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Tri ic tabl ions of C sh.
o ©" sin(@)cos(8) tan(e) cot () sec(®) esc(O) Ellipsoid b o4 K, K> 0
0° 0 o +1 =inf  +1 =inf o b? =
30°  w/6 +1/2  +3/2 +\/3/3 +3 +2v3/3 +2 ) . .
450 w4 w2/2 W2/2 41 41 W2 42 Hyperbolic Cylinder A K, K>
60°  m/3 +3/2 +1/2 w3 +3/3 42 +2V3/3 of 2 sheets @ v
90°  w/2 +1 0 sinf 0 sinf 41 Hyperboloid C .- 22K K0
120°  21/3 +3/2 -1/2 -V3  -V3/3 -2 +2v3/3 of 1 sheet o be o
135° 3w/ w2/2 —V2/2 -1 -1 w2 42
150°  5m/6 +1/2 -V3/2 -V3/3 V3 -2V3/3 +2 Elliptic Cone Xy - Z2=0
180° a0 -1 0 xinf -1 +inf o b? c
210°  7a/6 -1/2 -V3/2 +3/3 +3  -2v3/3 -2 ; 2 2 2
225°  5m/4 —V2/2 -V2/2 +1 +1 V2 V2 gggesrﬁ::;d ":T -?,Lz‘ _iz_ ooK>e
240°  4n/3 -V3/2 -1/2 43 +3/3 -2 -2v3/3
270°  3m/2 -1 0 +inf 0 zinf -1 Elliptic Paraboloid VN
300°  sa/3 -V3/2 +1/2 V3 —V3/3 +2 -2v3/3 a b?
315°  7a/4 —V2/2 w2/2 -1 -1 w2 V2
330° 1lm/6 -1/2  +3/2 =V3/3 -3  +2v3/3 -2 Hyperboloc Paraboloid AL bi =z
360° 21 0 +1 0 sinf 41 sinf a
y Vectors in 2D
Circles: Circ. C=2ar Area A=nir? For any points p,=(x,,y,) and p,=(x,,y:)
Cylinders: Volume V=nrh Area S=2nr?+2nrh . -
Cones: Volume V=1/3mr’h  Area S=nrtsnry(r=ri+h?) Distance from p; to p;: [Py P =V((x0=%1) ™+ (v2my1) ")
Spheres:  Volume V=4/3mr®  Area S=dar? Vector from p, to p,: <Pu P2ES(XX) 4 (Yoy)>
Triangles: Midpoint of p; and p;: mam( Gatn), vy, )

For any Triangle with sides <a, b, c> and angles <A, B, C>

(with sides opposite the angle with the matching letter):

sum of angles<A, B, C>=180° area = 1/2base*hight
Semiperimiter: s=(a+b+c)/2

area=ys(s-a)(s-b)(s-c))
sin(A) = sin(B) = sin(Q)
a b

c

Herons Formula:
The law of Sines:

The Law of Cosines: a’=b?+c?-2bc cos(A)
b?=at+c?-2ac cos(B) —a%+b?-2ab cos(C)
The Law of Tangents: tan[(A-B)/2] = a-b
tan[(A+B)/2] = a+b
Right Triangles:
For a Right Triangle with sides <abc> and angles <ABC> and C being the 90° angle:

Pythagorean Theorem: a’+b?=c?
A=tan"'(a/b) sin(A) = a/c  cos(A) = b/c  tan(A) = a/b
an'(b/a) sin(B) = b/c  cos(B) = a/c  tan(B) = b/a
C=90° sin(0) = 1 cos(0) = @ tan(C) = +inf
Tri ic itii

sin=oposite/hypotenuse
tan(x)=sin(x)/cos(x)
cot(x)=cos(x)/sin(x)
sec(x)=1/cos(x)
L+tan?(x)=sec?(x)
sin(x+/-1/4)=+/-cos(x)
sin(x+/-1/2)=-sin(x)

cos=adjacent/hypotenuse
tan=oposite/adjacent
cot(x)=1/tan(x)
csc(x)=1/sin(x)
T+cot?(x)=csc?(x)
cos(x+/-/4)=-/+sin(x)
cos(x+/-T/2)=-cos(x)

Odd-even: Co-function:
sin(-x)=-sin(x) sin(m/2-x)=t cos(x)
cos(-x)=cos(x) cos(/2-x.

tan(-x)=-tan(x)
Pythagorean:
sin?(x)+cos?(x)=1
Eulers Formulas:
e®=cos(@)+j*sin(®)
sin(@)=el-e®

tan(m/2-x.
sinh?(x)-cosh?(x)=1

ey ein=-1
cos(@)=e+e3®

e"+1-0

2]
sin(0)=0-0°/31+6°/5!
Addition/Subtraction:
sin(x+/-y)=sin(x)cos(y)+/-cos(x)sin(y)
cos(x+/-y)=cos(x)cos(y)-/+sin(x)sin(y)
tan(x+/-y)=.

-07/7+...

C05(©)=1-6%/21+6"/41-6%/6+..

_tanCO+/-tan(y)

1-/+tan(x)tan(y)

Double-angles:
€0s(2x)=cos2(x)-sin?(x)=2cos?(x)-1=1-2sin*(x)
sin(2x)=2sin(x)cos(x) tan(2x)=_2*tan(x)

1-tan?(x)
Half-angles:
sin(x/2)=ty ((1-cos(x))/2)  cos(x/2)=ty ((1+cos(x))/2)
Sums:

sin(x)+sin(y)=2sin((x+y)/2)cos((x-y)/2)
cos(x)+cos(y)=2cos((x+y)/2)cos((x-y)/2)
Products:

sin(x)sin(y)=-1/,[cos(x-y)-cos(x+y)]
cos(x)cos(y)=-1/[cos(x+y)+cos(x-y)]
sin()cos(y)=-/,[sin(x+y)-sin(x-y)]

sin?(x)="/,(1-cos(2x))
052 (x)=/>(1+c0s(2x))

cosh(x)="/,(e*+e™)
coth(x)=cosh(x)/sinh(x)
csch(x)=1/sinh(x)

sinh(x)=Y/,(e*-e™)
tanh(x)=sinh(x)/cosh(x)
sech(x)=1/cosh(x)

F
1n(a*b)=1n(a)+1n(b)
1n(a/b)=1n(a)-1n(b)
1n(1/x)=-1n(0 = 1n(1/x)+1n(x)=0
1n(1/e)=-1n(e")=-x
1n(a)=x*1n(a)

e"®ex  for x>0

Qlosb_plosw( g

*](-1"(x-1)"/n) n!=round(v[x(2n+1/3)]n"e")
(1+x/n)"—e* as n—x

ekey=elen)

e/ ev=ely)

XXM

© y=1n(x)

©  x=In(y/n)/n

1n(1)=0
1n(e)=1
Tog.(x)=1n(x)/1n(a)
log,b*1og,c=1og,c
Tn(x)=x*1n(x)
1n(e)=x

a=blost

In(x)=1+3[n=1..

x=e¥
=he™

areeX N
e*=l+x+x%/2! +x3/3 14xt/414x°/5 +...

oo™

[ev]ACe™)=elee

Complex
cos(©)=Re(e’”)
sin(@)=Im(e’*)
Re(e“m:)=Re(e e )=e*cos(wt)
ImCe' 3 )=Im(e* e )=e*sin(wt)

z=[x+jyl=rse=re’®
z=r[cos(@)+]jsin(e)]
x-Jy]=rs-@=re’®
e=tan"*(y/x)

r=lzl=Vxiy? 22" ~Vx+jy=Vrs®/,

le7® | =Vcos’O+sin‘o=1
2'=r"[cos(n@)+jsin(ne)]
zV=rY"[cos(@)+jsin(@)], 0=°/+2"%/,

10,1,...n-1

€19=1+j0-0%/2!-6%/31+6/41+6°/5! +..

e’*=cos(@)+jsin(e)
27=(x+jy)=r"Ln@=rre =

2V (X y) V=L [0/ 42/,
a1

1n(re?®)=1n(r)+jO+32km \inteqer

Quadratic Formula: If ax’+bx+c=0 then,

X==Dx -
lines: 2a
Slope from P, to P,: m=Cy,-y;)
Prm(x1,y1)  Pom(Xz,¥2) Cxe=x1)
Point-Slope equation: Y-yi=m(x-x1)

Slope-Intercept equation:
Degrees <-> Radians:
Factoring Polynomials:

y=mx+b slope=m, y intercept=b
180° = n Radians

X4y? = (ely)icy) or RN x3yE = Oay)(x-y)

X4yd = Oy (-xy+y?) Xoy? = () Oxy+y?)
(x#y)? = xt+2xy+y? (x-y)? = xt-2xy+y?

(x#y)? = x+3xly+3xyly’ (x-y)? = x*-3xly+3xyt-y’
)t = xH3xy+bxiyladxytsyt  (x-y)' = xi-3xPy+6x7yi-3xyryt
XHRTHXTL L XKL = (x0o1

\x-1)
Use Pascals Triangle for higner powers of (x#y)" or (x-y)"

For any vectors u, v, and w and any scalars a, b and c, the
following relationships hold: i=unit vector in x direction
j=unit vector in y direction nit vector in z direction

j-k=0, k-i-0 idi=i, j-3=, k-k=k
U+VmVU (UHV) WU+ (V)
U+0m0+u=u u+(-u)=0
0=um<0, 0> —Um<-Up, U
cuy, cup lcul=lcl lul
a(bud=Cab)u=uCab) aCusv)=au+av
lu=u
(vect) u-v=u,v,+u,v, (scalar)
u-v=0 Iff u L v
u- ( AWDZU- VLW cCu-v)=Ccw) - v=u-(cv)
lul=/((uO*+(u)? (scalar)  @-u=0
lul2=Cu)?+(u)? (scalar)  u-u=lul?

Unit Vector
u-v=lullvicos(®)

(length=1) U=u/lul
lu-vI?=lul?+Iv|?-2lul vl cos(®)
in 3D

Vect

all 2D vector ops apply to 3D
ixj=k, ]xk i, kxi=j ixi=0, jxj=0, kxk=0
u=<u,,u,,u, umu it g ek VeV, ity, ek

v=<v,
[u]=V((u, P+(u ) (u,

1_"' 1_"'
(u,

(scalar)
VSV, (scalar)
UHVESU AV, U, A (vector)

Wxv=< (0,V, -0,V ) i, (0,V,-0,v,) 3, (0,,-u,v,) k> (vector)
uxv=0 Iff uisparalleltov wuxv is L to both u and v
ux(uxv) Forms a right triangle u,v,and uxv form a L triple

c(uxv)=(cu)xv=ux(cv)
ux(vew)=us (vxw)

W) V- (V)W

|uxv|= ||| |v|sin(®) |uxv|?=|u|?|v]*~(u-v)?
©=cos™'( ) where v is the ©=cos™'(_urv_)
\v\ longer vector lul[v]
y in 3D
Area of a parallelogram: uxv

Volume of a parallelopiped:  |u-vxw|=|v-uxw|=|w-uxv|
Standard Equation of a Plame: A(X-X,)+B(y-y,)+C(z-2,)=0
A, B, and C are the factors of the Normal Vector.
Point Py(X,, vi, z,) is a point on the plane.

Standard Equation of a Sphere:(x-x,)’+(y-y,)’+(z-z,)’=R?

Point Py(x,, y), z;) is the location of the center of the sphere.
R is the radius of the sphere.
Standard Equation of a Line: Ax+By+Cz+D=0
Parametric Equation of a Lime:x=x,+at, y=y,+bt, z=z,+ct

Point Py(X,, Yo, Z,) is a point on the line. a, b, and c are the
factors of a Vector parallel to the line.

Symetric Equation of a Line: x-x, = y-y, = 2-2,
a b c

- -Vector Valued F in 3D
Vector Valued Function: E(£)=E(£)i+g(t)3+h()k
Velocity: v(t)=r'(t)
Acceleration: a(t)=v'(t)=r''(t)
Speed: v(t)=|v(t)]
Unit Tangent Vector: T(t) = v(t)

\v t
Curvature: k(t)=]r'xe' ' |=|v(t)xa(t)

E3E [vit) |?
Radius: 1/k

s=[ VE' (t)*+g(t)*+h(t)?
N(e)= (_lve) [t ) T(e)
\v(t)xa(t)[)

Length of a Curve:
Normal Vector:

Acceleration: a(t)=a.(t)+a,(t)
Apacar () =T(t)-a(t) =_xr'(t)-r''(t)
[r'(t)]
Aonar, 3, (£)=|T(t)xa(t) | = lr'(t)xx''(t
Iz (t) ]
C Transfor
PolarCoordinates: r, ®

0 = r = +inf
from origin

0<8@ =21
O from +X axis

xy->Polar
= V(x* +yY) =tan™ (y/x) x>0 m+tan™ (y/x) x<0
tan(®) = y/x O=1/2 x=0, y>0 3n/2 x=0, y<0
=0 x=0, y=0
polar->xy
x=rcos (8) y=rsin(®)
Cylindrical Coordinates: r, e z
0's r s +inf 0=8=21 -inf = z = +inf

from origin from +X axis from XY plane

cyl->xyz
x=rcos (8) y=rsin(@) 2=z
xyz->cyl
2=z @=tan™ (y/x) x>0 mHtan (y/x) x<0
r=vx +y? O=1/2 x=0, y>0 3n/2 x=0, y<0
8=0 =0, y=0
Spher'lcu'l Coordinates: p, 8, @
0'sp s +inf 0=8=21 s ® s
from origin from +X axis from XY plane
sph->xyz
x=psin(®)cos (@) y=psin(®)sin(®) z=pcos (®)
xyz->sph
p=V(x7+y” +z ) ©=tan’'(y/x) x>0 at+tan™ (y/x) x<0
057 (z =n/2  x=0, y>0 3n/2 x=0, y<0
ﬂ?—tan"qz/‘/(x +y*)) 6=0 x=0, y=0
sph->cyl
r=psin(®) -0 z=pcos (®)
cyl->sph
p=V(x’ + 27) e=-0 ®=tan’'(z/r)

Price $9.95
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Derivati
D, x" =nx""' D, |x|= |x|
x
D, sin(x)=cos(x) D, cos(x)=-sin(x)
D, tan(x)=sec’(x) D, cot(x)=-csc?(x)
D, sec(x)=sec(x)tan(x) D, csc(x)=-csc(x)cot(x)
D, sinh(x)=cosh(x) D, cosh(x)=sinh(x)
D, tanh(x)=sech?(x) D, coth(x)=-csch?(x)
D, sech(x)=-sech(x)tanh(x) D, csch(x)=-csch(x)coth(x)
D, e*=e* D, a*=a* ln(a)
D, ln(a*x)=1/x D, ln(x)=1/x
Dy loga(x)= Dy log.(a)= 1
x 1n(a) a 1n(x)
Dy sin’'(x)= + 1 D, cos M= - 1
V(-x' + 1) Vi-x' + 1)
Dy tan(x)= +__ 1 D, sec”(x)= + 1
(+x* + 1) x V(+x* - 1)
Dy cot™(x)= -1 D, cscl(x)= - 1
(+x* + 1) x V(+x* - 1)
D, sinh7(x)= +___ 1 D, cosh™(x)= +__1_
Vox T 1) Vi - 1)
D, tanh’(x)= +__1_ D, sech™(x)= - 1
-x? + 1) x V(-x* + 1)
D, coth™(x)= +__1 D, csch™(x)= - 1
= * 1) X[ Vi * 1)
I xav = [vdx = xv
J %" ax = 1 x™4C n = -1
(n+1)
S (1/x) dx = 1n(|x[)+c
Jer ax = e%C
Ja* ax = a* +C
In(a)
J xe* dx = (x-1)e™C
J xe* dx = xetn( [ xet dx)
= x"e*-nx"'e"+n(n-1)x"?e*...nle*+C
J xe™ dx = (e*/a%)(ax-1)+C
I x*e™ dx = (e*/a’) (a’x*+2ax+2)+C
J 1n(x)dx = x(ln(x)-1)+C
J sin(x) dx = -cos(x)+C
J cos(x) dx = sin(x)+C
J sec’(x) dx =  tan(x)+C
J esc?(x) dx = -—cot(x)+C
J sec(x)tan(x) dx = sec(x)+C
J esc(x)cot(x) dx = -csc(x)+C

