of the TANSO-
FTS covers the ~700-1800cm~! region. It is certainly
impractical to attempt to measure so many transitions at
the number of pressures and temperatures needed for
application to planetary atmospheres. Theory can be an
attractive alternative if the theory can meet the precision
needs of the spectroscopic and remote sensing commu-
nity [15-17].

There have been a number of previous calculations of
broadening of CO, by Ny, O,, air, and CO,. Yamamoto et al.
[18] used the theory of Anderson-Tsao-Curnutte (ATC)
[19-21] to calculate nitrogen- and self-broadening of
carbon dioxide for four bands in the 15 and 4.3 pm region.
Bouanich and Brodbeck [22] made calculations of N»-, O,-,
H,-, and CO,-broadening of CO, using ATC theory adding
the hexadecapole-dipole, hexadecapole-quadrupole, hex-
adecapole-octupole, and hexadecapole-hexadecapole
interaction terms to the electrostatic intermolecular
potential and noted better agreement with measurement.
The ATC theory calculations have the cutoff problem,
straight line trajectories, and only considering the elec-
trostatic component of the internuclear potential. In 2000
Bykov et al. [23] made ATC calculations for N»- and O,-
broadening of CO, where the resonance functions have an
ad hoc J-dependent scaling with 2 fitting parameters. They
reported the air-broadened half-widths, line shifts, and
the temperature dependence for both parameters for the
v3 band. Arié et al. [24] made calculations of oxygen- and
air-broadening of CO, using the real components of the
formalism of Robert and Bonamy (RB) [25], which elimi-
nated the cutoff problem, used the parabolic model of
Robert and Bonamy for the trajectory calculation, the
mean-relative thermal velocity approximation, and con-
sidered an atom-atom component in the intermolecular
potential. This work was followed by a series of calcula-
tions using the RB method for CO, broadened by a
number of different perturbing gases [26-29], with
several studies evaluating the velocity integral [30,31].
However, all of the calculations made, ATC or RB, used
only the real components of the theory and the moments
of the molecules (quadrupole, hexadecapole, etc.) and

atom-atom parameters, when used, were scaled. The
moments of these molecules are reasonably well known
and the scaling was needed to give agreement with the
measurements.

The exponential form in the Robert-Bonamy theory
that comes from the application of the linked cluster
theorem [32] results in the half-width and line shift
depending on both the real and imaginary components
of the scattering matrix. (Note, in ATC theory the half-
width and line shift are given by the real and imaginary
parts of the scattering matrix, respectively.) It has been
shown that the imaginary components can contribute
significantly to the half-width for certain collision sys-
tems [33-38]. The effect on the half-widths varies as a
function of transition and perturber but can be as much as
25%. The change is almost always in the direction of better
agreement with experiment. It is also known that the
addition of the atom-atom potential not only improves
agreement with measurement, it is essential for weak
collision systems [35,38-40]. Some recent work [41,42]
has shown that the expansion of the atom-atom potential
necessary for convergence is greater than that used in the
previous calculations. The influence of the collision tra-
jectories is also now better understood [43-46]. Because
the half-width and the line shift come from a single
calculation in the complex RB formulation, the complex
calculation imposes a constraint on the intermolecular
potential to yield both parameters at once. Since the
potential is independent of temperature, results of the
calculations can be reported at several temperatures to
determine the temperature dependence of the half-width
and line shift.

This work presents calculations of the half-width, its
temperature dependence, and the line shift of carbon
dioxide perturbed by N, from a single intermolecular
potential. As will be shown below the results are strongly
dependent on the potential. The goal was that a single set
of potential parameters will yield half-widths, their tem-
perature dependence, and line shifts that agree well with
measurement.

2. Complex Robert-Bonamy formalism

Robert-Bonamy theory [25], in its complex form (CRB),
was developed using the resolvent operator formalism of
Kolb and Griem [47], Baranger [48], and Griem [49] (KBG).
Appling linked-cluster techniques [32] to the KBG form-
alism leads to developments [25,50,51] which eliminate
the awkward cutoff procedure that characterized earlier
theories [19-21]. With the inclusion of a short-range
(Lennard-Jones 6-12 [52]) atom-atom component to
the intermolecular potential the CRB formalism can be
applied to close collision systems. This short-range com-
ponent is essential for a proper description of pressure
broadening, especially in systems where electrostatic
interactions are weak [39,53-55]. (The notion of strong
and weak collisions follows the definition of Oka [56].)

In the CRB formalism, the half-width, y, and line shift,
d, of a ro-vibrational transition f«i are given by minus
the imaginary part and the real part, respectively, of
the diagonal elements of the complex relaxation matrix.



978 Robert R. Gamache et al. / Journal of Quantitative Spectroscopy & Radiative Transfer 113 (2012) 976-990

In computational form, they are usually expressed in
terms of the Liouville scattering matrix [48,57]

n o]
quzz—;%jdz\pzun/o uf ) dv

x /oo 2mb[1—cos{S; +Im(S,)} e RS db (1a)
0

n o0
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where v is the relative velocity, b is the impact parameter,
p2 and n, are the density operator (its matrix element in
the preceding equations giving the relative population)
and number density of perturbers. S; and S, are the first
and second order terms in the successive expansion of the
Liouville scattering matrix.

2.1. Intermolecular potential

The potential used in the CRB codes consists of
electrostatic components, an atom-atom component
[39,58], and isotropic induction and dispersion compo-
nents. The isotropic component of the atom-atom poten-
tial is used as the starting point to define the trajectory of
the collision by using the Robert-Bonamy parabolic tra-
jectory (PT) approximation or by solving Hamilton’s
equations.

