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------------------------------Trigonometric tables----------------------------
    Θ°      ΘR  sin(Θ)cos(Θ)  tan(Θ) cot(Θ) sec(Θ) csc(Θ) 

0° 0 0 +1 0 ±inf +1 ±inf
30° π/6 +1/2 +√3/2 +√3/3 +√3 +2√3/3 +2
45° π/4 +√2/2 +√2/2 +1 +1 +√2 +√2
60° π/3 +√3/2 +1/2 +√3 +√3/3 +2 +2√3/3
90° π/2 +1 0 ±inf 0 ±inf +1

120° 2π/3 +√3/2 -1/2 -√3 -√3/3 -2 +2√3/3
135° 3π/4 +√2/2 -√2/2 -1 -1 -√2 +√2
150° 5π/6 +1/2 -√3/2 -√3/3 -√3 -2√3/3 +2
180° π 0 -1 0 ±inf -1 ±inf
210° 7π/6 -1/2 -√3/2 +√3/3 +√3 -2√3/3 -2
225° 5π/4 -√2/2 -√2/2 +1 +1 -√2 -√2
240° 4π/3 -√3/2 -1/2 +√3 +√3/3 -2 -2√3/3
270° 3π/2 -1 0 ±inf 0 ±inf -1
300° 5π/3 -√3/2 +1/2 -√3 -√3/3 +2 -2√3/3
315° 7π/4 -√2/2 +√2/2 -1 -1 +√2 -√2
330° 11π/6 -1/2 +√3/2 -√3/3 -√3 +2√3/3 -2
360° 2π 0 +1 0 ±inf +1 ±inf
-------------------------------------Geometry-------------------------------------

Circles: Circ. C=2πr Area A=πr2

Cylinders: Volume V=πr2h Area S=2πr2+2πrh        
Cones: Volume V=1/3πr2h Area S=πr2+πr√(r=r2+h2)
Spheres: Volume V=4/3πr3 Area S=4πr2

Triangles:
For any Triangle with sides <a, b, c> and angles <A, B, C>
(with sides opposite the angle with the matching letter):
sum of angles<A, B, C>=180° area = 1/2base*hight
Semiperimiter: s=(a+b+c)/2

     _________________
Herons Formula: area=√s(s-a)(s-b)(s-c))

The law of Sines: sin(A) = sin(B) = sin(C)
   a        b        c

The Law of Cosines: a2=b2+c2-2bc cos(A)
b2=a2+c2-2ac cos(B) c2=a2+b2-2ab cos(C)
The Law of Tangents: tan[(A-B)/2] = a-b

tan[(A+B)/2] = a+b
Right Triangles:
For a Right Triangle with sides <abc> and angles <ABC> and C being the 90° angle:
Pythagorean Theorem: a2+b2=c2

A=tan-1(a/b) sin(A) = a/c cos(A) = b/c tan(A) = a/b
B=tan-1(b/a) sin(B) = b/c cos(B) = a/c tan(B) = b/a
C=90° sin(C) = 1 cos(C) = 0 tan(C) = +inf
--------------------------Trigonometric Identities----------------------------
sin=oposite/hypotenuse cos=adjacent/hypotenuse
tan(x)=sin(x)/cos(x) tan=oposite/adjacent
cot(x)=cos(x)/sin(x) cot(x)=1/tan(x)
sec(x)=1/cos(x) csc(x)=1/sin(x)
1+tan2(x)=sec2(x) 1+cot2(x)=csc2(x)
sin(x+/-π/4)=+/-cos(x) cos(x+/-π/4)=-/+sin(x)
sin(x+/-π/2)=-sin(x) cos(x+/-π/2)=-cos(x)
Odd-even: Co-function:
sin(-x)=-sin(x) sin(π/2-x)=cos(x)
cos(-x)=cos(x) cos(π/2-x)=sin(x)
tan(-x)=-tan(x) tan(π/2-x)=cot(x)
Pythagorean:
sin2(x)+cos2(x)=1 sinh2(x)-cosh2(x)=1
Eulers Formulas:
ejΘ=cos(Θ)+j*sin(Θ) ejπ/2=j ejπ=-1 ejπ+1=0
sin(Θ)=ejΘ-e-jΘ cos(Θ)=ejΘ+e-jΘ

         2j           2
sin(Θ)=Θ-Θ3/3!+Θ5/5!-Θ7/7!+… cos(Θ)=1-Θ2/2!+Θ4/4!-Θ6/6!+…
Addition/Subtraction:
sin(x+/-y)=sin(x)cos(y)+/-cos(x)sin(y)
cos(x+/-y)=cos(x)cos(y)-/+sin(x)sin(y)
tan(x+/-y)= tan(x)+/-tan(y)
           1-/+tan(x)tan(y)
Double-angles:
cos(2x)=cos2(x)-sin2(x)=2cos2(x)-1=1-2sin2(x)
sin(2x)=2sin(x)cos(x) tan(2x)= 2*tan(x)

        1-tan2(x)
Half-angles: ________________    _______________
sin(x/2)=±√ ((1-cos(x))/2) cos(x/2)=±√ ((1+cos(x))/2)
Sums:
sin(x)+sin(y)=2sin((x+y)/2)cos((x-y)/2)
cos(x)+cos(y)=2cos((x+y)/2)cos((x-y)/2)
Products:
sin(x)sin(y)=-1/2[cos(x-y)-cos(x+y)] sin2(x)=1/2(1-cos(2x))
cos(x)cos(y)=-1/2[cos(x+y)+cos(x-y)] cos2(x)=1/2(1+cos(2x))
sin(x)cos(y)=-1/2[sin(x+y)-sin(x-y)]
-----------------------------Hyperbolic Functions----------------------------
sinh(x)=1/2(ex-e-x) cosh(x)=1/2(ex+e-x)
tanh(x)=sinh(x)/cosh(x) coth(x)=cosh(x)/sinh(x)
sech(x)=1/cosh(x) csch(x)=1/sinh(x)
-----------------------------Exponential Functions----------------------------
ln(1)=0 ln(a*b)=ln(a)+ln(b)
ln(e)=1 ln(a/b)=ln(a)-ln(b)
loga(x)=ln(x)/ln(a) ln(1/x)=-ln(x) ⇔ ln(1/x)+ln(x)=0
logab*logbc=logac ln(1/ex)=-ln(ex)=-x
ln(xx)=x*ln(x) ln(ax)=x*ln(a)
ln(ex)=x  eln(x)=x  for x>0
a=blogb(a) alogb(n)=nlogb(a)
ln(x)=1+∑[n=1..∞](-1n(x-1)n/n) n!=round(√[π(2n+1/3)]nne-n)
ex=∑n=0..∞[xn/x!] (1+x/n)n→ex as n→∞
[ex]y=e(x*y) ex*ey=e(x+y)