J tan(x) dx
J cot(x) dx
J sec(x) dx
J esc(x) dx
J__ 4+l dx
(+x*+a’)
41 dx
(+x7+1)
41 dx
V(+x%+1)
41 dx
V(+x’-1)
+1  dx
(-x*+a’)
41 dx
(-x*+1)
41 dx
(-x*+1)
41 dx
(-x*-1)
I +1 dx
V(-x"+a’)
I +1 dx
V(-x*+1)
I +1 dx
V(-x*+1)
I +1 dx
V(+x*za’)
I +1 dx
x V(-x+a’)
dx
x V(-x*+1)
I +1 dx
X V(+x°-1)
J__ -1 dx
X V(+x-1)
-1 dx
[x[V(+x*+1)
I 1 dx
(x 1ln(a))
1 dx
(a In(x))

J sin*(x) dx

J cos?(x) dx

J tan?(x) dx
J cot?(x) dx
J sin’(x) dx
J cos’(x) dx
J tan’(x) dx

J x sin(x) dx
J x cos(x) dx
J x"sin(x) dx

J x"cos(x) dx

J sin(x) dx
J tan™(x) dx
J sinh(x) dx
J cosh(x) dx
J tanh(x) dx
J sech?(x) dx
J esch?(x) dx
J sech(x)tanh(x) dx
J csch(x)coth(x) dx

1n(|sec(x)|)+C
1n(|sin(x)|)+C
1n(|sec(x)+tan(x)|)+C
1n(|esc(x)+cot(x)|)+C

1 _tan™'(_x_)+C a=l

a a

tan™(x)+C
sinh™(x)+C

cosh™(x)+C
1 In( | x+a |)+C
2a | x-a |

tanh™(x)+C
<< seperate domain >>

coth™(x)+C
cot™(x)+C

sin(_x )+C a=l

a

sin™'(x)+C
<< seperate domain >>

-cos™ (x)+C
In(x+ V(x® = a%))+C

1 sec™ (| _x |)+C
a [al
sech™ (x)+C
sec™!(x)+C

cscH(x)+C
<< seperate domain >>
csch™(x)+C
log,(x)+C
log,(a)+C
1x -
2
1

x +

2

tan(x)-x+C

sin(2x)+C

1

4

1 sin(2x)+C
4

—cot (x)-x+C
-1/,(2+sin’(x))cos (x)+C
-1/,(2+cos?(x))sin(x)+C
+'/,tan’(x)+1n(|cos(x)|)+C
sin(x)-x*cos(x)+C

cos (x)-x*sin(x)+C

-x"cos (x)+n(J x"'cos(x) dx)+C
-x"sin(x)+n(/ x"'sin(x) dx)+C
x*sinl(x)+/(1 - x°)+C
x*tan™(x)-'/,1n(1 + x*)
cosh(x)+C

sinh(x)+C

1n(cosh(x))+C

tanh(x)+C

coth(x)+C

-sech(x)+C

-csch(x)+C

Laplace Transfor

£0£(t)] =F(s)
£1(F(s)] = £(t)
£lu(t)] =_1

B
£[u(t-a)] = e

B
£ltu(t)] = 1z

B
£le*u(t)] 1
£lte™u(t)]

£[cos(wt)u(t)]

£[sin(ot)u(t)]

s+’

s*sin(0)+n*cos(©
sT+o?

£(cos (0t+0)u(t)] -

£(sin(0t+O)u(t)]

s*cos(0)-0*sin(©
sT+w?

1+b*£[g(t)]

£[5(¢)] =1
£[5(t-a)] = e
£01) =_1
B
£t] =1
o
£1t7] = _n!
P
£_1) =1
Vat Vs
£0t"]
£[ere™) = _nt
(s-a)™
£[cos(wt)] =_s
s’
£[e*cos(wt)] = s-a
(s-a)™+o?
£e*sin(wt)] = k
(s-a)’+w?
£[cosh(wt)] =_s
s-0?
£[sinh(wt)]
s’-0?
£[_1 (sin(ot)-ktcos(wt))] = 1
2u(t)’ (s*a?)?
£[_1 (sin(ot)] = s
2u(t) (s*a?)?
£[_1 (sin(wt)+ktcos(wt))] =_ s
2k (s*a?)?
£0Jio 0 E (Mg (t-T)aT] = F(s)G(s)
Linearity:
£la*f(t)+brg(t)] = arf[£(t)
Scaling:
£[£(at)] = _1F(s)
a a
Time Shift:

£lu(t-a)f(t-a)] = e*F(s)

Time Differientiation:

£[£'(t)] = sF(s)-£(0) £1£7(0)) =
£[£™(£)] = §"F(s)-s""£(0)-...-£7(0)
Time Integration:
£ af(E)at) = Es)
s

Frequency Shift:
£[e™£(t)u(t)] = F(s-a)
Frequency Differientiation:
£[tf(t)] = -F'(s)
Frequency Integration:

£1£(6)] = Jia.=F(5)ds
t

£u(t+a)f(t+a)] =

£ref(t)u(t)]

£itE(t)] =

e F(s)

s’F(s)-s£(0)-£'(0)

= F(s+a)

(=1)"F™ (s)

£1£(£)] = [, «F(s)ds
o

Periodic Function: £(t) = £(t + nT), for all n=0
£1£(t)] = _1 Jisetf(t)at
—
Square Wave:
£0(-1)1) = _1 tanh(as)
s 2
Step Wave:
£ = e
a s(l-e™™)
Initial and Final Value of f£(t):
£(0") = Llimg.x)SF(S) £(0) = limgy.q;SF(s)
Convolution:
£(£)@g(t) = £1£()1+£19(8))
Fourier Transfor
f(n=1 F(0)=2md(v) |F(w) =2 at 0
F(y=d(t) F(w)=1 [F(w)|=1
F(t)=d(t-a) F(w)=e |F(w)|=1
F(ty=u(t) F(0)=md(0)+1/30 [F(w)|=r at 0
f(1)=sign(t) F(o)=2
jo
F=lt| F(0)==2
o
F(ty=eiot F(0)=2md(0-0,) |F(w)[=2r at o,

f(t)=cos (mt) F(0)=r[d(w0+0,) +d(w-w,) ]

f(t)=sin(mt) F(0)=3n[d(m+w,)-d(w-0,) ]

f(t)y=efu(t) F(w)=_1
(a-jo)

F(=treu(t) F(o)=__n!
(o-jo)™!

F(h)=e™cos (met)u(t) F(0)=__a+jo

(a+t30) o,

F(t)=esin(wet)u(t) F(o)
Linearity:
f(t)y=a*g(t)+b*h(t)

Scaling:
f(y=g(a*t)

Time Shift:
f(h=g(t-a)u(t-a)
Time Differientiation:
g(t)=f"(1) G(w)=joF ()
9(£)=F" (1)

Time Integration:
g(t) =i uE(t)dt

F(0)=e"G(w)

G(w)=(Jw)"F(w)

G(w)=F(w)+1F(0)d(w)
jo
Frequency Shift:
F()=e g (t)
Frequency Differientiatio
g(t)=f'(t) G(w)=joF ()
Unit Pulse:
F(H)=u(t+T)-u(t-T)
2 2

F(0)=6(w-w,)

F(w)=_2 sin(wt)
o)

Time Reversal:

g(t)=f(-1) G(w)=F(-0) or F'(n)
Duality:

g(t)=F(t) G(w)=2f (-w)
Convolution:

F(t)=g(t)®h(t)
f(y=g(t)*h(t)

F(0)=G(w)*H(w)
F(0)=_1 G(0)®H(0)
2n

Amplitude Modulation:
f(t)=cos (met)g(t) F(0)=1[G(w+m,)+G(w-u,) ]
2

|F(w)|=m at =,

|F(w) |=3n-w,, -jmew,

period=T

Price $9.95
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-Di iati of Integr
Constant Function: f(x)=k D [k]=0 Power Rule
Identity Function: f(9=x D,(0=1 Iran s e e
Power Rule: fx)=x" D [x"]=nx"" Linearity
* Sk f(x) dx = k[ f(x) dx
c Multiples: g D [k - f(x)I=k - D [f(x)] f[ £(x) + g(x) ] dx = ff(x) dx +§q(x) dx
[ £(x) - g(x) ] dx = f(x) dx - g(x) dx
Sums:: h()=F)+g(x) iti
D[f(+g(x1=D [[(01+D [g(] Radivive ProPertY b [xmc
Differences: I mxn dx = [ [f(x) ax  +[ [f(x) dx

()=F(x)-g(x)
D [f(x)-g(x)]=D [f(x)]-D [g(x)]

Product & Quotients: The derivative of a product of functions
is NOT equal to the product of the derivatives of the
functions.

Products: h)=f(x)g(x)
D [f(x)g(x)]=f(x)D [g(x)]+g(x)D [f(x)]
Quotients: hi

Doty 0 D [F0L 0D [0
Clgeor

Chain Rule: y=Ff(u) and u=g(x)

D [f(g()]=D [f(g(x»ID,[g(x)]

If limit[£(x)=0] and limit[g(x)=0],
L))

Fae)

L'Hopitals Rule:

lim f(x)

artial Deri
Partial Derivative of f(x,y) with respect to x:
Treat y as a constant and take the x derivative of f(x,y).

0£/0x and f.(x,y) denotes the partial derivative of f with
respect to x. @°f/dydx and f,(x,y) denote the partial
derivative of f with respect to x and then to y. 4£/dx(P,)
denotes 9f/dx evaluated at point P,
For any continuous function f(x,y): @°€/axdy =
Harmonic functions:
For a function f(x,y),
said to be "Harmonic”.
Gradient Vector:
Vif(x,y,x) is the vector that points in the direction of maximum
increase of f(x,y,z) from the point P,=(X,, Yo Z). The max
rate of increase of f is |Vf(x,y,x)|. The gradient at point P,
is perpindicular to the level curve of f(x,y) and the level
surface of f£(x,y,2z) that goes through P,.

VE=0£/0% (P,) i+£/dy (P,) J+0£/02 (Po) k

Pt /ayix

if 9%€/0x* + 9’£/dy* = 0 the function is

The gradient vector evaluated at point P,.
VE(R,)=0£/0% (%,) i+0E/dy (o) 3+9£/02 (20) k

dir of max decrease=-V[£(P,)] V[f(P,)+g(P,)]1=VE(P,)+V g(P;)
VIKE(Po) |=kV[£(P,) ] [£(Po)-g(Po) 1=VE(P:)-V g(P.)
VI£(Po)g(P,) 1=g (o) VE(P,)+£(R,)V g(P5)

Directional Derivative:

Given a point P,, a gradient vector Vf(P,) and a unit vector in
some direction u:
D.E(P,)= u-VE£(P,)
Chain Rule:

Let z=f(x,y) be differientiable at (x(t), y(t)):

D,(x,y) = dx/dt[£(x)] = df/ox*dx/dt + 9f/dy*dy/dt

chain rule with partial derivatives:

£.(x,y) = 0£/0t = Af/ox*dx/dt + 0f/dy*dy/ot

£.(x,y,2) = 0£/0t = 0f/ox*ox/ot + 0f/dy*dy/ot + 0f/0z*oz/it

D (%,¥) =0, £, (X, ¥) 0. £, (%X, ¥)

Let w=:
aw/or
aw/os =

£(x,y,2); x=g(xr,s), y=h(xr,s),
awiax*ox/ax + dw/dy*dy/ox
aw/axxax/ds + dw/dyrdy/ds + ow/dz*dz/ds

z=1(s)

9x
or

Boundry Points
The set S of points within a defined range of x and y
coordinates or a distance from a poin
Stationary Points:
The set of points where f(x,y) is differentiable and
|V£(x,y)|=0 (the tangent plane is horozontal).
Singular Points:
The set of points where f(x,y) is not differentiable.
Second Partials Test:
If f£(x,y) has continuous second partials and Vf(x,y) = 0:
D=D(Xos ¥0)=Fu(X,¥) £, (X,¥) = (£ (X,¥))
if D>0&f,.(X,y)<0&f,(x,y)<0, then f(x,y) is a local maximum
if D>08f,(%,y)>0&f,, (x,y)>0, then f(x,y) is a local minimum
if D<0, then f(x,y) is a saddle point
if D=0, then the test is inconclusive

tor Field

Gradient of a Scalar Field

Given a scalar function f(x,y,z), the gradient of [ is:
F(x,y,2)=Nf=df/oxi+af /dyj+af/dzk

F is a Conservative Vector Field and f(x,y,z) is the Potential
Function of F.

Given a vector Function F(x,y,z) = Mi + Nj + Pk,

i.e. curl(F) =dM/dy= dN/dx, oM/dz= 9P/dx, and aN/dz= dP/dy
or if F is a 2D function then: curl(F) =aM/dy=dN/ox
F is Conservative if and only if curl(F) = 0 (zero vector). if

F(x,y,z) is Conservative then a Potential Function f exists,
such that F=Vf.

Partials Vector
Divergence

V=0/0xi+0/dyj+i/ozk
div(F) =V-F
curl(F)=VxF

(0B /dy-0dN/dz) i+ (9M/0z-0B /%) 3+ (IN/dx-0M/dy )k

Instead of multiplying, apply the matching partial derivative
to the i, j and k terms of the function F and then add as
normal.

Divergence is the degree that the vector field F diverges away
from a point P (div > 0) or converges (div < 0).

curl is the direction of the axis around which the vector field
F rotates most rapidly. |curl(F)| is the speed of rotation.

---Curves and Surfaces in 3D-------

Level Curve
Given a function z=f(x,y), hold z constant and solve f(x,y)=c
for x and y.

Level Surface:

Given a function w=f(x,y, i) hold w constant and solve
w=f(x,y,z) for x, y, an

Tangent Plane:

For the surface £(x,y,2z)=k at any point (X, Y, 2:) where
£(x,y,2z)=k the standard equation of the Tangent Plane is:
£u(Xer Yoo 2x) (X=%e) HE, (Xes Yir 26) (Y-¥i) PE(Xer Ve 26) (2-2) 0

For the surface z =
Tangent Plane at

Pg = (%o, ¥o,£(Xo, ¥o)) is:
2-2o = £.(Xor ¥o) (X-X0) + £,(X1s 1) (Y-Y0)

£(x,y) the standard equation of the

The Gradient Vector is the Normal to the Tangent Plane and to
the Level Curve or Level Surface at point P,. Convert a formula
into the form f(x,y,z)=k, then the factors of the Gradient
Vector of that formula can be plugged into the Standard
Formula for a Plane to get the formula for the Tangent Plane.

regardless of the order of a, b and e
Generalized Power Rule

J19(x))F g'(x) dx = x) 1™+ ¢
T+l
Subsitiution Rule

To simplify an Integral,

find any function g(x) in the table

of standard integrals such that g(x) and g'(x) are both
present in the expression f(x) dx. If u=g(x) and du/dx=g'(x)
dx and [f(x) dx=[g(x)g'(x) dx then [ f(x) d: h(u) du
Integration by Parts

To simplify an Integral, F(x), find any 2 functions U(x) and

V(x) (with V(x) in the table of standard integrals) such that
U(x) and V'(x) are both present in the expression F(x). Then
solve the Integral for V(x)U'(x) dx. If the new integral is
more complex then you have choosen the wrong substitution.