The atom-atom potential is given by the sum of pair-
wise Lennard-Jones 6-12 interactions [52] between
atoms of the radiating molecule and the perturbing
molecule, labeled 1 and 2 respectively,

12 o6
Ve = Z Z 45 5 — 5 - )
1 r1,-,2,-

i=1j=1 2

The subscripts 1; and 2; refer to the ith atom of
molecule 1 and the jth atom of molecule 2, respectively,
n and m are the number of atoms in molecules 1 and 2,
respectively, and ¢; and o; are the Lennard-Jones or
atom-atom parameters for the atomic pairs.

Gray and Gubbins [59,60], using the expansion of Sack
[61] to express the atom-atom distance, ry;2j, in terms of
the center of mass separation, R, have shown that the
atom-atom potential can be expressed as a spherical
tensor expansion
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where (¢4, £, £; my, my, m) is a Clebsch-Gordan coeffi-
cient, Q1=(o1, f1, y1) and Q ,=(0tp, fo, 72) are the Euler
angles describing the molecular fixed axis relative to the
space fixed axis, w=(0,¢) describes the relative orienta-
tion of the centers of mass. The powers w and q (integers)
depend upon the interaction, and the coefficients U(...)
are given in Refs. [34] or [59]. Since the expansion in (1/R)

must be truncated, sufficient order must be chosen to
ensure the convergence of calculated half-widths and line
shifts (see discussion below). Here the atom-atom for-
mulation of Neshyba and Gamache [58] is used.

With respect to the atom-atom potential, three points
should be emphasized:

(1) The atom-atom potential as expressed by Eq. (3) can
be understood by two different labeling schemes. The
first is defined by the tensorial ranks ¢; and ¢,, which
determine the symmetry of the interaction [59,60].
The second is defined by the sum ¢; +¢,+2w [61,62],
which is called the order of the expansion. When
discussing the potential the nomenclature adopted is
order, ¢, ¢: thus an atom-atom potential expanded
to 12 4 2 is one that is order=12, {;=4, and ¢, =2. The
expansion and convergence are discussed below.

(2) The ¢;=¢>=0 components of the atom-atom poten-
tial define an isotropic part, which in general is
comprised of terms of the form 1/R®, 1/R8, 1/R'°, etc
The isotropic terms can be fit for convenience to an
effective isotropic Lennard-Jones (L-J) 6-12 potential,

(")

The isotropic components are used in the calculation
to define the intermolecular trajectory.

(3) The remaining atom-atom potential terms have non-
zero ¢ or ¢, (anisotropic), and have labels similar to
the electrostatic interaction labels. Thus the ¢;=2 and
¢>=2 interaction is designated as an “atom-atom
quadrupole-quadrupole” term. Note, these are sym-
metry appellations only, and the powers of R that
arise in Eq. (3) are quite different than those for the
electrostatic terms [37].

The vibrational dephasing term, S;, which appears in the
imaginary part of Egs. (1), depends on the difference
between the average values of the isotropic component
of the potential within the final and initial vibrational
levels. For pure rotational transitions the S; term is zero.
In the present work, it will be assumed that it can be
written only in terms of the vibrational dependence of the
isotropic dispersion component in CO, in 1/R®, neglecting
therefore the vibrational dependence of all the other
components. Within the Uns6ld approximation the
London dispersion potential is given by

ydispersion _ Cg'o - _% LI, oqon
iso = R5 =72 +L RO

)

where o, and I, are the polarizability and ionization
potential for carbon dioxide (k=1) and nitrogen (k=2).
It is the change in the polarizability of the radiating
molecule (CO,) with vibrational state that contributes to
the half-width and line shift. The vibrational average
value of the polarizability [63] in a given |v) vibrational
state can be expressed as

vlavy = og+ar (N +3) +ax (ny+3) +as (n3 +3) (6)
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where ny, ny, and ns are the number of quanta in the vy, v,
and v3 vibrational levels, o is the polarizability at
equilibrium, and a4, a,, and as are the coefficients of the
vibrational dependence of the polarizability. These coeffi-
cients are needed for the calculations. The determination
of their values is discussed below.

The last terms to discuss are the second-order terms,
S,. These are the complex analog of those appearing in the
ATC theory [19-21]

52(i1fvbvv) = S;iz(ivbvv)+SZ,fZ(fvbvv)+Sz,middle(ivabvv) (7)

where the notation is that of Anderson [20]. Sy nigale has
only a real component and is given by
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The other terms, called the “outer’ terms in Anderson’s
notation, are complex functions and can be written in the
form

1

217]2]: > D(e1 b0 Jilp o) (@pp0) (9)
AT
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where U]=2]+], l‘l=(n1,n2), W2, 2f=(EJ2'—E12), {} is a
Racah coefficient, and wy, po =(Ep —Ef+Ejp —Ejp) with Eg
being the energy of the state s; f and f label the states of
the radiating molecule (collisional transition f—f) and J»’
and J, label the states of the perturbing molecule (colli-
sional transition J,—J>'). S»> is obtained from Eq. (9) by
replacing f with i. The F terms are the resonance functions
for the real and imaginary terms [34,38]. The D(...) terms
in Egs. (8) and (9) are the reduced Liouville matrix
elements for the internal states of the radiator and
perturber. They are expressed in terms of reduced Hil-
bert-space matrix elements using the conventions of Gray
and Gubbins [59] and are defined by

<J1KiM1|Dgy U2 K2 M3 >

ho D
— (1M
which then gives
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where Jj, |5, etc. represent all the quantum numbers of the
states. In general the wavefunctions can be expressed as a
sum over Wigner D-matrices with coefficients tx, how-
ever, for CO, only the K=0 component of the wavefunc-
tion exist so states are proportional to the Wigner
D-matrix, D{)O(Q), and the resulting reduced matrix ele-
ments are given by a Clebsch-Gordan coefficient.