[ex]-y=e(x/y) ex/ey=e(x-y)

xn=en*ln(x) xn*xm=e(n+m)*ln(x)

xx=ex*ln(x) x=ey ⇔ y=ln(x)     
ax=ex*ln(a) y=λe-λx ⇔ x=ln(y/λ)/λ
ex=1+x+x2/2!+x3/3!+x4/4!+x5/5!+…

€ 

λxn
−∞

∞∫ e−λx =
n!
xn

[ea]^(eb)=e(ae^b)

--------------------------------Complex Numbers-------------------------------
z=[x+jy]=r∠Θ=rejΘ cos(Θ)=Re(ejΘ)
z=r[cos(Θ)+jsin(Θ)] sin(Θ)=Im(ejΘ)
z*=[x-jy]=r∠-Θ=re-jΘ Re(e(α+jω)t)=Re(eαtejωt)=eαtcos(ωt)
Θ=tan-1(y/x) Im(e(α+jω)t)=Im(eαtejωt)=eαtsin(ωt)
       ____      ____  _
r=|z|=√x2+y2 zz*=√x+jy=√r∠Θ/2

       ________________
ejΘ=cos(Θ)+jsin(Θ) |ejΘ|=√cos2Θ+sin2Θ=1
zn=(x+jy)n=rn∠nΘ=rnejnΘ= zn=rn[cos(nΘ)+jsin(nΘ)]
z1/n=(x+jy)1/n=r1/n∠[Θ/n+2πk/n] z1/n=r1/n[cos(Ø)+jsin(Ø)], Ø=Θ/n+2πk/n

                  k=0,1,...n-1                    k=0,1,...n-1

ln(rejΘ)=ln(r)+jΘ+j2kπ k=integer ejΘ=1+jΘ-Θ2/2!-Θ3/3!+Θ4/4!+Θ5/5!+…
------------------------------------Miscelaneous----------------------------------
Quadratic Formula: If ax2+bx+c=0 then,

       
x=-b±√b2-4ac

lines: 2a
Slope from P1 to P2: m=(y2-y1)
P1=(x1,y1)  P2=(x2,y2) (x2-x1)
Point-Slope equation: y-y1=m(x-x1)
Slope-Intercept equation: y=mx+b slope=m, y intercept=b
Degrees <-> Radians: 180° = π Radians
Factoring Polynomials:
x2+y2 = (x-jy)(x+jy) or (y-jx)(y+jx) x2-y2 = (x+y)(x-y)
x3+y3 = (x+y)(x2-xy+y2) x3-y3 = (x-y)(x2+xy+y2)
(x+y)2 = x2+2xy+y2 (x-y)2 = x2-2xy+y2

(x+y)3 = x3+3x2y+3xy2+y3 (x-y)3 = x3-3x2y+3xy2-y3

(x+y)4 = x4+3x3y+6x2y2+3xy3+y4 (x-y)4 = x4-3x3y+6x2y2-3xy3+y4

Xn+Xn-1+Xn-2...X2+X+1 = Xn+1-1
 X-1 

Use Pascals Triangle for higner powers of (x+y)n or (x-y)n

------------------------Equations of Common Shapes----------------------
Ellipsoid _x2_ + _y2_ + _z2_=K,  K > 0

 a2     b2     c2  

Hyperbolic Cylinder _x2_ - _y2_=K,  K > 0
of 2 sheets  a2     b2   

Hyperboloid _x2_ + _y2_ - _z2_=K,  K > 0
of 1 sheet  a2     b2     c2  

Elliptic Cone _x2_ + _y2_ - _z2_= 0
  a2     b2     c2  

Hyperboloid _x2_ - _y2_ - _z2_=K,  K > 0
of 2 sheets  a2     b2     c2  

Elliptic Paraboloid _x2_ + _y2_ = z
 a2     b2   

Hyperboloc Paraboloid _x2_ - _y2_ = z
 a2     b2  

--------------------------------------Vectors in 2D---------------------------------
For any points p1=(x1,y1) and p2=(x2,y2)               

 ________________
Distance from p1 to p2: |p1 p2|=√((x2-x1)2+(y2-y1)2)
Vector from p1 to p2: <p1 p2>=<(x2-x1), (y2-y1)>
Midpoint of  p1 and p2: m12=( (x2+x1), (y2+y1) )

        2       2
For any vectors u, v, and w and any scalars a, b and c, the
following relationships hold: i=unit vector in x direction
j=unit vector in y direction k=unit vector in z direction
i·j=0, j·k=0, k·i=0 i·i=i, j·j=j, k·k=k
u+v=v+u (u+v)+w=u+(v+w)
u+0=0+u=u u+(-u)=0
0=0u=<0,0> -u=<-u1, -u2>
uc=cu=<cu1, cu2> |cu|=|c| |u|
a(bu)=(ab)u=u(ab) a(u+v)=au+av
(a+b)u=au+bu 1u=u
u+v=<ux+vx,uy+vy> (vect) u·v=uxvx+uyvy (scalar)
u·v=v·u u·v=0 Iff u ⊥ v
u·(v+w)=u·v+u·w c(u·v)=(cu)·v=u·(cv)     
|u|=√((ux)2+(uy)2) (scalar) 0·u=0
|u|2=(ux)2+(uy)2 (scalar) u·u=|u|2