J F(x) dx = [ u(x)v'(x) dx = U(x)V(x) - J V(x)U'(x) dx

Order of Substitutions ILATE

1 Inverse trig functions 4 Trig functions

2 Logarithm functions 5 Exponential functions

3 Algebraic functions

Double Integr
Compute a Double integral with respect to a rectangular area
by integrating with respect to y, holding x constant and and
then evaluating the definite integral for the range of y, then
take the resulting formula and integrate with respect to x,
holding y constant and evaluate the definite integral for the
range of x.
Cartesian Coordinates:

df dy

da = df £(x) = lower(y) g(x) = upper(y)
dy dx
x=b  y=g(x)
rr [ r
Il fxoyyda = | 0 | [ £0x,y) 1dy ] dx
1) J ]
R x=a  y=f(x)
Note: The bounds of the outer intergral are always constants.

Graph the formula(s) of the given bounds of the Integral in

Cartesian coords. and examine the graph to determine the

correct bounds for the Iterated Integral.

Polar Coordinates:
EC)

da = r dr r=Ve +y
X = r cos(0) y = r sin(@)
Graph the bounds of the Integral in Cartesian coords. and
examine the graph to determine the correct bounds for the
function in Polar coordinates.
ple

dv = df dz dy  £(x) = lower(y) g(x) = upper(y)

z dy dx  h(x,y) = lower(z) 3j(x,y) = upper(z)

[x=b  [y= 91Xi 2=3(x,y)

I £(x,y)av = [£(x,y,2z)]dz]dy]dx

= Jy= f(XiJZ h(x,y)
To find a Volume with a Triple Integral, use the given
function(s) to find the bounds and integrate the constant
function 1 over the bounds.
Cylindrical Coord;nates
av = r dz dr dO -
x = r cos(©) y =
Spherxcal Coordinates:
?sin(®) dp dP dO p=V(x*+y’+z?)

Ve + y?
r sin(@) z=z

x=psin(®)cos(©) y=psin(®)sin(0) 2=pcos (D)
p=V(xi+yHz?) ©=tan™(y/x) x>0 O=n+tan” (y/x) x<0
0s-1(z/p) / 0=3n/2 %=0,y<0

an-1(z/V(x*+y*))

A Line Integral is the integral of some function f(x,y,z),
along a curve c such that the integral is the sum of
f(x,y,2)As, where s is the length of the curve c and As is a
small segment of the curve. To compute the Line integral,
convert f(x,y,z) into parametric form such that x=X(t), y=¥(t)
and z=2(t) where t is the position along the curve c.
2D formula:

e
| FE) (Y)Y (X (5) ) + (Y (5) )

@ f(x,y) = dt

3D formula:
»

i 0
Df(x,y,2)= | FOX(E), (Y(£),Z(£))VIX' (£) 1Y (£)]*+[2' (£)]° dt
Line Integrafs of Vectors functions:

Where F(x,y,z) = Mi + Nj + Pk

® F(x,y,2)'Tds = | Fedr = | Mdx + Ndy + P dz

. Js Js

@® VF-dr = f(b) - f(a) where f is the Potiential Function of F
. a, b are the endpoints of the curve ¢
is Independant of Path iff F(r)=Vf for some
scalar function f. F is a Conservative Vector
Field.

Gz‘een s Theorem

® VF-dr

® Mdx + Ndy + P dz = [ [ (dN/dx-aM/dy) dA
where ¢ is a closed curve and s is the region enclosed by c.

Gauss' Divergence Theorem
Unit Tangent T = Gx/ﬁsiﬂ‘iy/«‘isj Unit Normal n = dy/dsi+ix/dsj
r
@ F(x,y,z)'nds = || div(F) da = [J V-F da
J)
Gauss' Theorem in 3D
N rer rer
|l F(x,y,2)'nds = ||| div(F) av = ||| V-F av
1 1y 1s
r rer
|| F(x,y,2)'nds = ||| [ aM/ax + aN/ay + aP/dz | 4V
1) 1.
Stokes' Theorem (around a closed curve)
[ [
@ F(x,y)*T ds = || curl(F)-k dA
- 1)
Stokes' Theorem in 3D (around a closed surface)
rr
® F(x,y,z)*T dS = || curl(F)-n da
Jis Jla
Surface

Surface Area
Given a function z=f(x,y) and a region S in the x,y plane,
the surface area of the surface defined by z=f(x,y).

find

area = || V{af/ax1*+[af/dy1*+1
Given a function g(x,y,z) (scalar) and a region G (a surface),
suppose G is the result of z=f(x,y) for (x,y) in some region S

in the x,y plane, then G sits above S.
= V[af/ox )+ [af/dy 1*+1

Calculate a Surface Integral over G by replacing z by f(x,y),
wherever z occurrs in the function g. Then calculate the
integral:

| l9(x,y,2) ds=
.

rr ___
J|J|q(x,y,f(x,y))\/ [of/ax)*+[af/9y)*+1 dA

s

Price

$995
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Special case of Surface Integral: given a vector function Method of Undetermined Coefficients

g(x,y,2)=F(x,y,2)-n and a surface z=f(x,y) over a region G. If the differential equation has constant coefficients and the
: i e _ non-homogenous term £(x) is a polynmial, exponential, cosine

Takg the grjad\‘ent of the function h(x,y,z)=[z-f(x,y)=0]. of sine or sum of the above: Ad'y+BAy+Cy=F (x)

Vh is perpindicular to the surface g. axt

vh/Ivhl is a unit normal vector n
Guess y,=a function of the same tye and of the same order

F(x,y,2) = Mi + Nj + Pk with all lower order terms. i.e. if f(x)=x’ then guess

¥, =DX’+ExX+F

n = [af/oxi + af/ayi + k] / V{af/ax1+(af/ay1*+L

Polynomial:

VFen = -Mif/dx + Nof/dy + P Guess a polunomial with all lower order terms.
Exponential:

Ila(x,y,2) a8 = || a(x,y.f(x,y))Viof/ax1+[af /ay]=+1 da Guess an exponential with the same exponent.

Sine or Cosine:

< . G £ d i ith th 1
The Square Roots cancel leaving the formula: uess a sum of sine and cosine wi e same angular

frequency.
||F(x,y,2)nds = || MIf/dx+Nif/dy+P] dA Sum or Product of Polynomial, Exponential or Sine or Cosine:
i ] Guess a sum or product with the same types of terms
@ ? If any term of the guess for y, overlaps with a term of y.,
_ then multiply that term of y, by x. If that makes 2 parts of y,
Flux of F across C Jl Fon ds overlap then multiply the overlapped term by x.

° Method of Variation of parameters
If the differential equation has constant coefficients but the
non-homogenous term f(x) is not a polynomial, exponential,

Mass m and Center of Mass (x y) of a Lamina sine or cosine or sum or product of them, then to find y,,
m = [ d(x,y) dA where d(x,y) is the density function. compute the complementary solution:
- _ given D.E. Ad’y+BAy+Cy=F(x)
x = _1 [[xdxy) dr y =_L J[lybdxy) da dx’ dx
m m Ye=C1¥1(X) +C:¥2 (%)
Moment of Inertia M e
moment around X axis: moment around y axis: then Y= (X)¥i (%) +uy (%)Y, (%)
i b i z
Ix = [ [ x d(x,y) dA Iy = Sy bexy) da where W [oya (E(x) dx w= [y () £(x) dx
moment around z axis: Iz = Ix + Iy w(x) J )
. __ W(X) =Y (X)*Y2 " (X) =Yz (%) ¥y (%)
Radius of Gyration: T = ((T/m) Mechanical Vibrations
- = = . Given Newtons Law, F=MA, the equation of a mass spring system:
Mass m and Center of Mass( X Y z) of aSolid F=MA=Mdv=Md’x=mx“ T’ rox’ kR (£)
Density function=d(x,y,z) - dt  dt?
m = I 8cx,y) av z = %ﬂ! 2 d(x,y,2z)dv where m= mass, c=damping force proportional to velocity,
- _ _ k spring constant, and f(t)=forcing function
x = L I x d(x,y,2)dv v = L [Ty dxy,2)av C=V(A™B?)  x(t)=Acos (w,t)+Bsin(ot)
m m a= tan"qB/A; a>0, B>0
o - . < - -
Mass m and Center of Mass( r @z )in cylindrical coords. ::,‘:E;::Jt :)g B<o x(t)=Ccos (ot-a)
m = "[,HE(r cos(0),r sin(O),z)dv T—an /o Frwus2n
2" TlﬂT 2 3(x cos(®),r sin(®),2)dA Overdamped: c*>4km 2 Real Roots rl, r2
- . . The function damps down to an equilibrium value without any
x = l: r cos(®) d(r cos(©),r sin(0),z)dA oscillations.
_ ) =c.ertrc,emtt
¥ 1 [ r sin(@) 8(r cos(®),r sin(©),z)dA x(t)=c,emirese
m Critically Damped: c’=d4km 1 Real Root rl
— The function pases through the equilibrium value at most once
r =V x4y’ ®=tan’'(y / x)

and then damps down to an equilibrium value without any
oscillations.

Mass m and Center of Mass (p @ ®) in Spherical coords. X(£)=cre e tertt

m = [[B(psin(P)cos(O),psin(P)sin(O),pcos(P))dv

-V . . . Underdamped: c*<4km ComplexRoots a=-c/2m, B=V(4mk-c?)

z =_1_[[Jocos (®)d(psin(P)cos(O),psin(P)sin(O),pcos(P))dA the function decreasing illations that damp down
m

; . . . to zero amplitude.
=_1_[psin(®)cos(0)d(psin(P)cos(O),psin(P)sin(O),pcos (P))da X(t)=e" (Acos (Bt)+Bsin(pt)

- m Forced Resonance: mx"+cx'+kx=f,cos(wyt) or fysin(w,t)
¥ =_1 [Ipsin(®)sin(@)8(psin(®)cos(O),psin(®)sin(©),pcos(®))dA | a=(k-mw’)£, B=
m (komo?) 4 (00)” (k—mo?) '+ (cw)?

P =V xiyiz? tan(y / X ) ®=cos(z / p ) c=V(a*B?) [ .
Differential vEkmm®)™ (e0) )
Given any Differential Equation or word problem for which you| a=tan™(B/A) a=tan™(_cw ) [+n if k<mo?]
want to set up a Differential Equation, you first must o
catagorize the type of problem: Practical Resonance occurs if c<v(2km) at some frequency o <
simple: dy = £(x) Integrate both sides
ax o+
Seperable: dy*f(x,y) = g(x,y) Transform the equation Electrical Circuits: [RLC Circuits]
dx Mass m = Inductance L
£(x,y)=f1(x)*£2(y) Damping ¢ = Resistance R
9(x,¥)=91(x)*g2(y) spring constant k = Reciprocal Capacitance 1/C
£2(y)dy=gl(x)dx  Integrate both sides Position x = Charge 0 or Current I
g2(y)  fl(x) Solve for Y Force F = EMF E or it's derivative E'
Linear: d *f(x)+q(x,y)*¥ h(x) _ RO 4100 4RI
Teansform the equation Ld%ﬂlI*%QfE(t) LQ"+RQ +éQ—E(t) LI"+RI %1

1*9_(_'11 h(x) IF Y*P(x) = g(x,y)/£(x) and
dx f(x) £(x) IF Y is the only power of Y I,(t)=__ Ecos(wt-a

ay+erp(x)=a(x) AR (0L-_1 )7
a

C
ix
p(x)=edFne Compute the Integrating Factor a=tan™ (_oRC )
d [p(x)Y] p(x)Q(x) Integrate both sides 1-Lco”
Z=/[R*(0L-_1 )?]  z=Impedance
ptx]Y =[p(x)Q(x)dx+C Solve for Y wc
Y= X)Q(x)dx)+C S=oL-_1 S=Reactance
p(x) p(x) wc
Homogenous : dy=£ (x,y) £, polynonials, all x, y terms
dx g(x,y) of same degree i.e. x’, x’y, xy’ 2= [RP+S?]
Transform the equation
v=y dy=v+x dv  Replace y by xv S=a-(1/2)7 s=tan( S )
x dx dx The new D.E. is Seperable <
Solve for v, replace v by y/x T,(t) ~Egsin (0t-5)
Exact: M(x,y)+N(x,y)dy=0 If the D.E. can be written in z
dx  this form the D.E. is Exact Systems of First Order Differential; Equations:
£(x,y)=M(x,y)9x  "constant” of integration is g(y) | Convert a higher order differential equation into a system of
X i first order differential equations by substitution as follows:
GE[£(x,y)]=N(x,y) Compute the partial derivative, Given a D.E. Cx" DX 4EXHF=G(x)
ay set it equal to N(x,y), solve for | substitute: y=x' v
g'(y) then integrate to get g(y) .
£(x,y)*g(y)=c is the solution to the D.E. Giving the set
Dy-Ex-F-G(x)
Autonomous: dx=£ (x) £(x) does not depend on t
dt

Critical Roots of the RHS of the D.E. are the Critical Points
Stability: A Critical Point is stable if the sign of dx/dt is
negative above the point and positive below it.
2nd Order: _x+P(x) +Q(x)y=F(x) If P,Q are Constants and F=0
ax then the solution is as follows:

ar’+br+c=0 Find the roots rl and r2 of the
Characteristic Equation
y=C,e"*+C,ef* 2 independant roots
y=C,e"+C,xe 1 repeated root
ari+br+c=0 (b’<4ac) Complex Roots a=-b P=(Vb’-4ac)i
y=e™ (c,cos (PX)+C,sin (X)) 2a 2a
Exponential Decay: Radioactive Decay
dN=cN e<1

Halflife: t=1n(0.5)/-k

Heating: Temperature approches room temp.
Cooling
T =A+(T-A)e™
Mixing: ds=RateIn-RateOut
dt
RateOut=VolumeOut*Concentration
Total Volume
Velocity: F=F+F, Fe=gravity, F,=Air Resistance
mdv=-kv-mg dv=—pv-g
dt dt m
=mg Terminal Velocity
pk
v(t)=[vitgle™-g  Velocity at time t
P P
Y(£)=yotvit+l (voe-vy) (1-e™)
Population Growth: Population Growth without Death

dp=cp o1

Population Growth with Death
p=Birth rate (const or aP)
d=Death rate (const or YP)
Logistic Population M= ﬁ

Max Population
dP=kP (P-M) Doomsday-Extinction
at

P(t)= Logistic Equation

Pt (H-Py)e ™ P->M as t->x

B(t) Case 1: P,>M Doomsday

Pt (H-Po)e™ Case 2: P,<M Extinction

Price $9.95
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Physical Constants: Propagation of Light: f=Frequency cycle/s

©=1/V{(&olty) =3x10°m/sec e=1.60x107"C Electron Charge | w,=AngularFrequency  ©/s T=Period sec/cycle seconds
.67x10%kg  Proton Mass Electron Mass [o;t+®]=AngularPhase radians d=Angular Phase Diff. radians

K=8.99x10°Nm2/C2 ElecStatConst ElecStatConst A =Max E Field N/c E=Electric Field N/c

£,=8.85x107'°C*/Nm’* Permittivity ,=8.85x107’F/m  Permittivity A,=Max B Field N/C B=Magnetic Field N/C
nx10"'Vsec/Am Permeability nx107"H/m Permeability V,=Wave Velocity meter/s V,=Phase Velocity meter/s

h=6.63x10"""Jsec Planck Const .14x10"%eVsec Planck Const
.60x10°1°7 Electronvolt N,=6.02x10%’/mole AvogadroNum
H=Vsec/A Magnetic Field v/m=1 J/Cm Electric Field
C=1 Ampere*sec  Coulor V=1 Joul/Coulomb Volt

Distance, Velocity, Acceleration, Time:

X=Displacement on X axis
V=Linear Velocity
Xe=Xg=1/2 (V4V,) (t-t,)

Xo+1/2 (VetVy) (£-to)

GV, (t-ty)-1/2A(t-t,)

=X +V, (t=t,) +1/2A(t-t,)?