3. Calculations

In this work CRB calculations were made for transi-
tions in two of the Fermi-tetrad bands of CO,
(3001200001 and 30013 <00001) broadened by N.
Note, the Fermi-tetrad bands are labeled using the nota-
tion [64] 30011«00001 (3v;+v3), 30012+« 00001
(2v1+2vo+v3), 3001300001 (vi+4vo+v3) and
3001400001 (6v,+v3). These calculations yield the
half-width, v, its temperature dependence, n, and the line
shift, 6. The reason for choosing these bands is that they
are being used in atmospheric remote sensing measure-
ments and there are accurate measurements of these
parameters as a function of m from the work of Devi
et al. [65] (y and 6) and Predoi-Cross et al. [31] (n values
for CO,-air). The intermolecular potential used in the
calculations consists of the leading electrostatic compo-
nents for the CO,-N, collision system (quadrupole
moment of CO, with the quadrupole moment of N;), an
atom-atom component expanded to order 20 with the
ranks, £; and ¢, set to 4 based on the work of Ma et al.
[41] and Gamache et al. [42], and the isotropic London
dispersion vibrational dephasing term. Measurements of
the quadrupole moment of carbon dioxide [59] yield
values which range from —4.0 to roughly —4.6 in units
of 10~%%esu. The value ©@,,=—3.698 x 10-?%esu is
adopted in this work based on the measurements of
Graham et al. [66] and a study of self-broadening of CO,
[67]. The  polarizability @ of carbon  dioxide,
29.13 x 10~25cm?, is taken from Ref. [68] and the ioniza-
tion potential, 13.77eV, from Tanaka et al. [69]. The
quadrupole moment of nitrogen (0,,= —1.4 x 10~ 2¢esu)
is from Mulder et al. [70]. The polarizability of nitrogen,
17.4 x 10~2°cm?, is taken from Bogaard and Orr [71] and
the ionization potential, 15.576 eV, from Lofthus [72].

The heteronuclear atom-atom parameters (the ¢; and
oj; of Eq. (2)) are usually determined using combination
rules with homonuclear-atom-atom parameters, how-
ever, many different combination rules have been pro-
posed [73] (and references therein), [74]. Good and Hope
[75] have shown that the determination of & using
different combination rules lead to variations as large as
~15% and different references report the input (homo-
nuclear) Lennard-Jones parameters for the same system
with some ¢ values varying by 30% and the ¢ values by 5%.
Also, values derived from viscosity data or virial data do
not agree [76]; ¢ values can vary by as much as 69% and
the o values by 9%. These facts indicate caution should be
used when using these procedures. Several studies have
demonstrated that one can get a good set of atom-atom
parameters by starting from coefficients determined
using the combination rules given in Hirschfelder et al.
[76] and then adjusting them to give results in better
agreement with measurement [77-79]. For some systems
relatively small changes in the atom-atom parameters
can lead to much improved agreement with measurement
(see Ref. [77] for details).

The coefficients of the vibrational dependence of the
polarizability (see Eq. (6)) must also be determined. These
coefficients can be estimated from measurements [80,81]
or ab initio calculations [82]. However, Hartmann [83]
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developed a simple empirical model to calculate shifts for
CO,-air and determined the coefficients by fitting to
measurement. Hartmann’s values were taken as a starting
point to adjust the coefficients in the CRB calculations
based on experimental determination of the coefficients.

Lastly, the L-] parameters (Eq. (4)) for the trajectory
calculations must be adjusted.

Thus in the intermolecular potential the values of the
N, quadrupole moment, ionization potentials, and polar-
izabilities are fixed at the best-measured values. The
quadrupole moment of CO, is set to the value given
above. The atom-atom parameters, the isotropic atom-
atom parameters used in the trajectory calculations, and
vibrational dependence of the polarizability coefficients
are adjusted by fitting to the measurements of Devi et al.
[65]. What is done differently here is that the adjustment
of the potential is made by fitting the half-widths, their
temperature dependence, and the line shifts simulta-
neously. The hope is that only a single set of coefficients
will fit all three parameters, constraining the results to
the correct potential. The fitting is discussed below.

Wavefunctions and energies must be determined for
both CO, and N,. The rotational constant for N, was taken
as 1.98959cm™! [84] and the B, D, and H values for CO,
are from the work of Devi et al. [85,86].

3.1. Initial calculations

3.1.1. Trajectory models

Note, many of the initial calculations used an atom-atom
expansion of 8 2 2 to reduce computational time. Calcula-
tions of y and ¢ for v3 band transitions were made using the
parabolic trajectory model (PT) of Robert and Bonamy [25]
with the isotropic part of the atom-atom potential. These
calculations yielded unusual results especially for the line
shifts. The agreement with measurement was not good and

the results were unphysical. Fig. 1 shows line shifts in units
of cm~'atm~! versus m of the transition (m equals - for
the P-branch transitions and J+1 for the R-branch transi-
tions). Blue x symbols with error bars are the measurements
of Devi et al. [87], black triangle symbols are line shifts
determined using the parabolic trajectory model. The para-
bolic trajectory data show unphysical behavior particularly
at m=17 and for —24<m< —12. Generally a smooth
variation in the line shift with m is observed. The calcula-
tions were redone using trajectories determined by solving
Hamilton’s equations (HE), red circle symbols in Fig. 1, and
show the smooth variation. Note, the PT data are shifted to
the right and the HE data are shifted to the left by 0.2 to
avoid overlapping points. Closer investigation of the calcula-
tions employing the parabolic trajectories revealed a large
resonance spike in the integrands for both the real and
imaginary parts of the integrands. These spikes are shown in
Fig. 2 where the real (right panel) and imaginary (left panel)
parts of the S; and S, terms are plotted versus the impact
parameter, b, in Angstroms. The real and imaginary parts of
S22 and S,y are given by a blue and red dashed dot line
respectively, the S migale term is the solid black line in the
right panel, and the S; term is the solid black line in the left
panel. Note, the real parts of S,; and S,p are nearly
identical and the lines overlap; the imaginary parts of S, ;»
and S, , are almost identical and only separate below about
6A with S, ;, being slightly larger. At around 6.2A we see
the real parts of S, increase suddenly and the S, jigae part go
strongly negative. Similar unphysical behavior occurs for the
imaginary terms. This unphysical behavior can be traced to
the parabolic trajectories used to determine the resonance
functions. When the calculations were redone using trajec-
tories from Hamilton’s equations the spikes are removed.
One last comment on the PT calculations, when runs are
made at slower velocities the calculations sometimes fail
due to orbiting collisions, which can lead to a situation