Unit Vector (length=1) U=u/|u|
u·v=|u||v|cos(Θ) |u-v|2=|u|2+|v|2-2|u||v|cos(Θ)  
---------------------------------Vectors in 3D-------------------------------------
all 2D vector ops apply to 3D
i×j=k, j×k=i, k×i=j i×i=0, j×j=0, k×k=0
u=<ux,uy,uz> v=<vx,vy,vz> u=uxi+uyj+uzk v=vxi+vyj+vzk
|u|=√((ux)2+(uy)2+(uz)2) (scalar)
u·v=uxvx+uyvy+uzvz (scalar)
u+v=<ux+vx,uy+vy,uz+vz> (vector)
u×v=<(uyvz-uzvy)i,(uzvx-uxvz)j,(uxvy-uyvx)k> (vector)
u×v=0   Iff u is parallel to v u×v is ⊥ to both u and v
u×(u×v) Forms a right triangle u,v,and u×v form a ⊥ triple
u×u=0  u·u×v=0
u×v=-v×u u×(v+w)=u×v+u×w
c(u×v)=(cu)×v=u×(cv) u×0=0×u=0
u×(v·w)=u·(v×w) u×(v×w)=(u·w)v-(u·v)w
|u×v|=|u| |v|sin(Θ) |u×v|2=|u|2|v|2-(u·v)2

Θ=cos-1(|u|) where v is the  Θ=cos-1( u·v_)
|v|  longer vector   |u||v|

-----------------------------Vector Geometry in 3D----------------------------
Area of a parallelogram: u×v

Volume of a parallelopiped: |u·v×w|=|v·u×w|=|w·u×v|

Standard Equation of a Plane: A(x-x1)+B(y-y1)+C(z-z1)=0
A, B, and C are the factors of the Normal Vector.
Point P0(x1, y1, z1) is a point on the plane.

Standard Equation of a Sphere:(x-x1)2+(y-y1)2+(z-z1)2=R2

Point P0(x1, y1, z1) is the location of the center of the sphere.
R is the radius of the sphere.

Standard Equation of a Line: Ax+By+Cz+D=0

Parametric Equation of a Line:x=x0+at, y=y0+bt, z=z0+ct
Point P0(x0, y0, z0) is a point on the line. a, b, and c are the
factors of a Vector parallel to the line.

Symetric Equation of a Line: x-x0 = y-y0 = z-z0
 a b  c

-----------------------Vector Valued Functions in 3D----------------------
Vector Valued Function: r(t)=f(t)i+g(t)j+h(t)k
Velocity: v(t)=r'(t)
Acceleration: a(t)=v'(t)=r''(t)
Speed: v(t)=|v(t)|
Unit Tangent Vector: T(t) = _v(t)_

|v(t)|
Curvature: k(t)=|r'×r''|=|v(t)×a(t)|

 |r'|3     |v(t)|3

Radius: 1/k
___________________

Length of a Curve: s=∫ √f'(t)2+g(t)2+h(t)2

Normal Vector: N(t)= __|v(t)|2__ T'(t)
|v(t)×a(t)|

Acceleration: a(t)=at(t)+an(t)
aTANGENT  at(t)=T(t)·a(t) = _r'(t)·r''(t)_

     |r'(t)|
aNORMAL   an(t)=|T(t)×a(t)| = |r'(t)×r''(t)|

     |r'(t)|
-------------------------Coordinate Transformations------------------------
PolarCoordinates: r, Θ
0 ≤ r ≤ +inf 0 ≤ Θ ≤ 2π
from origin  from +X axis

xy->Polar
     ________
r = √(x2 + y2) Θ=tan-1(y/x) x>0 π+tan-1(y/x) x<0
tan(Θ) = y/x Θ=π/2 x=0, y>0 3π/2 x=0, y<0

Θ=0 x=0, y=0

polar->xy
x=rcos(Θ) y=rsin(Θ)

Cylindrical Coordinates: r, Θ, z
0 ≤ r ≤ +inf 0 ≤ Θ ≤ 2π -inf ≤ z ≤ +inf
from origin from +X axis from XY plane

cyl->xyz
x=rcos(Θ) y=rsin(Θ) z=z

xyz->cyl
z=z  _______ Θ=tan-1(y/x) x>0 π+tan-1(y/x) x<0
r = √x2 + y2 Θ=π/2 x=0, y>0 3π/2 x=0, y<0

Θ=0 x=0, y=0

Spherical Coordinates: ρ, Θ, Φ
0 ≤ ρ ≤ +inf 0 ≤ Θ ≤ 2π -π ≤ Φ ≤ π
from origin from +X axis from XY plane

sph->xyz
x=ρsin(Φ)cos(Θ) y=ρsin(Φ)sin(Θ) z=ρcos(Φ)

xyz->sph
   _________
ρ=√(x2+y2+z2) Θ=tan-1(y/x) x>0 π+tan-1(y/x) x<0
Φ=cos-1(z/ρ)       Θ=π/2 x=0, y>0 3π/2 x=0, y<0
Φ=tan-1(z/√(x2+y2)) Θ=0 x=0, y=0

sph->cyl
r=ρsin(Φ) Θ = Θ z=ρcos(Φ)

cyl->sph
   _________
ρ=√(r2 + z2) Θ = Θ Φ=tan-1(z/r)
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-------------------------------------Derivatives------------------------------------
Dx xn =nxn-1 Dx |x|= |x|

 x

Dx sin(x)=cos(x) Dx cos(x)=-sin(x)

Dx tan(x)=sec2(x)  Dx cot(x)=-csc2(x)

Dx sec(x)=sec(x)tan(x)  Dx csc(x)=-csc(x)cot(x)

Dx sinh(x)=cosh(x)     Dx cosh(x)=sinh(x)

Dx tanh(x)=sech2(x) Dx coth(x)=-csch2(x)

Dx sech(x)=-sech(x)tanh(x) Dx csch(x)=-csch(x)coth(x)

Dx ex=ex   Dx ax=ax ln(a)

Dx ln(a*x)=1/x Dx ln(x)=1/x

DX loga(x)= __1__   Dx logx(a)= __1__
x ln(a) a ln(x)

DX sin-1(x)= +____1___ Dx cos-1(x)= -____1___
 √(-x2 + 1)  √(-x2 + 1)

DX tan-1(x)= +___1___ Dx sec-1(x)= +____1____
 (+x2 + 1)  x √(+x2 - 1)

DX cot-1(x)= -___1___ Dx csc-1(x)= -____1____
 (+x2 + 1)  x √(+x2 - 1)