X=X +V,C08 (0) (t-t,)

2= (V,8in(©))?~29 (Y.~Y¥,)

=V+A(E-t,)

V2=V, 4 2R (X.~X,)
vg=1/2(V,+V,)

|v|/At=dv/dt

=1/2 (A+Ag)

(2(Y.-Y,) /)

Xo=Xo=V, (t=t,)+1/2A(t-t,)?
X,~Xo=V,c08 (0) (t-t,)
¥

,+Vosin(0)t-1/2gt?
V,-V,=A(t-t,)

V. ?-Vy*=2A(X.~X,)

Vavg= (X.-X,)/ (t-t,)
Vavg=A|R|/At=dr/dt
Ravg=(V.-V,) / (t-t,)

free fall from v,=0,Y,=h
free rise ftom V,=v to V,=0
Force:

F=MA
F=F,+F, 5==Fra

F“/((Ml\ ) (MAy) ) Fertcrion™HiFnornal

Energy, Work, Springs:

W=work E=Total Mechamcal Energy
K=Kenetic Energy U=Potential Energ;
K=(1/2)Mv*

gh
W=(1/2) (MV*-MV,*)=F -d 1/2) (kX,*-kX/%)
E=K4K,+U,4U,
AR=Weons Wericeion
K=E-U
Center of mass:
X=(1/M)EMX,;
2=(1/M)IM,Z,
(1/M) 31,V

K= (1/2)kx1

R, =iX+3¥+kz
Bg=(1/M)IMA,
Ken=2EM,V,?

RH (VoY) 0
=Py
wy=AP/At=T/At (1nelast1c)

Ver= (Py+P5;) / (my+m, )

MV, If E/E;= 1 then E is conserved
Energy & Momentum conserved

PrirtPya=Pre1 +Pysy PyirtPyia=Pyy+Pyey

Ky +K ;=K +Ky MV M VoM, VMV,

/MY, LB, Y, L 20

M-=> M, V>0, V,,=0 P = 0 (elastic)

V=V ((my=mp) / (my4m, ) ) Vu(Zm;/ (m+m;) )

My-=> <=-M, V,;;>0, V,;<0 AP = 0 (elastic)

Vie=Vag ((my=mg ) / (mytmg) )+ Vo (2my/ (my4m, ) )

Vae=Vig(2m,/ (m4my) )+ Vos ((mg-my) / (mytm; ) )

Inelastic: , Energy not

Py tPyn=PyrtPues Py tPyin=PytPyey

Ky +K;#K) 4K, 15V M Vo =M V) e+ M Ve
1/2M‘V“’+]/2M2V2,1=1/2(MMM,)VE (Energy not conserved)
Vx*meLn(M /M)

iptic semi-major axis

v, i[,;\/(zcm/r;

Ec=-GM,M,/2r,

da/dt=constant r, & o, vary
A=1/2r’tan(@)

M;V;
Homentun, collision:
P=V(P,’+P,")

67x107 NmPkg?
Ag=GM/r?

da/dt=1/2r’,

Mass of Sphere M=4par®/3 Shell M=4pm(r,’-r,’)/3
Circular Motion: adius m
©=Angular Position ircumfral Position m

T=Rorational Period s CentripitalAcceleration m/s’
angentialAcceleration m/s’
a=AngularAcceleration /st
I=Moment of Inertia kg
ngular Momentum
5.-5,) /R=AS/R

0.0

ngular Kinetic Energy
S=AGR
Va=(S5.-5,) / (t-t,) =AS/At=Re)
T=27R/V,=27/w,

©,=V,/R=(0,-0,) / (t-t,) =AO/At
A,=0R=RAw,/At
/2(0,-00;) =B /R

R(
o Au)v/At AO/At

0,=0,+w,, (t-t,)+1/2a(t-ty)? 0,=0,+0,. (t-to)-1/2a(t-t,)?
0.20,+1/2 (1, +0,0) (£-t,) =(0.-0,) / (t-t,)
=00+ (E-t,) 000 +20(0,-0,)*
£=V(2(0,-0,) /at) [0,=0] o/ =26 [04,=0]

/21w, w,=. ]/Zl(u)vf—m“)’RMV, R’Mw,,

£/a
Fower= dw/dt =T,
I=ltMd?

O=F ,R=F,RSiN (Ly) =RxF
W=T(0,-0,)=1/21 (0, -0,
parallel Axis (d=axis<->cm)
Wheels: (©=angle of ramp) VRO,

K=1/2l0,+1/2MV,;* P=lp0 MV, =MV, (Lt 1)

A, =Ra=-gsin®/ (1+l.,/MR’) Ay, =-g8inOcos®/ (1+1.,/MR?)
Terscrson=RiLMgS 100 Ae.,,=-g8in®/ (1+l./MR')
Moment of Imertia:

thin hoop around axis:
thin hoop around diameter:
thick wall tube

disk around axis:

I=inertia (CenterOfMass)
1..=MR?

1..=1/2MR?

L= L/ 2H(RHR,?)

lex=1/2MR
1
1
I
I

solid cyl. around axis: .=1/2MR?

solid cyl. around cm: ..=1/4MR?+1/12ML?

thin rod around cm: a=1/12ML

sphere: =2/ SMR*:

thin spherical shell: Iea=2/3MR

rect. slab around cm: lx=1/12M (LW )

Harmonic Motion, Waves: f=Frequency cycle/s

og=AngularFrequency  ©/s i seconds

[m,t+<l>] =Angularphase radians @ radians

i ransverse Displacement

ongitudinalDisplacement
ngular Displacement

k=Linear Restoring Force N ngular Restoring Force N

L-Length of Pendulum meter istance Axis<->cm meter
i i kg/m tring Tension Newton

P kg/m’* ulk Compressability

A=Wave Length meter 1/meter

v,=Wave Velocity meter/s meter/s

simple Harmonic Motion:

K=1/2MV’ U=1/2kx’? E=1/2M(w:A)?

K=1/2M0,’A’sin’ (0:t+®) U=1/2kA’cos’ (wet+d)

1/2Mw,’A*=1/2kA* X(%,t)=A,cos (wt+D)

V(X,t)=0Asin(0t+P) a(x,t)=-w,A,cos (wt+d)

| Fae | =Moo’ an™ (=v,/Xe0p)

Transverse Wave: T,=1/f=2V (m/Ks)

wer=21/T=2nf=V (k;/m) fo=V(ke/m) /21

Fy ¥(x,£) =AsCOS (NX20yt+D;)

Longitudinal Wave:

=2/ T=27f e/ 27=Y,, /)

F,=-k,X =R,C08 (nxz0 t+Dy)

Wave Motion:

s

T=1/f=An/w, 0,/ 27=Y,,/ )

V= A Vy=wg/n +x dir, -o./n -x dir

moving +x: Phase=nx-wst+d moving -x: Phase=nx+wst+d

V(X,t)=0ASin (nxz0,t+D) a(x,t)=-0,’AcOs (nxzw t+d)

P=Mw,Asin (nxzm,t+d)=Mv
phase=2m(x/A)+2m(t/T)
Torsional Motion:
wee=27/T=2nf=V(k/I)

K=M,*A’sin’ (nx=m,t+0) =My*

T,=1/f=2aV(1/x)
fe=1/T=wy/2n=V(x/I)/2n

AaCOS (et +®y)

Physical T.,=1/f=2nv(I/Mgh)
Simple T,=1/f=2mnV(L/g)
fr=1/T=V(MgL/T)/2n|V(Mgh/T)/2n
COS (Wrot+ D)

6=~ BaCOS (Wpat+Dg)
K=Iw,q’Ae’Sin’ (w,et+Pg)=TIm,>

=-kO=Ia

Pendulum Motion:

Torsional T,=1/f=2m/(I/Kk)

we=2n/T=2nf=V(MgL/I) |V(I/Mgh)

MgLsin(0) [-Ighsin(©)

0, Ve=0r0ReSin (ot + Do)

P=I0;0Re81in (wpat+Pg) =Tw,

Vibrating String: f=n(v,/2L) m=1,2,3,4
Z/d)=Vtension/density Power=1/20V,m;’A,”

Interference (same amplitude/phase/freq, same direction)

¥(x,t)=2Ac0s (AD/2)sin(nx-wt+Ad/2)

Interference (same amplitude/phase/freq, opposite direction)

¥(x,t)=2Asin(nx)cos (u:t)

Vibrating Air:

pipe open both ends:

pipe open one end:

Vioue=343m/5820°C, 331m/5€0°C
F N (Veoua/2L)  [M=1,2,3,4...]
=N (Veoua/4L)  [M=1,3,5,7...]

peed of Light in a Vacuum V,
Wave Length meter J;=Incident Wave Length
).=Transmitted Wave Length eflected Wave Length
©,=Incident Wave Angle to L ‘ransmitted Wave Angle to L

integer

=Apeture Width of 1 Slit d=Distance Between 2 Slits

istance to Point on Screen D=Distance from Slits to Screen

Speed, Wavelength, Frequency:
c/h

c=fh £= dmc/f  V.=£h £=V,/h Y=V /E
Index of Refraction:

N,=c/V, Ny=h /e N,=f,/f, N./N,=sin(©,)/sin(0;)

0,0, Reflection N;sin(®,)=N.sin(6,) Refraction

©,=sin”'(N;sin(©,)/N,) Total Internal Reflection if N;sin(©,)>N,

©,=tan”(N,/N,) Brewster Angle Wave, Polarized /w E L to Surface

Spherical Mirrors:

bject Distance

ocal Length

F,=Focal Point

Upr Image is Upright
/2 Focal Length

i=Image Distance
m=Magnification

/p=size(image)/size(object)
1/£=1/p+1/mp

= Upr Large Virt in Back

= Inv Large Real in Front

= Inv Small Real in Front

= Upr Small Virt in Back

l/f 1/p+1/i

Concave, Object btw F&Mirror
Concave, Object btw C&F,
Concave, Object before C,
Convex

Thin Spherical Lens:
r,=Radius of Curvature of Lens Surface nearer to Object
r,=Radius of Curvature of Lens Surface away from Object
1/£=1/p+1/i=(N,-1) (1/1,-1/x;)

Constructive Interference
Destructive Interference:
2 slit Interference:

®=2mr R,
b=(2m+l)n R

o
o+ (2mF1)A/2

d*sin(©)=mh Maxima d*sin(©)=(2m+1)h/2 Minima
©=sin”' (mh/d) Maxima ©=sin’'((2m+1)A/2d) Minima
d=m)/sin(O) Maxima d=(2m+1)A/2sin(0) Minima
tan(@)=y/D y=Dtan(©) D=y/tan(©)

Grating Interference: N,=Number of Slits in Grating
d*sin(©)=mh Maxima d*sin(©)=2mh/N, Minima

©=2)/dN,

Do=Angle of Dispersion

©,=Angle of m*" Maxima De=derivative[8,/h]=m/(d*cos(8,))
Resolving Power: R=r/dA=Nm

Thin Flm Interference: t=Thickness of Thin Film

Width of Central Maxima:
Dispersion of Grating:

(2m-1)A/2=2Nt Maxima Minima
T=(2m-1)A/4N Maxima Minima
1 slit Diffraction:

a*sin(@)=(2m+1)r/2 Maxima a*sin(©)=mh Minima
©=sin’!((2m+1)r/2a) Maxima ©=sin”'(mi/a) Minima
a=(2m+1)A/25in(0) Maxima a=m)/sin(©) Minima

Special cases: a=). Central Max covers screen
Central Max gets sharper as a increases or ) decreases
Circular Apeture Diffraction: O,=smalest resolvable angle
a*sin(©)=1.22% sin(0,)=1.221/a

Experement APhase Maxima  Minima Intensity
28litask.  ®=27dsin(©)/h P=2mh ®=(2m+1)h cos?(©/2)

18lit asin(©)/k  ®=(2m+1)rd=2mh sin?(©)/0
Real2Slit  ®,=2ndsin(©)/n ®,=2mh =(2m+1)) sin’(©,)cos’(O;)
a>h D,=nasin(0)/h 20,

nSlit ®=27dsin(©) /% d=2mh ®=2mA/N,  sin’(ONg/2)

ash N’sin?(®/2)
RealnSlit ®,=27dsin(©)/r ®=2mh ®=2mh/N,  sin’®,sin’(O.N,/2)
a>h D,=nasin(0)/k N, Dysin’ (0,/2)

Electromagnetic Waves:
visible Spectrum=400nm-700nm
E=Eq,sin(kx-ot)

Peak Sensitivity=550nm
B=B,,,sin(kx-0t)
c=E/B
c=/k
KEq, 0By
s=instantaneous power/area W/m*
S=(1/cu,)E?
E.oe=V (P.Cpo/ dnr?)
Intensity I=(1/CH,)Eum’=(1/2CH;)Enn’
Force AU=IAAt

total absorption

total absorption
Radiation Pressure
Photons and Quantum Light:

Energy
total reflection
F=2IA/c total reflection
Pr=21/c Radiation Pressure
h=6. asxlu"‘Js 4.14x10"%eV's
E<hf Photon Energy K Stopping Potential
hf=K,,+® Photoelectric Effect Vo= (h/e)f -0/e

p=hf/c=h/L  Photon Momentum A=h/p de Broglie wavelength
AxAp,zh/2m  AyAp,=h/2m AzAp,zh/h Hiesenberg Uncertainty
E,=13.6eV/n’ Energy of Hydrogen
Electric Fields:

Q or g=Total Charge on Object

AU/

Field
Force

O.=Flux through a Surface
u,=B field energy density

U=Potential Energy of Field
field energy density
rea p=Dipole Moment

eperation between charges ‘orque due to Dipole Moment

ielectric constant g=emf

@,q,/x=( 1/ 4ney) 4,/ 27 E=F/qt F=E*q

q./r’=(1/4ne,)q,/x’  Point  E=2KhA,/r=(1/2me,)h,/r Inf Line
E=(q,/t,) (1-z/V(z*+r?)) Disk E=Kq,/(z2+r2)*"? Ring