T T T T
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Fig. 1. Measured line shifts for the v5 band from Devi et al. [87] (blue x symbols with error bars), CRB calculations using the parabolic approximation for
the trajectories (black solid triangle symbols), and CRB calculations solving Hamilton’s equations for the trajectories (red solid circle symbols) versus m.
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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where the apparent relative velocity parameter, v’ in the
parabolic trajectory model, becomes negative. While some
recent work on using “exact” trajectory models in line shape
calculations [43-46] indicates that better results are
obtained, here the results indicate that the parabolic model
fails to give physical results for CO, broadened by N,. In the
calculations that follow the trajectories are determined by
solving Hamilton’s equations with the potential given by
Eq. (4) with the initial Lennard-Jones parameters coming
from a least-squares fit to the isotropic parts of the atom-
atom potential.

3.1.2. Expansion of the atom-atom potential

Test calculations were made to study the effects of the
expansion of atom-atom potential on the half-widths and
line shifts. Eighty-two transitions of the vs; band were
selected and calculations made with the order of the
atom-atom expansion ranging from 0 (electrostatic) to
22 and rank set to 4. Note for Order equal to 0, {(;=¢,=0
and for Order equal to 2, ¢;=¢,=2. Fig. 3 shows the
variation of the half-width of the P10 line (upper panel)
and line shift of the R16 line (lower panel) at 296K as a
function of the order of the expansion of the atom-atom
potential. Plots for the other transitions are similar. The
percent differences between the half-width for the 22nd
order calculation and those of Order=0 (electrostatic),
Order=4, and Order=16 were determined. For the lines
studied, the maximum difference observed for the Oth
Order calculations was 16%, for the 4th order calculations
(the order of the expansion of previous calculations that
employed the atom-atom potential) the maximum dif-
ference was 12.5%, and for the 16th Order calculations the
maximum difference was 0.1%. Note, while maximum
differences are reported they are the typical values for
most of the lines. The percent differences for the line shift

reaches ~ —70 comparing with Oth Order, just below —50
comparing with 4th Order, and to —0.4 comparing to the
16th Order. Thus above Order 16 the half-width and line
shift change little as the order of the potential is
increased. To ensure convergence the final calculations
of this study were done at 20th order and ¢ =¢(>=4.

Expanding to such high orders should generate many
terms in the intermolecular potential. However, CO, is a
linear triatomic molecule with wavefunctions repre-
sented by a single Wigner D-matrix, D{)O. When the matrix
elements are formed the resulting Racah algebra greatly
reduces the number of terms in the intermolecular
potential. For example, with the potential expanded to
20 4 4, the CO,-N; system has 210 terms compared with
the H,O-N, system which has 1205 terms.

3.1.3. Outer and middle terms

In ATC notation, the second order S-matrix can be
written in terms of two outer terms and one middle term
[19-21] as shown in Eq. (7). The middle term is an elastic
contribution i«i and f«f, Eq. (8), the outer terms consist of
an elastic contribution, i —i or f«f, and a number of inelastic
contributions. Because of the symmetry of CO, and N, the
number of inelastic contributions is small. For the rank of
the intermolecular potential equal to 2 (i.e. quadrupole
interactions) there are two terms; one for AJ=2 and one
for AJ=—2. The total elastic contribution has three con-
tributions: one from the middle term, one from the outer i
and one from the outer f. Note, in isotropic Raman Q lines
the sum of these three elastic terms is zero. Murphy and
Boggs [88] developed their “inelastic approximation” based
on the assumption that the elastic terms roughly cancel
giving calculations involving only the outer inelastic terms.
Fig. 4, for the R4 transition of CO, with J,=6 at 296 K, shows
the real parts of S,p, (in red), Sy, (in blue) and the Sy middie
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Fig. 3. Convergence of the expansion of the atom-atom potential. Upper panel: half-width in cm~'atm ! of the P10 v; transition of CO, versus order of
the atom-atom expansion. Lower panel: line shift in cm~'atm~" of the R16 v; transition of CO, versus order of the atom-atom expansion.
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Fig. 4. Components of Re(S;2), Re(S22), and Sy midaie vVersus the impact
parameter b in Angstrom for the R4 transition of CO, broadened by N, at
296K and J,=6. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

term in black versus the impact parameter of the CO,-N,
collision pair for a calculation with rank=2. The outer elastic
terms roughly cancel the middle (elastic) term, thus for this
calculations the optical cross-section would be roughly given
by the integral over the outer i and outer f inelastic terms.

3.2. Parameter adjustment

As stated above, the parameters that enter into the
calculation that are not well known are the atom-atom
coefficients (Eq. (2)), the coefficients describing the vibra-
tional dependence of the polarizability (Eq. (6)), and the
isotropic L-J parameters needed for the trajectory calcu-
lations (Eq. (4)). From calculations made on self-broad-
ening of CO, [67] it was found that a quadrupole moment
8% lower than the value reported by Graham et al. [66] is
needed to give the proper shape for the half-width and

Table 1
Initial and final adjusted intermolecular potential parameters.