DX sinh-1(x)= +____1___ Dx cosh-1(x)= +___1___
 √(+x2 + 1)  √(+x2 - 1)

DX tanh-1(x)= +___1___ Dx sech-1(x)= -_____1____
 ( -x2 + 1)  x √(-x2 + 1)

DX coth-1(x)= +___1___ Dx csch-1(x)= -_____1_____   
 (-x2 + 1)  |x| √(+x2 + 1)

---------------------------------------Integrals-------------------------------------
∫ x dv  =  ∫ v dx = xv

∫ xn dx = __1__ xn+1+C  n ≠ -1
(n+1)

∫ (1/x) dx = ln(|x|)+C

∫ ex dx = ex+C

∫ ax dx = _ ax_+C
ln(a)

 ∫ xex dx = (x-1)ex+C

 ∫ xnex dx = xnex-n( ∫ xn-1ex dx)

= xnex-nxn-1ex+n(n-1)xn-2ex...n!ex+C

  ∫ xeaX dx = (eaX/a2)(ax-1)+C

 ∫ x2eaX dx = (eaX/a3)(a2x2+2ax+2)+C

∫ ln(x)dx = x(ln(x)-1)+C

∫ sin(x) dx = -cos(x)+C

∫ cos(x) dx = sin(x)+C

∫ sec2(x) dx = tan(x)+C

∫ csc2(x) dx = -cot(x)+C

∫ sec(x)tan(x) dx = sec(x)+C

∫ csc(x)cot(x) dx = -csc(x)+C

∫ tan(x) dx = ln(|sec(x)|)+C

∫ cot(x) dx = ln(|sin(x)|)+C

∫ sec(x) dx = ln(|sec(x)+tan(x)|)+C

∫ csc(x) dx = ln(|csc(x)+cot(x)|)+C

∫ __ +1__ dx = _1_tan-1(_x_)+C a≠1
     (+x2+a2)  a       a

   ∫ ___+1__ dx = tan-1(x)+C
     (+x2+1)

   ∫ ___+1__ dx = sinh-1(x)+C
    √(+x2+1)

   ∫ ___+1__ dx = cosh-1(x)+C
    √(+x2-1)
   ∫ ___+1__ dx = _1_ln( |_x+a_|)+C
     (-x2+a2)  2a | x-a |

   ∫ ___+1__ dx = tanh-1(x)+C
     (-x2+1)               << seperate domain >>

   ∫ ___+1__ dx = coth-1(x)+C
     (-x2+1)

   ∫ ___+1__ dx = cot-1(x)+C
     (-x2-1)

   ∫ ___+1___ dx = sin-1(_x_)+C a≠1
    √(-x2+a2)    a

   ∫ ___+1__ dx = sin-1(x)+C
    √(-x2+1)               << seperate domain >>

   ∫ ___+1__ dx = -cos-1(x)+C
    √(-x2+1)
                                      __________

   ∫ ___+1__ dx = ln(x+ √(x2 ± a2))+C

    √(+x2±a2)

   ∫ ___+1_____ dx = _1_sec-1 (|_x_|)+C
     x √(-x2+a2)  a  | a |

   ∫ ___-1_____ dx = sech-1(x)+C
     x √(-x2+1)

   ∫ ___+1_____ dx = sec-1(x)+C
     x √(+x2-1)

   ∫ ___-1_____ dx = csc-1(x)+C
     x √(+x2-1)
                              << seperate domain >>
   ∫ ___-1_____ dx = csch-1(x)+C
    |x|√(+x2+1)

   ∫ ____1_____ dx = loga(x)+C
     (x ln(a))

   ∫ ____1____ dx = logx(a)+C
     (a ln(x))

∫ sin2(x) dx = _1_x - _1_sin(2x)+C
 2    4

∫ cos2(x) dx = _1_x + _1_sin(2x)+C
 2   4

∫ tan2(x) dx = tan(x)-x+C

∫ cot2(x) dx = -cot(x)-x+C

∫ sin3(x) dx = -1/3(2+sin
2(x))cos(x)+C

∫ cos3(x) dx = -1/3(2+cos
2(x))sin(x)+C

∫ tan3(x) dx = +1/2tan
2(x)+ln(|cos(x)|)+C

∫ x sin(x) dx = sin(x)-x*cos(x)+C

∫ x cos(x) dx = cos(x)-x*sin(x)+C

∫ xnsin(x) dx = -xncos(x)+n(∫ xn-1cos(x) dx)+C

 ∫ xncos(x) dx = -xnsin(x)+n(∫ xn-1sin(x) dx)+C
     _______

∫ sin-1(x) dx = x*sin-1(x)+√(1 - x2)+C

∫ tan-1(x) dx = x*tan-1(x)-1/2ln(1 + x
2)

∫ sinh(x) dx = cosh(x)+C

∫ cosh(x) dx = sinh(x)+C

∫ tanh(x) dx = ln(cosh(x))+C

∫ sech2(x) dx = tanh(x)+C

∫ csch2(x) dx = coth(x)+C

∫ sech(x)tanh(x) dx = -sech(x)+C

∫ csch(x)coth(x) dx = -csch(x)+C

--------------------------------Laplace Transforms------------------------------
£[f(t)] = F(s)

£-1[F(s)] = f(t)

£[u(t)] =  1     
 s

£[u(t-a)] =  e-as

 s
£[tu(t)] =  1     

 s2

£[eatu(t)] =  1 
   s-a
£[te-atu(t)] =   1  

(s+a)2

£[cos(ωt)u(t)] =  s  
    s2+ω2

£[sin(ωt)u(t)] =  ω  
    s2+ω2

£[cos(ωt+Θ)u(t)] = s*sin(Θ)+ω*cos(Θ)
       s2+ω2

£[sin(ωt+Θ)u(t)] = s*cos(Θ)-ω*sin(Θ)
       s2+ω2

£[δ(t)] = 1  

£[δ(t-a)] = e-as  

£[1] =  1 
 s

£[t] =  1 
 s2

£[tn] =  n! 
 sn+1

£[ 1 ] =  1 
  √πt √s
£[ta] =  Γ(a+1) 

  sa+1

£[tneat] =   n!   
    (s-a)n+1

£[cos(ωt)] =   s  
    s2+ω2

£[eatcos(ωt)] =    s-a   
    (s-a)2+ω2

£[eatsin(ωt)] =     k   
    (s-a)2+ω2

£[cosh(ωt)] =  s  
    s2-ω2

£[sinh(ωt)] =  ω  
    s2-ω2

£[ 1 (sin(ωt)-ktcos(ωt))] =    1   
  2u(t)3 (s2+ω2)2

£[ 1 (sin(ωt)] =    s   
   2u(t) (s2+ω2)2

£[ 1 (sin(ωt)+ktcos(ωt))] =    s2   
   2k (s2+ω2)2

£[∫[0…1]f(τ)g(t-τ)dτ] = F(s)G(s)
Linearity:
£[a*f(t)+b*g(t)] = a*£[f(t)]+b*£[g(t)]