1/4ne,)q,/r? Outside Sphere E=zh,r/2g,(z2+r2)°? Ring

Inside Sphere E=0 Inside Ring
E=(1/47,r?) (4nr’p,/3) In Volume p=|dg|dipole in dir of +Charge
In Spherical Volume E=(1/2m¢,)(p/z’) Dipole Field
/28, Inf Sheet pxE=pEsin® Torque on Dipole
./2¢, Near Conducting Plate U=-pE Potential of Dipole
0,-0.)/2¢, Btw 2 Cond Plates V=(1/4m,)(pcos®/r’)  Potential
y=eEL?/2m.v’ bending of E beam

Electric Potential:

Av/Ad Wappiies=-W Work on test charge
)=-W, Potential due to E Field W,y ie=AU=Us-Us;

/a V=AV=V,-V;

W. /q Potential from Inf .
|E|*d Constant E Field
1/4ne,)q./r  Point Charge
A,=-E*e/m, Electron in E Field
AE%e/m,  Proton inE Field
Gauss' Law:

Gen=t,®; Charge Inside Surface ®,=
Gee=t,E*A  Uniform E Field
Magnetic Fields:

@=/from v to B

v=- & Eds Line Integral

v.=V(2Ev*1.6%107"/m,)
(2Ev*1.6%107"/m,)
i

© EdA surface Integral

J.
B=Fy/|q]v,
@=/from iL to B

Fy=qvxB B force on charge vBsin @ B force on charge
F,=iLxB B force on wire IBsin@® B force on wire
~evxB/m, Electron in B Field evxB/m,  Proton in B Field

/B Crossed Fields m,/q=B’L?/2yE Mass Spectrometer
BL1/2n\,v bending of E beam E=v.B Hall Effect
Circular E beam T=27m,./eB orbital Period
orbital Frequency «=gB/m, Angular Frequency
Helical paths v. Helical paths
,=NiABsin © Torque on N,,,, coil T,~pxB=iBsin © Torque on coil
©=, from L of coil to B field p=NiA Magnetic Moment
o i/2nr B field from wire U(®)=-pB Magnetic Potential
,iN/2r field @ center of coil B=ji,i®/2r field @ center of arc seg
Fu,=W,Li,i,/27d force btw 2 wires Parallel i attracts, anti repells
Ampere's Law:

Holene = ®Bds =® B cos © ds = B & ds = B(2ar) around wire
s

B={toin Solenoid ,iN/2mr Torroid

®,=BA Uniform B field [

dd,/dt. Varying B Flux ®,= ® BdA Surface Integral
E=-Ndd,/dt N turn coil ®,=0 for closed surface
Lenz's Law: Changing Magnetic Flux Induces a Current in a
coil such that the B Field produced by the Induced Current
opposes the change in the Magnetic Flux.

Faraday's Law: A Changing Magnetic Flux induces an
enf in the space where the Flux
changes, in a Loop, whose axis is
tangent to the Magnetic Field lines.
A Changing B Field Induces an E Field at every point around the Loop.

&= Eds = -dP,/dt
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Definitions Frequency Response:
o Intersection of 2 or more circuit elements v 1w/ 200 =[1 - w*/w,"]
Branch: A single element connected to 2 different nodes ()= 1/V(1+7p%) 1

2 single elements in parallel between the same V(0p)= Vis*y (@) 0)= —tan” (1B)

pair of nodes are 2 seperate branches 3B Cutoff Frequency: [0y,0:] Y (01)=y (0;)=(1/V2)y (o)
Loop: A Closed Path through a circuit that starts and 0 = —atV(a+oy) 0, = etV (ato.)

ends at the same node ©,  ~ 0ea ©, =~ g
KVL Kirchhoff's Voltage Law: The sum of the voltages Ao = w0, 0 wu/Aw = 0y/2a

across the elements of a Loop is ZERO over-Dampe [5.,5, Real] AeIt _ pe-set A=y,
KCL: Kirchhoff's Current Law: The sum of all currents S, = —atV(a S, = —a-V(d-0?)

entering and leaving a node is ZERO [(Si=Si=—a]l  v(t)= Ate A=-v,
Peripheral: If a Current Source is present in only 1 mesh [S.,8, Complex]
Current then the current of that mesh equals the Source e T(t)= Ae"“cos (wyt) A=V,
Voltage Sign:Voltage/Power across a circuit element is: s, = -a-jo o °
Power Sign: - if current enters the element at the — terminal T’ 64c °

+ if current enters the element at the + terminal

Voltages: Elements with a common Voltage are in Parallel
Series: Veg=Vi AV, 4V o 4V,
*(R#R R+, . L #R,)
Vir=Ry/ (RyHR R+ o L 4R,)
Parallel: Independant voltage sources wired in Parallel
must have the same voltage
Currents: Elements with a common Current are in Series
161G,/ (G, #G,+Gy+ . . . +G,)
iu=R,/ (Ri#R;) iw=R,/ (Ri+R;)
Series: Independant Current sources wired in Series
must have the same current
Resistance: Ohms
Series: Reg= (RyFR,+Ry+ . . 4R, )
Parallel: Ro,=1/(1/R+1/R;+1/Ry+. . .+1/R,)
Roy=(Ry"Ry)/ (R4R,)
Conductance: Mhos or Siemens G=1/R
Series: Guy=1/(1/Gi+1/G,+1/Gy. . .+1/G,)
Parallel: Gug=G+G 4Gyt . . 4G,

Real Sources:A Real Voltage or Current Source has an internal
resistance. A Voltage Source V; has a series
resistance R;. A Current Source I, has a parallel
resistance R,. Both have a load R,

Voltage: s/ (Rg+R.) =I,R,

sources 1,=Ve/Re-V,/Rg To=Vo/Rg

Current: =I.R,/ (Re*Ry) V,=I,R, =I.R.R./ (Ry+R.)
Sources I,=T,-V,/R, =T, Vo=LeR,

Max Power: Voltage Source

Current Source

[
q(t)=| idt + q(to) Charge transferred

Power Absorbed or Produced
ohms Law

Circuits:
E£=dWork/dg=iR
i=E/(R+r)
Parallel i=ijti +.i,
i (l/R +1/R,+ 1/R,)

E-1iR: ideal battery circuit
real battery circuit
1/(1/R+1/R;+...1/R})

/R, i,=V/R, i,=V/R,
Req=V?/Req

E-ir-
Reg’

&
Series i

Eoq=Ei+Ert.. o
P=i’R Reslstlve loss in Circuit P (E—ir):lg—izr Power in battery
Inductance:

E,=-Ldi/dt Self Induction L=N®,/i Definition of Inductance
1,=L/R Inductive time constant L/l=p,n’A=2mu,n’r Solenoid L/length
i (%/R;(l —e L) Charging U,=(1/2)Li’ Stored Magnetic Energy
i=ige™ Discharging u,=B?/2u, Magnetic Energy Density
(P“r:nun).,N,r, r,?/2d° B Flux in coil 2 from current i in coil 1
. ®s2,/1;, Mutual Inductance in coil 2 from current i in coil

1§,m M,,di,/dt Induced emf in coil 2 from current i in coil 1
M=mu,N,r,°N,r,’/2d’ Ind btw 2 coils by distance d
£,=-Mdi,/dt Induced emf E=-Mdi,/dt Induced emf

A Changing E Field Flux induces a
Magnetic Field in the space where
the Flux changes, in a Loop, whose
axis is tangent to the E Field lines.
A Changing E Field Induces an B Field at every point around the loop
of the same magnitude and direction as would have been produced
by the displacement current. i, ¢,d®,/dt displacement current

Ampere-Maxwell Law:
)

@ Bds = oigeme + Hole

q/dt  charge on plates (AdE/dt displacement current
B=(u,i,/2nr) Outside Cap. r>R Moiq/27R?)r Inside Capacitor r<R
Capacitance: c=q/v

A/d
Eq (Length/1n (Fouter/ Tinner) )

7€ (Louter* L inner/Fouter=F inner)

Parallel Plate Capacitor
Cylindrical Capacitor
Spherical Capacitor

Isolated Sphere

Parallel V,=V,=..V, q=q,+d;+...q,
Series V=V,+V,+ 9=9,=..q, C,
U=q’/2C= (1/z)cvz Stored Energy
C=KC,;, Capacitor /w dielectric

e searey)
/A*d=( cv’/zA

g—ke, E field /w dielectric V=

Current and Resistance: {‘

1. dq/dt | idt
Wire Junctions Jo

Current Density
Drift Velocity
Resistance

.(density gm/cc)/(molar mass)
/3=(V/L)/(i/B) Resistivity

R=p(Length/Area) o=1/p Conductivity
Ohms Law [V vs. i is linear] p=m./e’nt [t=mean time btw collision
V=i’R=V’/R P=pe=poct(t-t,) Temp. Coefficient

Thevinin and Norton Equivalent Circuits:

Given any circuit as viewed from a single element (Zip), the

rest of the circuit may be replaced with the Thevinin equivalent

circuit consisting of a single voltage source Vi in series with

a single impedance Z. The Norton equivalent circuit is obtained

by a source transformation of V in series with Zy to I, =Vi/Zm

in parallel with Z,=Zr.

Va=Voe Voltage across the open circuited load terminals
Current through the short circuited load terminals

Zae=Toc=Voe/ Toe Impedance of circuit as viewed from load terminals

Source Transforms:

V, in series with Z

I, in parallel with 3z,

AC Power:

Q=Reactive Poy

hase of Voltage at

erV:rerx/ V2

Power Factor:

Average Power:

Proc=VansTnusR/ %

Pae=(1/2) Vi LunyCOS (0= ;)

Complex Power:

/% in parallel with Z,
V,=I,*Z, in series  with Z,
P=Real Power
omplex Power
O,=Phase of Current at Source
Tuus=Teer=Toax/ V2
/2=cos (0,-J)
s TrnsCOS (©y=D1)
2

Source

Pavc’
Pruc=Taus
Pye=(1/2)Real (VeI)
§=(1/2) (V*I)=P+3jQ

Pesncurr=3 Lere Ru= 2 Psources Qerncurr=3 Ters Xu= 3 Qsources
Ssauncs=(1/2) Vs*conjugate (I) Scrrcurr=Permcurrt Qerncurr
Phasors:

V=V,,,c08 (0t-0, 1xC0S (Wt-0))

= vmuev

Complex Frequency:
v(t)=V,e"cos (wt+0)

L0

S=(0+jw)

Driven RLC Curcuits:
©,=Resonant Angular Frequency
Z=Circuit Impedance

£,=0,/27  Resonant Frequency
IFF w;=w, — circuit resonates
V=V,,Sin(m,;t) Driving Voltage
Z=V[R*+(X,-X.)?] Impedance
@=tan™(Im(V/2)/Re(V/2))
Current Amplitude

Jm]

=0, =0, V(t)=V,cos(©)

©,=Driving Angular Frequency
&,=Driving emf

w0,/ 27 Driving Frequency
2nf, Driving Angular Frequency
EpaySin (0pt) Driving emf

Vil 4 (V,-Ve) = (IR) 4+ (IX,~IX,)*

=tan™ ((X,-X) /R)

mSin(wt-@)  Driven Current

compunng [ @] from measurements:

Over-Damped
[V(£1)>0, V(t2)>0]

ol

Critically-Damped
[V(£1)>0, V(t2)>0]

1,,(
v

Under-Damped
[V(t1)>0, V(t2)>0]
V(1)

(:z))"“{%) L (v(m)

a=
25
Undamped LC Curcuits:
V,=Voltage Across Inductor
V,=Voltage Across Resistor
Ug=q’/2C /2
/V(LC)
§c=qpaxCOS (0t +T)
0 =0V [C/L]=V[ G,
Up=(Qnay' /2C) cOS? (0 +D)
Uf(qm:/zc)sin’qo)u@)
Uy (£)+Up (£) = (Goa’/ 2C)
Damped RC Circuits:

i/
V(C/L)

/e

iR-q/C=0 Capacitor in circuit t=RC

(r2-11) (2= \v(12))

Vc=Voltage Across Capacitor
w=Resonance Angular Frequency

di/dt Ve=(1/C)g  V,=iR
w=1/V(LC) £=1/2aV(LC)
1,208 in (0t+D)
i,=-0i,8in(0t+d)

Upax™ ( Gnay” /2

L(d*q/dt?)+(1/C)g=0

Capacitive time constant

(dg/dt)+g/C £ Charging g=CE(1l-e™*/*) q Charging
dq/dt=(5/R)e™* i Charging V.=q(t)/C=§(1-e™**) V Charging
iR+q/C=0 Discharging t=In(1/2)RC time to 1/2 charge
R(dg/dt)+q/C=0  Discharging g=gee™ q Discharging
i=-(q,/RC)e™™* i pischarging V.,=V,e ™" V Discharging
E?/R)e /™ P Charging P=-(qg,’/RC’)e™**/* P Discharging

Damped RLC Curcuits:

®'=V[(1/LC)~(R/2L)?]
ey

lnan®

U= (Quay’/ 2C) e *cos? (0t +D)
Uy= (e’ /2C) €A 5in* (0£+D)
Ugnax=>Us=0 Uppax=>Ue=0

Laplace Transforms:
Resistor

amped Angular Frequency
q=qu.e P cos (0" £+D)

‘[ (R/2L)cos (0" t+0) - (0")sin (0" £40) )
1 #+U,=1i%/2+q/2C Tot. Energy L(d’q/dt’)+R(dq/dt)+(1/C)q=0

e’ /2C) €7
Unoax™ ( G’/ 2C) 772
U (£) 403 (£) = (Gous/2C) /5

Usea,

V(s)=R*E[i(t)] V(s)=R*I(s)
Inductor
VESITLEL] V) TLA(SI(3)-(0)] I(5)m LV(s)+il0)
dt sL
Capacitor
V(5)=R*E[i(t)] V(s5)=_L I(s)+v(0)]  I(s)=C*[sV(s)-v(0)]
dt sC s
2 Port Networks:
L—» <+ 1L —»
ao—] —oc
vi | |
b o— —od

7T

Parallel Connected
. .
> o

Z-Parameters

PR O

b

X2

N WXy
121

Y-Parameters

[-E10 [1)-

Vo Yl
T-Parameters

-t [f]-[o

o

X1y

Series Connection

(2]-[2]+[2]

Parallel Connection

=[]+ [0

Cascaded Connection

Vias/
o2

Driven Voltage
Inductive Reactance
Capacitive Reactance
Average Current

DC re:

Voltage Across Resistor

Voltage Across Inductor

Voltage Across Capacitor
Average emf

C resistance [Inductor] r,. sistance [Capacitor]
[Inductor] Ry, = p*/Cieu apacitor]
w, = 1/V(L/C)
IR Ty, = T = V/R
VS[1/R-j/0L+j0C] V = IsZ = IS[R +joL -3/uC]

p
Parallel Circuits Series Circuits
dv(t)+ 1 dv(t)+ 1 1 v(t) =0 dli(t)+ R di(t)+ 1 i(t) =0
dt* RC dt dt* L dt LC
s+ is»fizu 0
RC ic
Sip=- 1= /(1] _ (1] N}
RC V [4R%C?| |rc) |rc)
@ = 1/(2RC)
w, = 1/Vi L/ C)
S, =—oxVal-m,*

I\HIHB rHA’YZB
. . 1, ol
7]=[7]x[1] m_lfw fmlxlmn a e X[V«
Il [ZH 1!1,# IE]H 11
2
\fron z
to \
z
7z Yn n A
" ? AY t21 lZl
L1 2 Y 1
A, 1y Iy
* e 1y
A, A, Yu Y t, 1,
ST Yo Vm -l
A, A, ha  ho
T
ETRAY ]
L Y e ho
1z —u by Ip
L Ly Yo

Price $9.95
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Logic
Proposition
P=TRUE

-P

P=FALSE, -P=TRUE
Disjunction
Conjunction
Exclusive OR

Implication -
BiConditional <«
Equivalent -
Contradiction
[P=TRUE ]=FALSE
Tautology

Propositional Function
P(x1,...xn)=TRUE/FALSE
Identity Laws
Domination Laws
Idempotent Laws
Double Negation
ContraPositive
Commutative Laws
Associative Laws

Distributive Laws

Demorgans Laws
Logical Equivalances

Quantifiers

Universal Quantifier
VxP(x)

[for all x€U: P(x)=T]
Existential Quantifier
3xP(x)

[for some xE€U: P(x)=T]

set
{x1,%2,%3...}

z
Z+ or P

cemx

Set Builder

{x|P(x)

Cardinalit:

|s|=# of elements in §
SubSet
{al,a2...}..Va€EA: (aEB)
| subset(s)|= 2"|s|
Infinite Set

Power Set
| powerset(s) |= 2%2"|s]|

Ordered n-tuple

Cartesian Product
AxB={(a,b) |aEANDEB}

Functions

1tol

Onto

1 to 1 Correspondance

Counting
Sum Rule

Product Rule

Pigeonhole Principle

Permutations

P(n)
P(n)=n!=n(n-1)(n-2)...1
P(n,r)

P(n,r)=nt/r!