Parameter Initial value Final value % change
©,,(CO,) (esu) —4.02x10-26 —3.698 x 1026 -8
eonlk (K) 439 58.69 33.7
ecnfk (K) 51.28 51.28 0

ooy (A) 3.148 3.228 2.5

oen (A) 3.42 3.42 0

Errailk (K) 134.325 101.29 —24.6
Grrgj (A) 4.027 3.278 —186

line shift curves as a function of m. This value is roughly at
the lower error estimate (20 of the fit plus the systematic
error) of the measurements and is discussed in Ref. [67].
The change in the quadrupole moment of CO, from the
Graham et al. [66] value has almost no effect on the
calculated half-widths (1.3% on average) and line shifts
(0.3% on average) for the CO,-N, system. The initial
atom-atom parameters were determined using the com-
bination rules of Hirschfelder et al. [76] with the homo-
nuclear parameters of Bouanich [89]. These parameters
are labeled PotO and are presented in Table 1, along with
the other parameters that were adjusted.

To adjust the coefficients describing the vibrational
dependence of the polarizability one would need line shift
measurements of each of the fundamental bands; v, Vv,
and vs. Unfortunately not all the data exist. For '2C'¢0,
there are N,-induced shift measurements by Thibault et al.
[90] for the 00031 00001 band. There are also air-induced
shifts for the 00031+ 00001 band from the work of Toth
et al. [91]. Using the Thibault et al. data, CRB calculations of
the line shift were made and the as coefficient adjusted to
match the measurements. Fig. 5 shows the line shifts
calculated with a3=0.268, which gives the best overall fit
to the data, versus m. The air-induced pressure shifts of Toth
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Fig. 5. CO,-N, line shifts for the 3v; band from Thibault et al. [90] from Toth et al. [91] (scaled from air induced measurements), and CRB calculated

values versus m.

et al. were scaled to N, induced pressure shifts using the
calculated d /0N ratios. Using the ratios of the ay, a,, and as
coefficients determined by Hartmann [83] yields the values
a;=0.120 and a,=0.0618. Line shift calculations made for
self-broadening of CO, [67] yielded a slightly higher value
for a; when adjusted to fit the shift measurements of Devi
et al. [85] and Predoi-Cross et al. [92]. The vibrational
dependence of the polarizability is a property of the radiat-
ing molecule thus the coefficients should be consistent.
Because of this fact, the final choices of the coefficients for
the vibrational dependence of the polarizability were taken
as a,=0.14, a,=0.07, and a3=0.268 and other intermole-
cular potential parameters adjusted to fine tune the fit of
measured data.

One can also use measurement [80] or ab initio data on
the dipole polarizability [82,93] to determine the coeffi-
cients a;, ap, and as. As a check, the matrix elements
<00001|x|00001», <10001|x|10001», <10002|x|10002 ),
<00011|x|00011», <00021|x|00021), <00031|x|00031 )
were calculated using data from Tejeda et al. [80] and the
fundamentals of CO, from HITRAN [1]. The coefficients can
be determined from these matrix elements giving
a;=0.0908, a,=0.0454, and a3=0.1582, which yield ratios
between the coefficients in reasonable agreement with
those values determined by fitting the measured data. As
outlined above, there exists some uncertainty on the use of
the Unsold approximation for determining the dispersion
coefficient C2° [94] and its vibrational dependence. An
alternative method, often used, identifies C2° with the L/
constant 4¢0%, while still attributing its vibrational depen-
dence to the polarizability of CO,. Of course, such a
procedure leads to somewhat different values of the a,
parameters: a;=0.109, a,=0.0546, and a;=0.209, in better
agreement with the theoretical estimations given above.

The initial trajectory parameters came for fitting the
isotropic part of the expanded potential using the PotO
parameters.

The calculations presented here include determining
the temperature dependence of the half-width using the
standard power law expression [95]

T n
0=1T0{3} (12)

where the reference value (Ty) is taken as 296 K. While the
calculations were made at 13 temperatures, the determi-
nation of n was made using 4 temperatures (200, 250,
296, and 350K) a range more consistent with the mea-
surements and Earth’s atmosphere. Taking the natural
logarithm of Eq. (12), linear least-squares fits were made
to determine the temperature exponent, n, and the
correlation coefficient of the fit for each transition. The
uncertainty of the calculated temperature exponents is
determined for each transition by using any two of the
four calculated points. This generates six 2-point values of
n. The maximum difference between the six 2-point
values and the least-squares fit value is taken as the
uncertainty of the calculation.

CRB calculations of the half-width, its temperature
dependence, and the line shift were made for N,-broad-
ening of 3001200001 band transitions. The calcula-
tions are compared to the measurements of Devi et al.
[65]. Note that Devi et al. measured O,-broadening and
using their air-broadening [85] and the standard formula
relating air, N>-, and O,-broadening for the terrestrial
atmosphere, they reported N,-broadening values as well
in Ref. [65]. An example of the initial agreement between
the CRB calculations and the measurements is given in
Fig. 6. The top panel is the Ny-broadened half-width in
cm~'atm~! versus m, the middle panel is the N,-induced
line shift in cm~'atm ™" versus m, and the bottom panel
is the temperature dependence of the half-width versus
m. There are not many large measured data sets (many m
values) for the temperature dependence of the N,-broa-
dened half-width for this band. The measurements of
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fit as described in the text.

Valero and Suarez [96] consider values of |m| up to 40 and
they report values at 294 and 197 K. However, due to the
uncertainty in their half-widths and the small tempera-
ture range the resulting temperature exponents have very
large error. What is used here are the data of Predoi-Cross
et al. [31] for air-broadening scaled to N,-broadening
using the ratio of n(N,) to n(air) determined from CRB
calculations. The agreement between the calculations and
the measurements is not very good and the shape of the
curve of the calculations does not agree with that of the
measured data for any of the parameters.