Scaling:
£[f(at)] =  1 F( s )

 a    a
Time Shift:
£[u(t-a)f(t-a)] = easF(s) £[u(t+a)f(t+a)] = e-asF(s)

Time Differientiation:
£[f'(t)] = sF(s)-f(0) £[f"(t)] = s2F(s)-sf(0)-f'(0)

£[f(n)(t)] = snF(s)-sn-1f(0)-…-f(n-1)(0)

Time Integration:
£[∫[0…t]f(t)dt] = F(s) 

 s
Frequency Shift:
£[eatf(t)u(t)] = F(s-a) £[e-atf(t)u(t)] = F(s+a)

Frequency Differientiation:
£[tf(t)] = -F'(s) £[tnf(t)] = (-1)nF(n)(s)

Frequency Integration:
£[f(t)] = ∫[s…∞]F(s)ds £[f(t)] = ∫(n)[s…∞]F(s)ds
   t    tn

Periodic Function: f(t) = f(t + nT), for all n≠0
£[f(t)] =   1  ∫[0…T]estf(t)dt

1-e-sT

Square Wave:
£[(-1)[[at]]] =  1 tanh(as)

 s      2
Step Wave:
£[ t ] =    e-as    
   a   s(1-e-as)
Initial and Final Value of f(t):
f(0+) = lim[s→∞]sF(s) f(∞) = lim[s→0]sF(s)
Convolution:
f(t)⊗g(t) = £[f(t)]*£[g(t)]

--------------------------------Fourier Transforms------------------------------
ƒ(t)=1 F(ω)=2πδ(ω) |F(ω)|=2π at 0

ƒ(t)=δ(t) F(ω)=1 |F(ω)|=1

ƒ(t)=δ(t-a) F(ω)=e-jωa |F(ω)|=1

ƒ(t)=u(t) F(ω)=πδ(ω)+1/jω |F(ω)|=π at 0

ƒ(t)=sign(t) F(ω)= 2 

     jω

ƒ(t)=|t| F(ω)=-2
        ω2

ƒ(t)=e-jω0t F(ω)=2πδ(ω-ω0) |F(ω)|=2π at ω0

ƒ(t)=cos(ω0t) F(ω)=π[δ(ω+ω0)+δ(ω-ω0)] |F(ω)|=π at ±ω0

ƒ(t)=sin(ω0t) F(ω)=jπ[δ(ω+ω0)-δ(ω-ω0)] |F(ω)|=jπ@-ω0,-jπ@ω0

ƒ(t)=e-αtu(t) F(ω)=  1    
     (α-jω)

ƒ(t)=tne-αtu(t) F(ω)=    n!    
     (α-jω)n+1

ƒ(t)=e-αtcos(ω0t)u(t) F(ω)=  α+jω   
     (α+jω)2+ω0

2

ƒ(t)=e-αtsin(ω0t)u(t) F(ω)=    ω0
     

     (α+jω)2+ω0
2

Linearity:
ƒ(t)=a*g(t)+b*h(t) F(ω)=a*G(ω)+b*H(ω)

Scaling:
ƒ(t)=g(a*t) F(ω)= 1 G( ω )

     |a|     a
Time Shift:
ƒ(t)=g(t-a)u(t-a) F(ω)=e-jωaG(ω)

Time Differientiation:
g(t)=ƒ'(t) G(ω)=jωF(ω)

g(t)=ƒ(n)(t) G(ω)=(jω)nF(ω)

Time Integration:
g(t)=∫[-∞…t]f(t)dt G(ω)=F(ω)+πF(0)δ(ω)

      jω
Frequency Shift:
ƒ(t)=e-jω0tg(t) F(ω)=G(ω-ω0)

Frequency Differientiation:
g(t)=ƒ'(t) G(ω)=jωF(ω)

Unit Pulse:
ƒ(t)=u(t+T)-u(t-T) F(ω)= 2 sin(ωt) period=T
          2      2       ω
Time Reversal:
g(t)=ƒ(-t) G(ω)=F(-ω) or F*(ω) 

Duality:
g(t)=F(t) G(ω)=2πƒ(-ω) 

Convolution:
ƒ(t)=g(t)⊗h(t) F(ω)=G(ω)*H(ω)

ƒ(t)=g(t)*h(t) F(ω)= 1 G(ω)⊗H(ω)
      2π

Amplitude Modulation:
ƒ(t)=cos(ω0t)g(t) F(ω)=1[G(ω+ω0)+G(ω-ω0)]

     2
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-----------------------------------Differentiation----------------------------------
Constant Function: f(x)=k D

x
[k]=0

Identity Function: f(x)=x D
x 
(x)=1

Power Rule: f(x)=xn D
x
[xn]=nxn-1

Constant Multiples: g(x)=kf(x) D
x
[k·f(x)]=k·D

x
[f(x)]

Sums: h(x)=f(x)+g(x)
D

x
[f(x)+g(x)]=D

x
[f(x)]+D

x
[g(x)]

Differences: h(x)=f(x)-g(x)
D

x
[f(x)-g(x)]=D

x
[f(x)]-D

x
[g(x)]

Product & Quotients: The derivative of a product of functions
is NOT equal to the product of the derivatives of the
functions.