=n(n-1) (n-2)...(n-r+l)
Derangement
Combinations

C(n,r)
C(n,x)=nt/(rt*(n-r)!)

C(n,r)=P(n,r)/B(x,x)
C(n,r)=C(n,n-r)
Sum of Combinations

Binomial Theorem
Vandermonde's Identity
Pascals Identity

iscrete Structures

The statement that proposition P
is TRUE

The statement that proposition P
is FALSE

Either P OR Q is TRUE
Both P AND Q are TRUE
Either P OR Q is TRUE,
both P and Q

If P then Q

P if and only if Q and
0 if and only if P

Two Propositions P and Q are
Logically Equivalent IFF P4>Q is

a Tautology. Identical Truth Tables
A statement that proposition P

is TRUE, when P is FALSE

A proposition that is ALWAYS TRUE
A function that maps it's input
to TRUE or FALSE

but NOT

PVF&P PATSP
PVTST PAFSF
PVPesP PAP<P

- (-~P)=P

(P—>Q) % (~0—-P)

PVQeQVP PAQ<>QAP

(PvQ) VR<>PV (QVR)

(PAQ) AR<>PA (QAR)

PV (QAR) <> (PVQ)A(PVR)
PA(QVR) <> (PAQ)V (PAR)

- (PVQ)<-PA-Q = (PAQ)<>-PV-Q
Pv-PeT PA-PSF
(P=Q)<>(~PvQ)

The Universal Quantification of
P(x) is the proposition that

P(x) is true for ALL values of

X in the Universal Set

The Existential Quantification

of P(x) is the proposition that
there exists an element x in the
Universal Set such that P(X) is true
A collection of arbitrary elements
with no duplicates

The set of integers from {-® to +®}
The set of integers from {1 to +}
The set of Natural Numbers {0 to +}
The set of Real Numbers  {-® to +»}
The Empty Set

The Universal Set {The set of ALL
values in the universe of discourse}
The set of all values x such that

the proposition P(x)=TRUE

The cardinality of a finite set is
the number of distinct elements in
the set

Set A is a subset of set B if and
only if every element of set A is
also a element of set B

A set is an Infinite Set if the
number of distinct elements in the
set is infinite

Given a Set S, the Power Set of §

is the Set whose elements are ALL of
the possible SubSets of the Set S

An ordered n-tuple is an ordered set
of n elements where identical sets of
elements in different order are
different n-tuples

Given 2 sets A and B, The Cartesian
Product AxB is the set of all ordered
pairs (a,b) where a€A and bEB

Let A and B be sets; a Function from
A to B is an assignment of exactly

1 element of B to each element of A
Given a Function F from A to B, A is
the Domain of F, B is the Codomain

of F. If £(aEA)=bEB then b is the
Image of a, a is the pre-image of b
A Function is said to be 1 to 1 if
and only if f(x)=f(y)—*x=y for all
X,y in the domain of f

A Function from A to B is said to be
oOnto IF and only IF for every bEB
there is an a€A such that f(a)=b

A Function from A to B is said to be
a 1 to 1 Correspondance if it is both
1 to 1 and Onto

If task#1 can be done nl ways

and task#2 can be done n2 ways and
task#1, task#2 are mutually exclusive
then there are nl+n2 ways to do
either task#l or task#2

If task#l can be done nl ways and
task#2 can be done n2 ways and you do
task#1 followed by task#2 then there
are nl*n2 ways to do task#l + task#2
K+1 objects are placed into k boxes
then at least 1 box must contain 2 or
more of the objects. N objects are
placed into k boxes then at least 1
box must contain [N/k] of the object
A Permutation of a set of distinct
objects is an ordered arraingement

of the elements of the set

The number of Permutations of n
elements

The number of Permutations of r
elements taken from a set of n
elements (0 = r = n)

A Permutation where ALL elements are
moved to a different position

A Combination of a set is a unordered
subset of the set

An r-combination is an unordered
subset of r elements from a set of n
elements (0 s r s n)

S1k=0 to n](C(n,k))=2"
Sik=0 to n](-1"C(n,k))=
to n]C(n,3)xX*Y
C(mn,T)=3[ to r](C(m,r-k)C(n,k))
C(n+1,k)=C(n, k-1)+C(n, k)

i.e. C(6,3)=C(5,2)+C(5,3)

c(1,0) c(1,1)
c(2,0) c(2,1) c(2,2)
©(3,0) ¢(3,1) ¢(3,2) C(3,3)
C(4,0) C(4,1) C(4,2) C(4,3) C(4,4)
C(5,0) C(5,1) €(5,2) €(5,3) C(5,4) C(5,5)
C(6,0) C(6,1) C(6,2) C(6,3) C(6,4) C(6,5) C(6,6)
Pascals Triangle
N Coefficients of (X + ¥)"
0
1 1
2 12 1
3 1 301
4 14 6 4 1
5 15 10 10 5 1
6 106 15 20 15 6 1
7 17 21 35 35 21 7 1
8 1 8 28 56 70 56 28 8 1
9 1 9 36 84 12612684 36 9 1
10 110 45 120 210 254 210 120 45 10 1
N Coefficients of (X + 2)"
0
1 2
2 14 4
3 1 12 8
4 108 3
5 1 10 40 80 80 32

Discrete
Modulo Arithmatic
Divides
a|b IFF b=ac
alb A alc = al(btc)
alb v alc — a|bc
alb — a|bc
alb A blc = alc
Primes

Fundamental Theorem
of Arithmatic
Composite

Factors

Division

Greatest Common Divisor

GCD(a,b)
Relative Primes

Pairwise Primes

Least Common Multiple

LCM(a,b)

Congruent Mod m
a=b(mod m)
— m| (a-b)
— a(mod m)=b(mod m)
— a=b+km
Congruent Arithmatic

a=b(mod m)Ac=d(mod m)

—a+c=b+d(mod m)
—ac=bd (mod m)
Linear Combination

GCD Divides

Prime Divides

Congruent Cancellation

Linear Congruences
aX=b(mod m)

Inverse mod m
sa+tm=1
—sa+tm=1(mod m)
and tm=0(mod m)
—sa=1(mod m) — a

Chinese Remainder Thm

Unit

Eulers Number
C(m)=m-2* of prine tactors

T(P)=P-1 if P is prime

Eulers Theorem

Little Fermats Theorem

a*b  (mod m) =
atb  (mod m)
a® (mod m)
(mod x)
a**'ml (mod x)
a'ma  (mod P)
a*10°=a*0  mod 2
a*10°=a*1” mod 3
a*10%=a*2” mod 4
a*10°=a*0  mod 5
a*10%=a*4” mod 6
a*10%=a*3" mod 7
mod 8
mod 9
a*10%=a*0” mod 10
a*10°=a*-1" mod 11

(a+b) mod m = 0
(a*b) mod m = 1

GCD(a,b)=a*s+b*t
GCD(a,b) *LCM(a,b)=ab

RSA
P,Q=factors
N=modulus

()

E=Encryption Key
ecryption Key
M=original message
M=encrypted message
Note: ED=1(mod N)
Public N,E

Secret P,Q,{(N),D
Truth Tables

dividend d=divisor
quotient r=remainder

[(a mod m)*(b mod m)] mod m
[(a mod m)+(b mod m)] mod m
[(a mod m)"] mod m

a divides b if there exists an
integer ¢ such that b=ac

If alb and a|c then al(b+c)

If a|b or a|c then a|bc

1f a|b then a|bc for all integer ¢
If alb and b|c then alc

A positive integer P is Prime IFF
the only positive integer factors
of P are P and 1

Every positive integer can be
written uniquely as a product of
primes.

An integer m is composite if it
has factors other than n and 1

If n is composite then it has a
prime factor x <= Vn

If a is an integer and d is a
positive integer then there are
unique integers q and r with
Osrsd such that a=dg+r

If a and b are integers, both = 0
the largest integer d such that
d|a and d|b = GCD(a,b)
Integers a and b are relatively
prime if GCD(a,b)=1

The integers a,, are
Pairwise Relative Primes if
GCD(ay,a,)=1 for all i«j

If a and b are integers, both = 0
the smallest positive integer d
such that a|d and b|d = LCM(a,b)
If a and b are integers and m

is a positive integer then we say
a is congruent to b mod m IFF

m| (a-b) or a(mod m)=b(mod m) or
a=b+km for some integer k

If m is a positive integer and

b, c and d are integers then
(mod m) and c=d(mod m) then
a+c=b+d(mod m) and ac=bd(mod m)
If a and b are positive integers
then there exist integers s and t
such that GCD(a,b)=sa+tb

If a, b, c are positive integers
such that GCD(a,b)=1 and a|bc
then a|c

If P is Prime and P|a,a,a;...a,
where each a, is an integer then
pla; for some i

If m is a positive integer and

if a, b and c are integers then
if ac=bc(mod m) and GCD(c,m)=1
then a=b(mod m)

If a, b are integers and m is a
positive integer and X is an
integer variable then aX=b(mod m)
is a Linear Congruence

If a and m are relatively prime
integers and m>1 then there is a
unique multiplicative inverse a™*
mod m such that a*a™'(mod m)=1

Azreeedy

1f

1 (mod m;) and X=a,(mod m,)
...X=a,(mod m,) and m,,m,...m, are
pairwise relative primes there is
a unique solution X(mod m) where
memm,...m, and 0sXsm

If N is a positive integer %, is
{0,1...n-1} plus math mod m

A number a in Z, is a Unit if

a is relatively prime to m
(GCD(a,m)=1, a has an inverse)
The number of Units in 2,
T(m)=[][(1..k](1-P,) where each P,
is one of the prime factors of m
Suppose a is a unit mod m,

then a“™=1(mod m)

If P is Prime, a’=a(mod P)

for ALL a

of m)

[take 1's digit mod 2]
[876 mod 3 = 8+7 mod 3]
[876 mod 4 = 2 mod 4]
discard even powers of 10:
[take 1's digit mod 5]

discard 6 & 3
discard 8 & 4
10%,104,10°. ..

[765 mod 6 = 1*4’+5 mod 5] discard 6
[765 mod 7 = 6*3%+5 mod 7] discard 7
[987 mod 8 = 1*2°+7 mod 8] discard 8

[98765 mod 9 = 8+7+6+5 mod 9] discard 9
[take 1's digit mod 10]

[98765 mod 11=9-8+7-6+5 mod 9]

b is the additive inverse of a mod m

b is the multiplicative inverse of a mod m
The mult. inverse does not always exist.
If GCD(a,b)>1 then s ant t exist and are
positive or negative integers.

Rivest, Shamir, Adelman

(1) Pick 2 large Prime Numbers P & Q
each > 512 bits long

(2) Compute N=PQ, n=(P-1)(0Q-1)

(3) Pick a number E, > 512 bits long
and relatively Prime to n

(4) Compute D=E™' (E inverse mod N)

(5) Publish N,E on Public key site

(6) Encrypt: compute M,=(M)*(mod N)
send to recipient

(7) Decrypt: compute M=(M;)°(mod N)

P (] PAQ -[PAQ] —~[PVQ] P@Q P—=Q P+Q
F/0 F/0 F T F T T
F/0 T/1 F T T T F
T/1 F/0 F T T F F
T/1 T/1 T F F T T

all x P(x)=F for any X
3xP (x) any x P(x)=F for all x
~VxP(x) < 3Ix-P(x) any x P(x)=T for all x
-3xP(x) <« Vx-P(x) P(x)=F for all x P(x)=T for any X
Common Summations
i=1 to n[i] n*(n+1)/2 (n’+n)/2
to n[i?] n*(n+l)*(2n+1)/6 (2n’+3n’n)/6
to n[i’] n?*(n+1)2/4
to n[a*X'] a(x" X=1
Yi=0 to n[X']
Order of Complexity
0CFOO+9()) = max(0CF(x)),00g(x)))  OCFOX) <= £
0CFC)*g0)) = 0(F(x)>*0(g(x)) 0(f(g0) <= fg(x2)
(n/2)™P<nl<n”
1 0(1) 7 0(x®) 13 0(e®) or O(n*)

2 0(log(10g(x))
3 0(log(x))

4 0(x)

5 0(x*1og(log(x))
6 0(x*10g(x))

8 0(x*log(log(x))

9 0(x*log(x)) 15 0(e"))
10 0(x") 16 0(x!)
11 0(x™1log(log(x)) 17 0(x)

12 0(x™10g(x))

When False

14 0Cer*ioa00)

18 Q(x<(x swperespt n tinesy

Price

$995
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Discrete Structures
Methods of Proof