As described above, the parameters eon, Gon, Ecny Tcns Etrajr
Orq Need to be adjusted, however, because C is at the center
of mass of the CO, molecule, the parameters &cy, oy have no
effect so only the other 4 are adjusted. The procedure was
started with a non-linear least-squares optimization of the
parameters, which experienced convergence problems after
12 iterations. Next, CRB calculations were made where each
parameter was changed individually by 5% and the percent
difference between the iteration 12 results and the adjusted
calculation for y, J, and n were determined. These data allow
the effects of changing each parameter on the half-width, line
shift, and temperature dependence of the half-width to be
understood. From these data and those in Fig. 6 estimates of
how to change the parameters to match the measurement
can be made. The determination of the parameters was
finished in about 20 iterations by hand. What is found is
that the calculated y, J, and n are very sensitive to the
intermolecular potential parameters. Some parameter sets

give good results for the half-widths but poor results for the
line shifts or temperature exponents and vice versa. Some of
these plots are available at the web site of one the authors
(faculty.uml.edu/Robert_Gamache). The final coefficients,
given in Table 1, give good agreement for all 3 line-shape
parameters.

4. Results

Calculations were made at 13 temperatures (75, 80, 90,
100, 125, 150, 200, 250, 296, 350, 400, 500, 700K) for the
30012 00001 and the 30013 « 00001 bands for J up to 120.
It is difficult to assess the uncertainty of the half-width and
line shift calculations. Based on the comparison with mea-
surements the uncertainty of the half-width is estimated to
be 1% and the line shifts have an uncertainty of
+0.0007cm~"atm~ . The uncertainty in the temperature
dependence of the half-width is given for each transition as
described above. The calculations for the 30012+ 00001 and
the 30013 00001 bands are identical to within the uncer-
tainty quoted above, i.e. no vibrational dependence of the line
shape parameters is observed. The half-widths range from
0.057 to 0.095cm~'atm™, the line shifts are negative and
range from —0.0110 to —0.0044 cm™~'atm™~', and the values
of n range from 0.62 to 0.74. The results of the CRB
calculations for only the 30012 00001 band are presented
in Table 2. However, both calculations are compared with
measurement. First we consider the 30012+ 00001 band
data. The agreement with the measurements is shown in
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Table 2
Half-width, its temperature dependence, and line shift from the CRB calculations for the CO,-N, system: CO, transitions for —120 <m <121 in the
30012 00001 band. The half-widths and the line shifts are given in cm~'atm~! at T=296 K.