Products: h(x)=f(x)g(x)
D

x
[f(x)g(x)]=f(x)D

x
[g(x)]+g(x)D

x
[f(x)]

Quotients: h(x)=f(x)/g(x)
D

x
[f(x)/g(x)]=g(x)D

x
[f(x)]-f(x)D

x
[g(x)]

    [g(x)]2

Chain Rule: y=f(u) and u=g(x)
D

x
[f(g(x))]=D

x
[f(g(x))]D

x
[g(x)]

L'Hopitals Rule: If limit[f(x)=0] and limit[g(x)=0],

lim
x→0

f x( )
g x( )

 

 

 
 
 
 
 
  

 

 

 
 
 
 
 
  

=
lim
x→0

f ' x( )
g' x( )

 

 

 
 
 
 
 
  

 

 

 
 
 
 
 
  

--------------------------------Partial Derivatives-------------------------------
Partial Derivative of f(x,y)  with respect to x:
Treat y as a constant and take the x derivative of f(x,y).

∂f/∂x and fx(x,y) denotes the partial derivative of f with
respect to x. ∂2f/ ∂y ∂x and fxy(x,y) denote the partial
derivative of f with respect to x and then to y. ∂f/∂x(Po)
denotes ∂f/∂x evaluated at point Po

For any continuous function f(x,y):  ∂2f/∂x∂y = ∂2f/∂y∂x
Harmonic functions:
For a function f(x,y), if  ∂2f/∂x2 + ∂2f/∂y2 = 0 the function is
said to be "Harmonic".
Gradient Vector:
∀f(x,y,x) is the vector that points in the direction of maximum
increase of f(x,y,z) from the point Po=(x0, y0, z0). The max
rate of increase of f is |∀f(x,y,x)|. The gradient at point Po

is perpindicular to the level curve of f(x,y) and the level
surface of f(x,y,z)  that goes through Po.
∀f=∂f/∂x(Po)i+∂f/∂y(Po)j+∂f/∂z(Po)k

The gradient vector evaluated at point Po.
∀f(Po)=∂f/∂x(x0)i+∂f/∂y(y0)j+∂f/∂z(z0)k

dir of max decrease=-∀[f(Po)] ∀[f(Po)+g(Po)]=∀f(Po)+∀ g(Po)
∀[kf(Po)]=k∀[f(Po)] ∀[f(Po)-g(Po)]=∀f(Po)-∀ g(Po)
∀[f(Po)g(Po)]=g(Po)∀f(Po)+f(Po)∀ g(Po)
Directional Derivative:
Given a point Po, a gradient vector ∀f(Po) and a unit vector in
some direction u:
Duf(Po)= u·∀f(Po) Duf(x,y)=u1fx(x,y)+u2fy(x,y)
Chain Rule:
Let z=f(x,y) be differientiable at (x(t), y(t)):
Dxf(x,y) = dx/dt[f(x)] = ∂f/∂x*dx/dt + ∂f/∂y*dy/dt
chain rule with partial derivatives:
ft(x,y) = ∂f/∂t = ∂f/∂x*∂x/∂t + ∂f/∂y*∂y/∂t
ft(x,y,z) = ∂f/∂t = ∂f/∂x*∂x/∂t + ∂f/∂y*∂y/∂t + ∂f/∂z*∂z/∂t

Let w=f(x,y,z); x=g(r,s), y=h(r,s), z=l(s)
∂w/∂r = ∂w/∂x*∂x/∂r + ∂w/∂y*∂y/∂r
∂w/∂s = ∂w/∂x*∂x/∂s + ∂w/∂y*∂y/∂s + ∂w/∂z*dz/ds

Boundry Points:
The set S of points within a defined range of x and y
coordinates or a distance from a point Po.
Stationary Points:
The set of points where f(x,y) is differentiable and
|∀f(x,y)|=0 (the tangent plane is horozontal).
Singular Points:
The set of points where f(x,y) is not differentiable.
Second Partials Test:
If f(x,y) has continuous second partials and ∀f(x,y) = 0:
D=D(x0, y0)=fxx(x,y)fyy(x,y)-(fxy(x,y))2

if D>0&fxx(x,y)<0&fyy(x,y)<0, then f(x,y) is a local maximum
if D>0&fxx(x,y)>0&fyy(x,y)>0, then f(x,y) is a local minimum
if D<0, then f(x,y) is a saddle point
if D=0, then the test is inconclusive

-----------------------------------Vector Fields-----------------------------------
Gradient of a Scalar Field
Given a scalar function ƒ(x,y,z), the gradient of ƒ is:
F(x,y,z)=∀ƒ=∂ƒ/∂xi+∂ƒ/∂yj+∂ƒ/∂zk
F is a Conservative Vector Field and ƒ(x,y,z) is the Potential
Function of F.

Given a vector Function F(x,y,z) = Mi + Nj + Pk,
i.e.  curl(F) =∂M/∂y= ∂N/∂x, ∂M/∂z= ∂P/∂x, and ∂N/∂z= ∂P/∂y
or if F is a 2D function then:  curl(F) =∂M/∂y=∂N/∂x
F is Conservative if and only if curl(F) = 0 (zero vector). if
F(x,y,z) is Conservative then a Potential Function ƒ exists,
such that F=∀ƒ.

Partials Vector ∀=∂/∂xi+∂/∂yj+∂/∂zk
Divergence  div(F) =∀·F
Curl  curl(F)=∀×F
div(F)=∂M/∂x+∂N/∂y+∂P/∂z
curl(F)=(∂P/∂y-∂N/∂z)i+(∂M/∂z-∂P/∂x)j+(∂N/∂x-∂M/∂y)k
Instead of multiplying, apply the matching partial derivative
to the i, j and k terms of the function F and then add as
normal.

Divergence is the degree that the vector field F diverges away
from a point P (div > 0) or converges (div < 0).
Curl is the direction of the axis around which the vector field
F rotates most rapidly. |curl(F)| is the speed of rotation.