Rule of
Inference Tautolog; Method Name
P is TRUE P—PVQ Given P is TRUE, by
~PVQ Addition PvQ is TRUE
PAQ is TRUE PAQ—P Given PaQ is TRUE, by
~P Simplification P is TRUE
P—0 (P—Q)<>(~Q—>-~P) Given P—Q is TRUE, by
£=Q—>-P ContraPositive -Q—-P
is TRUE
P
Q ((P)A(Q))—(PAQ) Given P and given Q, by
PAQ Conjunction PAQ is TRUE
P [PA(P—Q) ]—Q Given P and given P—Q, by
P—Q Modes Ponens Q is TRUE
~Q
-0 [-0A(P—0Q)]—>-P Given -Q and given P—Q,by
P—0 Modes Tollens P is FALSE
o-P
P—>Q [P—QAQ—R] Given P—Q and given Q—R,
9—R —(P—R) by Hypothetical Syllogism
~P—R P—R is TRUE
PvO [ (PvQ)A-P]—0Q Given PvQ and given -P,
P by Disjunctive Syllogism
~Q Q is TRUE
Direct [P—Q] Assume P is TRUE then use
the Rules of Inference to
show that Q MUST be TRUE
Indirect [~Q—>-P]—>[P—Q] Assume Q is FALSE then use
the Rules of Inference to
show that -Q—>-P is TRUE
Ccases PVQVR. . .=TRUE Prove each case is TRUE
Vacuous P=FALSE, Use Vacuous Proof for
[P—Q]=TRUE  special cases (basis)
Trivial RUE Use Trivial Proof for
[P—Q]=TRUE  special cases (basis)
Contradiction [-P—-Q]=TRUE  Assume P is FALSE
~P=FALSE and Q is TRUE then use
P=TRUE the Rules of Inference to
show that given [-Q—>-P]
that P MUST be FALSE for
Q to be TRUE
Induction Prove P(0) P(1) (1) Basis: Prove P(0),P(1)
Prove (2) Inductive Hypothesis:
p(n)—P(n+l) Assume P(n)=TRUE
(3) Inductive Step: use
P(n)=TRUE to prove
P(n+1)=TRUE
Second Prove P(0) P(1) (1) Basis: Prove P(0),P(1)
Induction Prove (2) Inductive Hypothesis:
Principle p(1l)A...AP(n) Assume P(1)A...AP(n)=TRUE
—P(n+l1) (3) Inductive Step:
use P(1)A...AP(n)=TRUE
to prove P(n+1)=TRUE
Discrete Algori
procedure FastMultiply(nl,a, ;...a,, n2,B=b,,..b))

{ F(2n)=3£(n)+8n+C }
n:=1log,(max(nl,n2))/2
Al:= a, .3, Al:=a,.
if nl < n2

pad Al on the left with n-nl
else

pad Bl on the left with n-n2

zeros;

zeros;

ShiftLeft(n, FastMultiply(n, Al, n, Bl));
ShiftLeft(n, ABl);
ShiftLeft(n,
FastMultiply(n, (A1-A0), n, (B1-B0)));
FastMultiply(n, A0, n, BO);
ShiftLeft(n, AB4);
(2”"+2") *FastMultiply(n, Al, n, Bl)+
2°*FastMultiply(n, (A1-A0), n, (B1-B0)) +
(2°+1)*FastMultiply(n, A0, n, BO) }
AB1+AB2+AB3+AB4+ABS;

return AB;

procedure GCD(a,b)
while b > 0
begin
r
end
return a

{calc. greatest common divisor}

a mod b; a

procedure MultInverse(x,m) (ca1c4 x7(mod m), Osx<m,m>1}

{ Loop Invariant b=a;,=a,;*si.+by*ty,; }
i+l

a:=b; b rioi=
end
ifa=1
then
return s
else
return 0 {no inverse exists}

a b g r s t
0[x m xdivm xmodm 1 0
1|m r, mdiv b, mmod b, 0 1
2|b, r, adiv b, a;mod b, 1 -q,
3| b, r, adiv b, a;mod b, -q, 1+q,q,
4| by r, adiv b, amod b, l+q,q, ~Go=q; (1+Q,a,)
5| b, r, agdiv b, a;mod b, s;-q;s, ty-qst,

procedure ChineseRemainder(n, a,,a,...a,, M,,M,...m,)

X + a M *y,

return X

Algorithms An Algorithm has:

(1) Input A finite set of inputs each from
a specified set of valid values

(2) Output A finite set of outputs each to
a specified set of valid values

(3) Definiteness All of the steps must be
precisely and completely defined

(4) Correctness Must produce correct output for
every set of valid inputs

(5) Finiteness Must terminate after a finite
(perhaps large) number of steps

(5) Effectiveness Must take finite number of steps
each must be correct and finite

(6) Generality Must be Correct and Effective
for ALL values of the defined
input set(s)

(7) Robustness Must detect and report ALL

invalid inputs and NOT attempt
to process them

Discrete
Recurrance Relations
Linear, Homogenous, Constant Coefficients, Degree 1
=C*A, A=b  Solution: A,=C¥
Other forms:
Non-Homogeneous
Non Constant Coefficients
Non Linear

1)
Bi=c,*A, +C,*A,

Degree 2

Non-Homogenous

A=c*A, +d A=l Solution: A=c'*b+d(_c'-1)
o1

Degree 2

A,=c,*A,_+C,*A,, A;=b, A,=b, c,=0 c,,c,ER

Characteristic Equation
Use Quadratic Equation
to solve for roots:

ri-c,r-c,=0
a=1

ri=etV (e))+de,
2

r=c,-V (c,)+dc,
2

I,-I;

If r,=r, then
B,=o,r, M apr,

If r,=r, then
A=, r™anr”

Homogenous Degree k

1 ¥R A O AL

Bo=b, A=b, ... A,=b,

€0 c;,C,... C,E)

Characteristic Equation r*-c,r*’-c,r?..-c,=0

Solve the k™ order polynomial for the roots of the
characteristic equation (try Pascals Triangle), then
use the roots and the initial conditions to solve for
the coefficients. Each r below is a root of the
characteristic equation.

case #1 [r*-c,r*'-c,r*?..-c,=0 has only single roots]
then H,= [dr,+d, T, "..+d,r,"]

case #2 [r*-c,r*'-c,r*?..-c,=0 multi-root m=multiplicity]
then Hi= [A iy ™+ iTiny ™ +Ai T, 1[0, 0" -0y 0" ey I xy

H, must satisfy the recurrance relation for n=k therefor
B[, 4 5 %+, 1 20, B O, * By o Oy PR O R
substitute [d,r,”'+d, T, | N
substitute [d,r,"+d, ,r, "
contunue with substitutions for A,...A

Solve the resulting very messy equation for d,...d,
Rearange the resulting messy equation to group equal
roots on the left and all constants on the right then
use the constant terms to solve for one of the d's. Use
the solved d to solve for the next d and so on.

Non-Homogenous, Degree k
VB *A, ot O *A, HE (D)
o A=b, ... A_=b,, c,#0

£(n)={d.,n*-d_,;n*"...
e, c, R

-d,18"
Ay

1) Find a ANY Particular Solution P, that satisfies the
recurrance relation (do NOT use the initial conditions)
try functions that look like f(n)

2) Every solution to the Non-Homogenous recurrance
relation has the form A=P+H, where H, is the solution
to the Homogenous recurrance relation

3) Solve the Homogenous recurrance relation for H,
4) Use the initial conditions to define a set of
simultaneous linear equations that can be used to find

the values of the constants

How to find Particular Solution P,
Let G(r) be the characteristic Equation of the

Homogenous system A,=C,*A, +C,*A, +..C,*A,
G(r)=r*-c,r* -c,r*" 0

«

Case #1 [5 is NOT a root of G(r), G(S)=0]

then P,=[e,n‘-e,_,n*"...-g,]S"

Case #2 [S IS a root of G(r), G(S)=0, m=multiplicity]
then P,=n"[e,n*-e,_n*’'...-e,]S"

P, must satisfy the recurrance relation for n=k therefor
P=[e.k"-e, k" "...-e,]18"=c,*A,_,+C,*A, ,+...C, ,*A+C, *A+f (k)
substitute [e,(k-1)"-e,,(k-1)"" e, (k-1)-e,]18*" for A,
substitute [e,(k-2)%-e,,(k-2)""..."~e,(k-2)-€,]S*? for A,
contunue with substitutions for A, ..
P=[e.k"-e, k" "...-e,]18"=c,*A,_,+C,*A, ,+...c, ,*A+C, *A+f (k)
Rearange the resulting messy equation to group equal
exponents on the left and all constants on the right
then divide both sides by the largest power of S that
will go into all of the terms on the left.

Solve the resulting very messy equation for e,..
using P,=c,*b, ,+C,*b, ,+...C,,*b,+c, *by+E (k)
Divide and Counquer

ey

Linear
f(n) = a*f(n/b)+c where a,b and ¢ are constants
f(n) = n*®A£(1) + c ] {a=1, bEX, c=0}
Polynomial
£(n) = a*f(n/b)+c*n* where a,b,c and d are constants
o(n?) a<b? {az1, bEN, c=20, d=0}
£(n) =4 o(n"log(n)) a=b*
0(n1°€b(ay) a>b?
Logarithmic

£(n) = a*f(n/b)+log.(n) where a,b and c are constants
£(n) = o(niht))
Inclusion-Exclusion
al+|B|-|anB|
A\+\B|+\C\—\AHE\-\BHC\-\AHCH\AHBQC\

{a=1, bEN, c=20, d=0}

Given a set AEX

I, is a function from A—X such that:
I,(x) = 1 IFF xEA; 0 otherwise
I,(X) = 1 always
I,(8) = 0 always
Tws = LitTy-Tas
I, = 1-I,
Iaye = LI,
sa = LeIn
S(f) =3 [£(x)]
XEX
S(I,) = |a]

S(f+g)= S(£)+s(q9)

Price $9.95
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Product Rule If a series of independant
operations can be performed

nl, n2, n3 ... nk ways then the
sequence of operations can be
performed nl*n2*n2*...*nk
number of ways

A Permutation is an
arraingement of all
a set of objects

A Combination is an
of all or part of a set of objects,
also, a Combination is a partition
of a set into 2 cells with r in
cell#1 and n-r in cell#2

Permutations ordered

or part of

Combinations unordered subset

Number of Permutations

n distinct objects: n!
n taken r at a time: no repetition  repetition
n! n*
(n-r)!
n arrainged in a circle: (n-1)!
n objects of which n!
n,=type,, . n=type,: NEFWENN
n yes/no experements: 2

Partitioning sets
partition a set of n objects into r cells with n, in cell,,
n, in cell,.. n, in cell, n

Number of Combinations

n distinct objects no repetition  repetition
|

Binomial Distribution

Given n Bernoulli trials with P(success)=P and P(failure)=Q=1-P
Each trial is independant and done With Replacement

The Binomial Distribution b(x;n,p)=[n!/(x!(n-x)!)]p"Q"™*

S(x=0..n]b(x;n,p)=1 P(X<r)=3[x=0..r]b(x;n,p)
1,=E(X)=nP P(X>2r)=1-P(x<r)=1-3[x=0..r]b(x;n,p)
©0?,=nPQ o0,=+/(nPQ) P(a<xX<b)=3[x=a..b]b(x;n,p)

M (t)=(Pe'+Q)"
Multinomial Distribution

n trials, k catagories with P(success)=P, and P(failure)=Q,
Sri=l..k]x;=k Sri=1..k]P;=1
£(n, %% P,) = [n1/(X1%X1%..%,1) |P7¥R, % P

nypergeometnc sttrxbutxon

Trials done Without Replacement, X=# of successes in a sample
of size n selected from N items, k of N labeled success, N-k
of N labeled failure; h(x;N,n,k)=P(X=# of successes in sample)

k\(N-k)\

h(x;N,n,k)=lx/\n-x = k! (N-K) ! nt(N-n)!
N) x1(k=x)! (n-x)!(N-k-n+x)! Nt
\n/

W=E(X)=nk o’,= N-n *n* k(1-k| M,(t)=e™
N n)

N-1 N\

is much smaller than N
P=k/N, Q=(1-k/N)

When N is large and n

(N-n)/(N-1) — 1

H,=np=nk 0%, =nPQ=n*K*(1- k)
N N N

Negative Binomial Distribution

taken r at a time n+ ! Given Bernoulli trial with P(success)=P and P(failure)=Q=1-P
ri(n-r)! ri(n-1)! Each trial is independant and done With Replacement
Probability in Card Hands X=# of trials on which the k™ success occurs
#5 card hands..: 52 = 52%51*50%49+48 = 2,598,960 b (xik,p)= [x-1\P"0"* = (x-1)1P"Q"*
51%(52-5)1 5%4*3%2 (k-1/ (k=1)!(x=k)!
P(Full House). 72 = 13%4%3%2%12%4*3 = 44,928 w=1/P o, =(1-P) /P*
1,165 2,598,960 2,598,960
B(X<r)=3[x=0..n]b* (x;k,p)
P(3 of a kind).: _1=13+4%49+48 = 123,304 Distribution
21 2,598,960 2,598,960 Negative Binomial Distribution with k=1
b*(x;1,p)=PQ"" w=1/P o?,=(1-P) /P* M, (t)=_P
P(4 of a kind).: 1= 13%(52-4) = 624 1-0e*
4,165 2,598,960 2,598,960 Poisson Distribution
X=# of events occurring in a given time; the #of events in an
P(Flush).......: 99 = 13*4*12%11%10%*9 = _ 617,760 interval is independant of other intervals; P(event) occurring
1,165 2,598,960 2,598,960 in a short interval is proportional to the length of the
interval; P(multiple events) occurring in a short interval is
P(Royal Flush).: 1 4 = 4 small
649,740 2,598,960 2,598,960 X=p(x;At)=e”* (ht)*
Conditional Probability X1
P(B|A) = P(AMB)/P(A) [P(A) > 0] =kt o =it
P(ANB) = P(A)P(B|A) .
P(B|A) = P(B)P(A|B F(a) = 3 f(At)* = L(atl, it
S[i=1 to k][P(1)P(A[B)] X! at
Probability Density Function N
Discrete Continuous P(asxsb) = 3 e (ht)* l(b+1 i) - [(a,ht
£(x) 2 0 £(x) 2 0 L e X1 (a-1)!
S f(x)) =1 f{-e..@][£(x)] dx = 1 M, (t)=erte D
[all x € dolna).n(f)] P(X=x) = lim[dx—0] f£(x)*dx NOTE: The Poisson Distribution is a Summation, not an Integral
P(X=x) P(a<X<b) = [[a..b]f(x) dx Poisson Approxxmatmn to the Binomal
F(x)=P(X=x) [f(g)] F(x)=P(Xsx) = [[-%..x]£(t) dt when n— , W=np remains constant, b(x;n,p)—p(x;u)

[all t € domain(f)|t=x]
Cumulative Distribution

F(x)=3[xsX]f(x) F(x)

[~..x][£(x)] dx

P(a<xsb) F(b) - F(a) P(asXsb) = F(b) - F(a)
P(a<x<b) = F(b") - F(a) P(ask<b) = F(b’) - F(a’)

Joint Probability

f(x,y) 2 0 f(x,y) =2 0

JIXEX,yEYf(x,y) = 1 Jl-=...0,—%.. 0] f(x,y) dy dx = 1
P((X,Y)€ER) P((x,y)ER) =l (x,¥)EAIE(X,y) dy dx

=Z0(x,y)ERIE(x,y)
Marginal Distribution

9(x) = JIYEYIE(x,y)
h(y) = S[xEX]E(x,y)
P(X (k)=3[yEY]E(k,y)

Conditional Distribution

B(y[x)=£(x,y)/g(x) P(x|y)=£(x,y)/h(y)
[9(x)>0] [h(y)>0]
Statistical Independance
If X and Y £(x|y)=g(x) £(y|x)=h(y)

are independant

Mean or Expected Value

W=E(X) =3 [XEX]x£ (x)

E[g(X) =3 [xEX]g(x)£(x)

E[g(X,y)]=
SIXEX,YEY1g(X, ) £(X,Y)

variance and Covariance

=B (X-1) P 1= E(XF) -l
SIXEX] (X-pe) £ (x)

040 =ELG (X) g0 1= 090 =B9(X) Uy 1=
Z(I(X) =g ) (%) f[ ... ] (g(X) ~gx) *£ (%) dx

O =E[(X-1y) (Y-1y) ]= OLEEL (X1 (Y1) 1=
(X1 (Y-u) £(x,y) J{=m.o0, =0 0] (X-piy) (Y-py) £(x,y) dydx