m P n o m y? n &
-120 0.0571 0.668 + 0.068 —0.0108 1 0.0954 0.737 +0.014 —0.0044
-118 0.0573 0.664 + 0.067 —0.0107 3 0.0910 0.737 4+ 0.013 —0.0048
—116 0.0576 0.660 + 0.067 -0.0107 5 0.0897 0.721 +0.011 —0.0047
—114 0.0579 0.655 + 0.065 —0.0106 7 0.0879 0.697 + 0.008 —0.0049
-112 0.0581 0.652 + 0.064 —0.0105 9 0.0857 0.674 + 0.006 —0.0052
-110 0.0584 0.648 + 0.063 —0.0104 11 0.0835 0.657 +0.008 —0.0056
—108 0.0587 0.643 + 0.062 —0.0103 13 0.0814 0.649 + 0.011 —0.0059
—-106 0.0590 0.639 + 0.060 —0.0102 15 0.0793 0.647 + 0.016 —0.0062
—104 0.0594 0.635 + 0.058 —0.0101 17 0.0775 0.650 + 0.021 —0.0065
—102 0.0597 0.632 + 0.056 —0.0100 19 0.0759 0.658 + 0.026 —0.0067
—100 0.0601 0.628 + 0.053 —0.0099 21 0.0747 0.670 + 0.031 —0.0068
-98 0.0604 0.625 + 0.051 —0.0098 23 0.0738 0.682 + 0.034 —0.0069
—96 0.0608 0.622 + 0.048 —0.0097 25 0.0730 0.692 + 0.036 —0.0070
—94 0.0612 0.619 + 0.045 —0.0096 27 0.0723 0.700 + 0.035 —0.0071
-92 0.0616 0.617 + 0.043 —0.0095 29 0.0719 0.706 + 0.034 —0.0072
—90 0.0620 0.615 + 0.040 —0.0094 31 0.0716 0.714 + 0.033 —0.0072
—88 0.0624 0.613 + 0.037 —0.0093 33 0.0714 0.719 + 0.032 —0.0073
—-86 0.0628 0.612 + 0.034 —0.0091 35 0.0712 0.721+0.029 —0.0073
-84 0.0633 0.612 + 0.032 —0.0090 37 0.0710 0.719 + 0.026 —0.0073
—-82 0.0637 0.612 + 0.029 —0.0089 39 0.0708 0.716 + 0.023 —0.0073
—-80 0.0641 0.613 + 0.027 —0.0088 41 0.0707 0.714 + 0.021 —0.0073
—-78 0.0646 0.614 + 0.024 —0.0087 43 0.0706 0.712 +0.019 —0.0073
—-76 0.0650 0.616 + 0.021 —0.0086 45 0.0704 0.708 + 0.017 —0.0074
—74 0.0655 0.619+0.019 —0.0085 47 0.0702 0.701+0.014 —0.0074
-72 0.0659 0.623 +0.017 —0.0084 49 0.0700 0.693 + 0.012 —0.0075
—70 0.0663 0.626 +0.015 —0.0083 51 0.0698 0.687 +0.011 —0.0075
—68 0.0668 0.631+0.013 —0.0082 53 0.0695 0.682 +0.010 —0.0076
—66 0.0672 0.636 + 0.011 —0.0081 55 0.0693 0.676 + 0.009 —0.0076
—64 0.0676 0.642 +0.010 —0.0080 57 0.0689 0.669 + 0.009 —0.0077
—62 0.0680 0.648 + 0.009 —0.0079 59 0.0686 0.661+0.010 —0.0078
—60 0.0683 0.654 + 0.008 —0.0078 61 0.0682 0.654 4+ 0.010 —0.0079
—58 0.0687 0.661 + 0.008 —0.0077 63 0.0679 0.649 +0.011 —0.0079
—56 0.0690 0.668 + 0.008 —0.0077 65 0.0675 0.644 +0.012 —0.0081
—54 0.0693 0.676 + 0.008 —0.0076 67 0.0671 0.639 +0.014 —0.0082
—-52 0.0696 0.682 + 0.009 —0.0075 69 0.0666 0.633+0.015 —0.0083
-50 0.0698 0.688 +0.011 —0.0075 71 0.0662 0.629 +0.017 —0.0084
—48 0.0700 0.695 + 0.012 —0.0074 73 0.0658 0.626 +0.019 —0.0085
—46 0.0703 0.703 + 0.015 —0.0074 75 0.0654 0.623 + 0.021 —0.0086
—44 0.0705 0.709 +0.017 —0.0074 77 0.0650 0.621 +0.024 —0.0087
—42 0.0706 0.713 +0.019 —0.0073 79 0.0645 0.619 + 0.026 —0.0088
—40 0.0708 0.715 + 0.022 —0.0073 81 0.0640 0.617 + 0.029 —0.0090
—-38 0.0709 0.718 + 0.024 —0.0073 83 0.0636 0.617 + 0.031 —0.0091
—-36 0.0711 0.720 + 0.028 —0.0073 85 0.0632 0.617 +0.033 —0.0092
—34 0.0713 0.720 + 0.031 —0.0073 87 0.0628 0.618 + 0.036 —0.0093
—-32 0.0715 0.717 + 0.033 —0.0072 89 0.0623 0.619 + 0.039 —0.0094
-30 0.0717 0.710 + 0.034 —0.0072 91 0.0619 0.620 + 0.042 —0.0095
—28 0.0721 0.703 + 0.035 —0.0072 93 0.0615 0.622 + 0.045 —0.0097
—26 0.0726 0.696 + 0.036 —0.0071 95 0.0612 0.625 + 0.047 —0.0098
—24 0.0734 0.688 + 0.035 —0.0070 97 0.0608 0.627 + 0.050 —0.0099
—22 0.0742 0.676 + 0.033 —0.0069 99 0.0604 0.630 + 0.052 —0.0100
-20 0.0753 0.664 + 0.029 —0.0068 101 0.0600 0.633 + 0.054 —0.0101
—18 0.0767 0.653 + 0.023 —0.0067 103 0.0597 0.637 + 0.057 —0.0102
—16 0.0784 0.648 +0.018 —0.0065 105 0.0594 0.641 + 0.059 —0.0103
—14 0.0804 0.648 + 0.013 —0.0062 107 0.0591 0.645 + 0.060 —0.0104
-12 0.0824 0.652 + 0.009 —0.0059 109 0.0587 0.649 + 0.062 —0.0105
—10 0.0846 0.665 + 0.006 —0.0056 111 0.0585 0.653 + 0.064 —0.0106
-8 0.0868 0.686 + 0.007 —0.0053 113 0.0582 0.657 + 0.065 —0.0107
-6 0.0889 0.711 + 0.009 —0.0051 115 0.0579 0.662 + 0.066 —0.0108
—4 0.0904 0.731 +0.012 —0.0049 117 0.0576 0.666 + 0.067 —0.0109
-2 0.0918 0.739 + 0.014 —0.0046 119 0.0574 0.670 + 0.068 —0.0110
121 0.0572 0.674 + 0.069 —0.0110
3 In units of cm~'atm~ .
Fig. 7 (same format as Fig. 6). The calculations are compared N,-broadening data of Devi et al. are derived from their air-
to the measurements of Devi et al. [65], Li et al. [97], Valero and O,-broadening data. Plotted for the temperature depen-

and Suarez [96], and De Rosa et al. [98]. As noted above, the dence, bottom panel, are the air-broadened CRB calculations
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Fig. 7. Final CRB calculations at 296 K for transitions in the 30012 00001 band of CO, broadened by N, and the measurements (see text for a description)

versus m. Top panel half-widths versus m, middle panel line shifts versus m, bottom panel temperature exponent of the half-widths versus m.

and the measurements of Predoi-Cross et al. [31] scaled to
N,-broadening using the air to N, ratio from calculations. As
noted above, the data of Valero and Suarez [96] are not
plotted in the bottom panel, however, the statistics for
comparing with their data is included in the analysis.

The average errors and standard deviations of the com-
parison of calculation to measurement are given in Table 3.
The data of Devi et al. [65] are the most complete and
considered among the most accurate. Here the calculations of
the half-widths show excellent agreement with the 51
measured data: —0.16 average percent difference (APD)
and a standard deviation of 1.34%. Because of the magnitude
of the line shifts the average deviation between measure-
ment and calculation, AD = =_ | (8eas—0cac)/N, is presented
rather than the percent difference. Also presented for the
shifts is the standard deviation of the AD, SD. The line shift
calculations show good agreement with the measurements
as well: 0.00070cm~'atm~! average deviation with
SD=0.00057 cm~ 'atm~ . The calculations fail to reproduce
the asymmetry with respect to m that is seen in the
measured data. The calculated temperature exponents are
compared with the 53 scaled measurements of Predoi-Cross
et al. giving 4.86 APD with a standard deviation of 6.29%.
Moreover, the shapes of the curves agree with the measure-
ments. Table 3 shows very good agreement with the half-
width data of Li et al. the SD for the comparison with the
half-width data of De Rosa et al. is good but their data seem
shifted up from the calculations and the other measurements
as well. Comparison of the half-width data with Valero
and Suarez is good but their data is spread around the
calculations and the other measurements. For the line shifts,

Table 3

Statistics for the comparison of the calculations to measurement.