--------------------------Curves and Surfaces in 3D-------------------------
Level Curve:
Given a function z=f(x,y), hold z constant and solve f(x,y)=c
for x and y.
Level Surface:
Given a function w=f(x,y,z) hold w constant and solve
w=f(x,y,z) for x, y, and z.
Tangent Plane:
For the surface f(x,y,z)=k at any point (xK, yK, zK) where
f(x,y,z)=k the standard equation of the Tangent Plane is:
fx(xK, yK, zK)(x-xK)+fy(xK, yK, zK)(y-yK)+fz(xK, yK, zK)(z-zK) = 0

For the surface z = f(x,y) the standard equation of the
Tangent Plane  at
P0 = (x0, y0,f(x0, y0)) is:
z-z0 = fx(x0, y0)(x-x0) + fy(x1, y1)(y-y0)

The Gradient Vector is the Normal to the Tangent Plane and to
the Level Curve or Level Surface at point P0. Convert a formula
into the form f(x,y,z)=k, then the factors of the Gradient
Vector of that formula can be plugged into the Standard
Formula for a Plane to get the formula for the Tangent Plane.

---------------------------Methods of Integration---------------------------
Power Rule
∫ xn dx = __1__ xn+1+C  n ≠ 1

(n + 1)
Linearity
∫ k f(x) dx = k ∫ f(x) dx
∫ [ f(x) + g(x) ] dx = ∫ f(x)  dx + ∫ g(x) dx
∫ [ f(x) - g(x) ] dx = ∫ f(x)  dx - ∫ g(x) dx
Additive property
[x=c [x=b [x=c

∫ [f(x)] dx = ∫ [f(x) dx + ∫ [f(x) dx
[x=a [x=a [x=b

regardless of the order of a, b and c.
Generalized Power Rule
∫ [g(x)]r g'(x) dx =  [g(x)]r+1 + C

   r + 1
Subsitiution Rule
To simplify an Integral, find any function g(x) in the table
of standard integrals such that g(x) and g'(x) are both
present in the expression f(x) dx. If u=g(x) and du/dx=g'(x)
dx and ∫f(x) dx=∫g(x)g'(x) dx then ∫ f(x) dx=∫ h(u) du
Integration by Parts
To simplify an Integral, F(x), find any 2 functions U(x) and
V(x) (with V(x) in the table of standard integrals) such that
U(x) and V'(x) are both present in the expression F(x). Then
solve the Integral for V(x)U'(x) dx. If the new integral is
more complex then you have choosen the wrong substitution.
∫ F(x) dx = ∫ u(x)v'(x) dx = U(x)V(x) - ∫ V(x)U'(x) dx
Order of Substitutions ILATE
1 Inverse trig functions 4 Trig functions
2 Logarithm functions 5 Exponential functions
3 Algebraic functions

---------------------------------Double Integrals---------------------------------
Compute a Double integral with respect to a rectangular area
by integrating with respect to y, holding x constant and and
then evaluating the definite integral for the range of y, then
take the resulting formula and integrate with respect to x,
holding y constant and evaluate the definite integral for the
range of x.
Cartesian Coordinates:
dA = df dy  f(x) = lower(y) g(x) = upper(y)

dy dx
x=b y=g(x)

⌠⌠ ⌠ ⌠
 f(x,y)dA =   [  [ f(x,y) ] dy ] dx
⌡⌡ ⌡ ⌡
R x=a y=f(x)
Note: The bounds of the outer intergral are always constants.
Graph the formula(s) of the given bounds of the Integral in
Cartesian coords. and examine the graph to determine the
correct bounds for the Iterated Integral.
Polar Coordinates:  ______
dA = r dr dΘ r = √x2 + y2

x = r cos(Θ) y = r sin(Θ)
Graph the bounds of the Integral in Cartesian coords. and
examine the graph to determine the correct bounds for the
function in Polar coordinates.

---------------------------------Triple Integrals--------------------------------
dV = df dz dy  f(x) = lower(y) g(x) = upper(y)
     dz dy dx  h(x,y) = lower(z) j(x,y) = upper(z)

⌠x=b ⌠y=g(x) ⌠z=j(x,y)
∫∫∫ f(x,y)dV =  [  [  [f(x,y,z)]dz]dy]dx
V ⌡x=a ⌡y=f(x) ⌡z=h(x,y)
To find a Volume with a Triple Integral, use the given
function(s) to find the bounds and integrate the constant
function 1 over the bounds.
Cylindrical Coordinates:  _______
dV = r dz dr dΘ r = √x2 + y2

x = r cos(Θ) y = r sin(Θ) z = z
Spherical Coordinates:    _________
dV=ρ2sin(Φ) dρ dΦ dΘ ρ=√(x2+y2+z2)
x=ρsin(Φ)cos(Θ) y=ρsin(Φ)sin(Θ) z=ρcos(Φ)
ρ=√(x2+y2+z2) Θ=tan-1(y/x) x>0 Θ=π+tan-1(y/x) x<0
Φ=cos-1(z/ρ) Θ=π/2 x=0, y>0 Θ=3π/2    x=0,y<0
Φ=tan-1(z/√(x2+y2)) Θ=0 x=0, y=0

-----------------------------------Line Integrals---------------------------------
A Line Integral is the integral of some function ƒ(x,y,z),
along a curve c such that the integral is the sum of
ƒ(x,y,z)Δs, where s is the length of the curve c and Δs is a
small segment of the curve. To compute the Line integral,
convert ƒ(x,y,z) into parametric form such that x=X(t), y=Y(t)
and z=Z(t) where t is the position along the curve c.
2D formula:
⌠ ⌠b    ____________________
Φ ƒ(x,y) =  ƒ(X(t),(Y(t))√ [X'(t)]2 + [Y'(t)]2   dt
⌡c ⌡a

3D formula:
⌠ ⌠b    _________________________
Φƒ(x,y,z)=  ƒ(X(t),(Y(t),Z(t))√[X'(t)]2+[Y'(t)]2+[Z'(t)]2  dt
⌡c ⌡a