0’=0 if X and Y are independant random variables

Linearity of Expectation

E[g(X)*h(X) ]=E[g(X) ]*E[h(X)]

E[g(X,Y)=h(X,¥)]=E[g(X,Y¥) ]*E[h(X,Y)]

E[g(X)=h(Y)]=E[g(X) ]*E[h(Y)]

[X]+E[Y] E[aX+b]=a’0’=a’E[ (X-1t)’]

E[X-Y]=E[X]-E[Y] E[aX]=a’0%,=a’E[ (X-{)°]

£(x,y)=9(x)h(y)

W=E(X)=[[-...0]x*£ (x) dx

E[g(X)]=/[-=...]g(x) *£(x) dx

E[9(X,y)
J(=...0, 2.2 ]g(x,y) £(x,y) dy dx

[(X-1)*)= E(X*)-u?
Ji=°...0] (X-1,) *£(x) dx

Linearity of Variance and Covariance
=B (X) -t

0 p=a’o?, 0 r=a’o’y
o *b0%y " b0,
0%y /b0, 207, #b%0%, << note: (-b)’=+b?
Deviation and C Coefficient

o,=StdDev (x)=+/0?,
Chebychev's Theorem
P(u-ko<x<p+ko)z 1-(1/k?) P(|X-u|ze)=0o’/e*
Functions of Random Variables

Given X is a continuous random variable with a distribution|
function X=f(x),where f(x) is a 1 to 1 function, and given
¥=U(x) with inverse function X=W(y) then the distribution of Y|
is:

Pay-COTE (X, ¥) =0y, 0,0,

G(y) = £[W(y)1[Dy[w(y)]]

wis)
P[W(a)<k<W(b)]=| f(x) dx *Jl £[W(y)1[Dy[w(y)]] dy

wa
Moments and Moment Generating

P(a<y<b) =

Functions

=3 xE(x) = B(x) W' = [XE(x) dx or SXE(x) = E(X7)

Mx(t):ﬂ e™f(x) = E(e™) u' = |e™f(x) dx or 2;‘f(x) = E(e")

If 2 seperate distribution functions have the same moment
generating function for all values of t over any interval that
includes zero then the 2 functions have the same distribution
My (£) ="My 1tj If X is normal distribution:

My () =M, (ai X = oz
Mo (£) = e”‘Mxtat) My (£) =

VM, (Ot )=t /20 T )

If Xy, X
generating functions My (t), Me(t)...

X, are independant random variables with moment
M, (t) then

P RS = My () =My (1) $My (£) %o ¥ My, (£)
Y=a,X,+a %+ 42X, My (£) =My, (a,) %My (2,8) *... My, (8,t)
Discrete Uniform Distribution
£(x) = _1 {AsxsB} 0 elsewhere
£(x;k)=1 k=B-a {k=1,2,3...} 0 elsewhere
k
W,=E(X)=AtB o*,=(B-A)*
2 12
P(a<x<b) = (b-a) _1 {A<a<b<B}
B-2
M, (t)=et (1" ot (1-et A
k( 1 -e*) (B-A) (1-e%)
Continuous Uniform Distribution
£(x;A,B)=_1  AsxsB, 0 elsewhere y, = A+B o’ = (B-A)’
B-A 2 12

Normal D;strxhut;un

X=distribution of values about the mean.

The Normal Distribution is completely defined by u, and o,

fra

=£(x) =n(x;p,0)=_1 ol

N ™
iy
p(a<x<b)= | n(x;u,0)dx = | 1e®?
Ja Juovan

Let 7 = X-u
o

= £,(z) = n(z;0,1)=
p(a<x<b)= | n(x;u,0)dz

=| n(z;0,1)

= P(z,<8<z;)

i

1e dx =

Ja
Use Normal Table to compute p(a<X<b)
for 7z values from -3.49 to +3.49.
n(z;0,1) to find P(z,<2<z,)

= P(2,52<2;) = P(2,)-P(2,)
For other values integrate

M (t) = exp(uttol+t?)
2

If X, x..X, are independant random variables with Normal
distribution with means iyl ...lly, and variances O%,,0%;,...0%|
then the random variable Y has mean and variance:

X=X x4 X,
1XitagXo . tagX, o
=2yttt 0'y=a,’0% 48, "0 .2, 0%
Normal Approximation to the Binomial

If X is a binomial random variable, then the limit of the
binomial with mean p=nP and variance o%,=nPQ as n—x is:

Mg, =Lt (0TH0) E40(E)
vt g

Z = X-np  b(x;n,p) — n(z;0,1)

Vnpg
The Normal Approximation is "Good Enough" when n > 30.
Gamma Function
I'(a)= | x*'e™ dx = (a-1)I'(a-1) {a>0} 0 elsewhere
I'(n integer) = (n-1)! {n>0}
I(n+0.5) = (n-1)Va {n>0}
I'(x real) = ([x]-2)!*I'(x-|x]) {x>1}
I'(0) = undefined
T(0.5) V3 = 1.7725 r(2)
r(1) =1 r(2.s)
Tr(1.5) =V = 1.7725 T(3)
Incomplete Gamma Function

{a,p>0} 0 elsewhere

T(a,p)= | x*'e™ dx
I

Use the Incomplete Gamma table at the back of the book.
Gamma Distribution

Time to the n*" Poisson event occurring with arrival rate A
a=n 1/

f(x) = 1 x“le™t {a,x>0} 0 elsewhere
BT ()
o = apt o=

W= ap B

M, (£) =1+t (1-€) =B
N

P(a<k<b) = | 10X

e dx = 1 (I(a,a)-I'(a,b) | =
Ja BT(a)

Tl B )

=l

1

Tammaz (¢ [2oumal 0, a (108 a4 2)]

1
- 2Gamma[0, b {-Log o+ 2
00 b {-teg @+ 2])
+ Log[B/(a (-1+Log ap))]
- Log[B/(b (-1 +Log @B)i]
1
+ 2109]- 7 (al-1+Tog ap))]
1
- tog[ 2 (a (-1 4105 ap) |
1
721&g[7(»<4‘mqu]
+ Log[ 2 j
g Erbx—nmqum\m
Exponential Distribution

Gamma Distribution with o=1 is an Exponential Distribution and
p is the Mean Time Between Events or Mean Time to First Event

X = £(x) = le™ (x>0} 0 elsewhere
B
w=p o= o=p
-
Cey @
Plasx<b) = | 1™ ax = —pe | Tlpe [ o &[T olF)
J.p B
M (t)= e™

Price $9.95
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Chi-Squared Distribution

Used in Statistical Inference, Sampling Distributions,
Analysis of variance, and parametric Statistics

a=v/2

{v is a positive integer} p=2

{x>0}

X =y (v) = 0 elsewhere
2

o= V2w

M (t) = (1-2¢£)™"

P(a<x<b) = 2(I'(v/2,a/2)-T'(v/2,b/2)) = %,(b) - %’.(a)

T(v)
If X,,x,.X, are independant random variables with Chi-Squared
distributions with degrees of freedom Vy,Vi,...Vs, then the
random variable Y=X,+x,+..+X, has a Chi-Squared distribution with
degree of freedom Vy=Ve+Vit...Va
V=Xt +AK, VeV Ve Ve
£(¥)=2 (V) o*=2v,
Uy=Vy o=V2vv,
Lognormal Distribution
The randomm variable X has a Lognormal Distribution if the
random variable Y=In(X) has a normal distribution with mean p

and standard deviation o

JYPY
X=f(x) = _1 e? o {a>0,x20} 0 elsewhere
oxvan
2 2
W = et ot = etme )
Let z =1In(X)-p z,= In(a)-u z= ln(b)-i
o o o
P(x»a) = 1-P(xsa) = B(z,)
P(a<x<b) = P(2;<Z<z;) = P(z;)-®(z,)

Use Table A3 to compute ®(z) for Z values from -3.49 to +3.49.
For other values integrate n(z;0,1) to find P(z,<Z<z,)

Weibull Distribution

X=Time to Failure or Life Length

3

X = £(x) = afxe {a,x>0} 0 elsewhere
w = oM (1+1/B) ? = o VP[0 (1+2/B)-T(1+1/p)7]
P(a<x<b) =
(B (B
o'y g laa)
. -,
F(t) = | £(x) dx = atfe™
o 3
R(t) = P(T>t) = 1-F(t) = 1 - atle '

The conditional probability that a component will fail in the
interval from T=t to T=t+At, given that it survived to time t

P(t<T<t+At)=E(t+At)-F(t

1-F(t
The Failure Rate of the component
t) = aptht {t>0}

If and only if the time to failure has a Weibull Distribution

Beta Function

{a,BreR {a,pP}Epositive integers

Beta(a,p)=I(a)C(B Beta(a,B)=(a-1 )1 B—
T(a, ) (a, )

Incomplete Beta Function

Beta(t,a,p) =| x*'(1-x)™" dx {0<t<1} 0 elsewhere
o

Beta Distribution

The probability that a component will fail in a specified time

interva.

£(x) = (L(at X (1-x) ! {0<x<1} 0 elsewhere
\F(a)T(p) ) {0<a<1}
{0<b<1}
F(t) = | £(x) dx = (a+P)Beta(t,a,p
o T(a,B)
P(a<k<b) = F(b)-F(a) = (a+)[Beta(b,a,B)-Beta(a,a,p)]

T(a,B)

Erlang Distribution

Given a Exponential Distribution where a is a positive integer
n and B is the Mean Time Between Events, then the Erlang
Distribution is the distribution of the time until the n®
exponent).ally distributed event occurs.
[o<x<1 ]
Jo<n

losg ]

B[ (n+1)1-T(n+2,p"
(n-1)t

0 elsewhere

£(x) = ﬁ“(n-l)l

w=p [n1-T(n+1,p"
(n-1)1
o

P(a<X<b) | x"leh dx =

J. B(n-1yt

I'(n,a)-T'(n,b)
B B

(n-1)!

T Function

Given X,X;,...,X, where each X, is a sample of an Independant

Identical Distribution £(x; u, o); f=any distribution
T=: 7(1/n)2m[xx]
W=E(X)=n, o, oy

K-, Zi=a-u, 7 =bow,

oy /Vn o /Vn o /Vn
P(a<x<b) = P(2,<2<Z,) = ®(2,) - (Z,)
§? Function
s*= n(3 (X 1)-(3 [X:])* = ; [X,-X]?

(n-1) (n-1)
E‘IE(X,Z)]-(ZJHZ)QZ])
z 2= L

3 (Xeowl® = n-1)8 = o, (Eow)® =

= o o o /n

100(1-a) confidence intervals

P(S>b) = P( n- 1 S>!n 1)b) = P((n- 1)5 > [ %5 (@) =(n=1)b])
s
P(a<s’<b) = p( n-1) aqn 1)S'<=1)B) = P (0) i Hacs (65))

Kaalo,)=(n-1)a x“ ,(u,,)’ n— Lookup «, and @, in %’ table
P

Student T Distribution

If X is a is an estimated mean where X,,X,,..

w and/or ¢ may be unknown the:

./X, are known but

X-f = V= (n-1)8*
s/vn o/Vn o’

If z is a standard normal variable and V is a Chi-squared
variable with v degrees of freedom, then the random variable T
her

T=_ 2

3 = (X-w)/(o/Vn (X-1)vn
V(v/v) V(V/(n-1)) ‘/(5/0) Vs?

has the T distribution witl -1 degrees of freedom:
T,"h(t)= L((v+1)/2) [1+ m«wm
T2y | v)

T,(t) “h(t)= 1 [ 1+2\07 {-m<t<tm)
v) {v>0, v is an even integer}

T,(t) “h(t)= (v=1) [ 1+ £2\""D72 {~oo<t<tn}
v | v ) {v>0, v is an odd integer}

100(1-a) confidence intervals

P(a<T<b) = P(a<(X-u)Vn<b) = P(-X+a<-wn<-X+b) =
s s

P(X-b<w/n<X-a) = P((X-b)S< u <(X-a)S) = P(T,(04)< p <To(.))
s Vn Vn

To(0)=(X-2)S  T,(0y)=(X-b)S Lookup @, and &, in T table
vn vn

F Distribution
Given 2 independant random variables V, and Vi,
Squared distributions with degrees of freedom v,
Random variable:
Fo=v/v,

/v,

each with Chi-
and v,, the

has the F distribution with v, and v, degrees of freedom:
het) = Vv 12] (/v O (agy
Hv,/Z)l'tvz/Z)(1+v,f/y7)(m'mm

The F Distribution depends on v, and v, and also on the order
in which v, and v, are specified

fuvi,v;) = the F-value above which the F Distribution with
degrees of freedom (v;,v;) has an area a

Fravieva) = 1/ fu(vaivn)

Given 2 random samples with normal distributions with sample

sizes m and n, and variances o', and 0%,
2

K = Lg;

Central Limit Theorem
Given n random Independant
mean u and variance o’ then

Identicaly Distributed samples with
Z is a good approximation for n=30

Z=X-p_ Z,=a-p__ Z,=b- X=X, XK X,
o/Vn o/Vn o/vn
_ . [ 2
P(a<xX<b) = P(2,<8<%Z,) — | _1_e” “dz = ®(b)-P(a)
n—» ) V2n
=e 7 [Ma(_t)]" My (£) =L+ (0407 740 (£7)
(e ~a

2 sample Central Limit Theorem

Given 2 random Independant Identicaly Distributed samples
providing that both n,=30 and n,230 or both X, and X, are
approximately normal distributions:

sample,=X,, W, Oy, 0, 7=

sample;=X;, Wy, Oz, M

Continuity Theorem

If ¥, is a discrete or continuous distribution such that the
cumulative distribution F,, converges to F, for Y a continuous
random variable then Y, converges to Y in distribution

IF ¥,

P(a<y,<b) = Fy(b)-Fy(a) =
1 Sided and 2 Sided Analysis
Given a sample and a stated claim about the u or o compute:

P(a<y<b) = Fy(b)-Fy(a)

= (1-2t) a0 = 2

Lookup the values for y’., accept the claim if the computed
mean or std-dev. is within the 95% confidence range (for the 1
Sided Test the value must be < table entry for column 0.05,
for the 2 Sided Test the value must be between the entries for
column 0.025 and 0.975)

Estimators

{minimum variance estimator}

llypothes;s about p or ©

Given any test statistic such as X as an estimate of w or S’ as
an estimate of o?, state a hypothesis H, about the value of the
test statistic and an alternative hypothesis H,. H, and H, are
boolean expressions that relate the test statictic to u, o® or
some value that is used to determine u or o i.e. the success
probability P for a binomial distribution

If the test for H, passes, then accept the hypothesis H, and
reject H, else reject H, and accept the alternative hypothesis
Hy

Type-1 Error
The probability of a Type-1 Error is P(Reject H,, when Hy=true)

The Significance of a hypothesis is P(Type-1 Error)
Type-2 Error

The probability of a Type-2 Error
H=false)

is P(Accept Hy,, when

P-Values

Given X is any estimation of the true mean u, then the P-value
for X is the minimum value of o such that the equations
(X—Z,/;)0/Vn<p<(X+Z,,)0/Vn and X-ko<pu<X+ko are true where the
values —Z,;=-®(-ko) and +2,,,=1-®(+ko)

Minimum Sample Size

The minimum sample size n such that the probability that the
difference between the sample mean and the true mean is within
an error limit e is 100(1-a)

Price $9.95