Parameter Reference  # Data Average Standard
percent deviation
difference  in percent
30012+ 00001
y [65] 51 ~0.16 1.34
[97] 11 —4.47 2.88
[96] 40 —5.62 10.19
[98] 5 6.87 2.60

n [96] 40 —4129 53.98
3117 53 4.86 6.29
Reference  # Data ADP sp b

o [65] 51 0.00070 0.00057
[98] 5 —0.0045 0.0030
Reference  # Data APD sp®

3001300001

y [65] 51 —0.04 1.33
[101] 15 -0.21 2.03
[102] 10 —4.73 3.28
[100] 5 —~14.13 1.01
[99] 24 -2.95 9.59

n [99] 21 18.19 277.8
[101] 2 7.60
3117 54 5.58 5.18
Reference  # Data ADP sp b

s [65] 49 0.00077 0.00068

@ Scaled from air-broadening—see text.
b See text for definition of AD and SD.
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the 5 lines measured by De Rosa et al. show poor agreement
with the data of Devi et al. and the calculations. As stated
above the temperature exponent data from Valero and
Suarez show poor agreement with the calculations.

The effect of the imaginary terms on the half-width
were studied by making a calculation using only the real
components of Robert-Bonamy theory (RRB) and compar-
ing them with the CRB calculations. These calculations
were done for the transitions studied above and the
average and maximum percent differences between the
CRB and RRB data determined. In Fig. 8 the average
percent difference and the maximum percent difference
are plotted versus the temperature for which the calcula-
tions were made. At 296 K the average difference is about
one percent and the maximum difference is about 3%. It is
evident from Fig. 8 that the inclusion of the imaginary
terms will affect the calculation of the temperature
dependence of the half-width. This fact implies that
calculations made using only the real components, which
is what was done in all previous calculations of half-
widths for CO,, will lead to different values for the
temperature dependence of the half-width. Given the
needs of modern satellite remote sensing programs,
calculations of the half-width and its temperature depen-
dence for CO, must take into account the imaginary
components of the scattering matrices in the formalism.

Calculations of the half-width, its temperature depen-
dence, and the line shift were also made for the
30013 00001 band of CO, in collision with N,. These data
are compared with the measurements of Devi et al. [65],
Suarez and Valero [99], Pouchet et al. [100], Nakamichi et al.
[101], and Hikida and Yamada [102]. Fig. 9 plots these data as
in Fig. 7. The statistics for the comparison of measurement
and calculations are given in Table 3. Considering the work of
Devi et al. for 51 transitions the comparison of the
half-widths gives an average percent difference of —0.04

with a standard deviation of 1.33%. The comparison of the 49
line shifts gives AD=0.00077cm~'atm~' with SD
=0.00068cm~'atm~!. Comparing with the cavity-ring-
down measurements of Nakamichi et al. gives —0.21 APD
with a standard deviation of 2.03% for the 15 transitions
studied. It should be noted that the agreement of the data of
Nakamichi et al. and Devi et al. is very good. The calculations
do not compare as well with the 10 transitions measured by
diode laser in the work of Hikida and Yamada; —4.73 APD
with a standard deviation of 3.28%. However, Hikida and
Yamada chose to fit their spectra with a Galatry profile rather
than a Voigt profile. Most studies comparing Galatry and
Voigt profiles show the Galatry half-widths are a few percent
higher [103]. The results of Hikida and Yamada are a few
percent below those of Devi et al., Nakamichi et al., and the
CRB calculations (see Fig. 9). The data of Pouchet et al. do not
agree with the calculations or the other measurements. The
data of Suarez and Valero show considerable scatter around
the calculations and the other measured data.

For the temperature dependence Sudrez and Valero [99]
have made their measurements at 197 and 294 K. Using
their data, the temperature dependence of the half-widths
can be determined. However, the error on the reported half-
widths and the temperature range of the study lead to very
large errors in the temperature exponents, so they were not
plotted in Fig. 9, but the comparison with the calculations is
presented in Table 3. Nakamichi et al. [101] report tem-
perature exponents for the RO and P8 transitions, which
agree well with the CRB calculations: 7.60 APD.

5. Summary

Half-widths, their temperature dependence, and line
shifts for transitions from J=0 to 120 in 30012+« 00001
and 30013+ 00001 bands of CO, were calculated using the
Complex Robert-Bonamy formalism. It was demonstrated

100%( y(CRB)—y(RRB))/7(CRB)

x Average difference 4
o Maximum difference

0 100 200 300

400 500 600 700
T

Fig. 8. Effect of the imaginary terms: Average percent difference (CRB-RRB) and maximum percent difference for the transitions in the 30012 « 00001

band versus temperature in K.
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versus m.

that the line shape parameters are very sensitive to
the choice of the intermolecular potential, the order of the
atom-atom expansion, and the dynamics used in the
calculations. Many interesting features were observed for
CO, as the radiating molecule, which helps explain why
previous calculations needed to scale parameters to produce
reasonable results. The results indicate (1) the calculations
must use Hamilton’s Eqgs. to determine the trajectories, (2)
the intermolecular potential must be expanded to very high
order and rank and (3) the imaginary terms must be
included. The parameters describing the intermolecular
potential were adjusted to match measurements on the
30012« 00001 band for all 3 line shape parameters simul-
taneously. The calculations made using the final intermole-
cular potential parameters show excellent agreement with
measurements for both of the Fermi-tetrad bands studied in
this work. In conclusion, it was found that the use of a single
intermolecular potential in CRB calculations can produce
half-widths, their temperature dependence, and line shifts
that agree very well with measurements.
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