Line Integrals of Vectors functions:
Where F(x,y,z) = Mi + Nj + Pk
⌠ ⌠b ⌠b

Φ F(x,y,z)·T ds =  F·dr =  M dx + N dy + P dz
⌡c ⌡a ⌡a

⌠
Φ ∀F·dr = ƒ(b) - ƒ(a)  where ƒ is the Potiential Function of F
⌡c & a, b are the endpoints of the curve c
⌠ is Independant of Path iff F(r)=∀ƒ for some
Φ ∀F·dr scalar function ƒ. F is a  Conservative  Vector
⌡c Field.
Green's Theorem
⌠
Φ M dx + N dy + P dz = ∫ ∫ (∂N/∂x-∂M/∂y) dA
⌡c

s

where c is a closed curve and s is the region enclosed by c.
Gauss' Divergence Theorem
Unit Tangent T = ∂x/∂si+∂y/∂sj Unit Normal n = ∂y/∂si+∂x/∂sj
⌠ ⌠⌠
Φ F(x,y,z)·n ds =  div(F) dA = ∫∫ ∀·F dA
⌡c ⌡⌡
Gauss' Theorem in 3D
⌠⌠ ⌠⌠⌠ ⌠⌠⌠
 F(x,y,z)·n dS =  div(F) dV =  ∀·F dV
⌡⌡∂S ⌡⌡⌡V ⌡⌡⌡S

⌠⌠ ⌠⌠⌠
 F(x,y,z)·n dS =  [ ∂M/∂x + ∂N/∂y + ∂P/∂z ] dV
⌡⌡∂S ⌡⌡⌡V

Stokes' Theorem (around a closed curve)
⌠ ⌠⌠
Φ F(x,y)·T ds =  curl(F)·k dA
⌡c ⌡⌡A

Stokes' Theorem in 3D (around a closed surface)
⌠ ⌠⌠
Φ F(x,y,z)·T dS =  curl(F)·n dA
⌡∂S ⌡⌡A

-------------------------------Surface Integrals-------------------------------
Surface Area
Given a function z=ƒ(x,y) and a region S in the x,y plane, find
the surface area of the surface defined by z=ƒ(x,y).

⌠⌠   _________________
area =  √[∂ƒ/∂x]2+[∂ƒ/∂y]2+1

⌡⌡s

Given a function g(x,y,z) (scalar) and a region G (a surface),
suppose G is the result of z=ƒ(x,y) for (x,y) in some region S
in the x,y plane, then G sits above S.

 __________________
dS = √[∂ƒ/∂x]2+[∂ƒ/∂y]2+1

Calculate a Surface Integral over G by replacing z by ƒ(x,y),
wherever z occurrs in the function g. Then calculate the
integral:
⌠⌠ ⌠⌠        ___________________
g(x,y,z) dS= g(x,y,ƒ(x,y))√ [∂ƒ/∂x]2+[∂ƒ/∂y]2+1 dA
⌡⌡G ⌡⌡S



Math, Physics and Electronics Formula Sheeet                                          © 2004 by Douglas Godfrey                                                  Page          4

____________________________________________________________________________________________________________________________________________________________________________________________

Price $ 9.95

-------------------------------Surface Integrals-------------------------------
Special case of Surface Integral: given a vector function
g(x,y,z)=F(x,y,z)·n and a surface z=ƒ(x,y) over a region G.
Take the gradient of the function h(x,y,z)=[z-ƒ(x,y)=0].
∀h is perpindicular to the surface g.   
∀h/|∀h| is a unit normal vector n

F(x,y,z) = Mi + Nj + Pk
 ________________

n = [∂ƒ/∂xi +  ∂ƒ/∂yj + k] / √[∂ƒ/∂x]2+[∂ƒ/∂y]2+1

∀F·n = -M∂ƒ/∂x + N∂ƒ/∂y + P
⌠⌠ ⌠⌠       __________________
g(x,y,z) dS =  g(x,y,ƒ(x,y))√[∂ƒ/∂x]2+[∂ƒ/∂y]2+1 dA
⌡⌡G ⌡⌡S

The Square Roots cancel leaving the formula:
⌠⌠ ⌠⌠   
F(x,y,z)·n ds =  [-M∂ƒ/∂x+N∂ƒ/∂y+P] dA
⌡⌡G ⌡⌡S

⌠
Flux of F across C =  F·n ds

⌡c

----------------------------------Mass Integrals----------------------------------
    _ _

Mass m and Center of Mass (x y) of a Lamina
m = ∫ ∫ δ(x,y) dA  where δ(x,y) is the density function.
_ _
x  = _1_  ∫ ∫ x δ(x,y) dA y  = _1_  ∫ ∫ y δ(x,y) dA

  m   m
Moment of Inertia
moment around x axis: moment around y axis:
Ix = ∫ ∫ x2 δ(x,y) dA Iy =  ∫ ∫ y2 δ(x,y) dA

moment around z axis: Iz = Ix + Iy
_    ___

Radius of Gyration: r = ((I/m)
_ _ _

Mass m and Center of Mass( x y z) of a Solid
Density function=δ(x,y,z) _
m = ∫∫∫ δ(x,y) dV z  = _1_ ∫∫∫ z δ(x,y,z)dV
_     V _     m
x  = _1_ ∫∫∫ x δ(x,y,z)dV y  = _1_ ∫∫∫ y δ(x,y,z)dV

  m         m
_ _ _

Mass m and Center of Mass( r Θ z )in cylindrical coords.
m =  ∫∫∫δ(r cos(Θ),r sin(Θ),z)dV 
_  V
z  = _1_∫∫∫ z δ(r cos(Θ),r sin(Θ),z)dA
_   m
x  = _1_∫∫∫ r cos(Θ) δ(r cos(Θ),r sin(Θ),z)dA
_   m
y  = _1_∫∫∫ r sin(Θ) δ(r cos(Θ),r sin(Θ),z)dA

  m
      –––––        __  __
r  = √ x2+y2 Θ=tan-1(y / x)

_ _ _
Mass m and Center of Mass  ( ρ Θ Φ) in Spherical coords.
m = ∫∫∫δ(ρsin(Φ)cos(Θ),ρsin(Φ)sin(Θ),ρcos(Φ))dV
_ V
z =_1_∫∫∫ρcos(Φ)δ(ρsin(Φ)cos(Θ),ρsin(Φ)sin(Θ),ρcos(Φ))dA
_   m
x =_1_∫∫∫ρsin(Φ)cos(Θ)δ(ρsin(Φ)cos(Θ),ρsin(Φ)sin(Θ),ρcos(Φ))dA
_   m
y =_1_∫∫∫ρsin(Φ)sin(Θ)δ(ρsin(Φ)cos(Θ),ρsin(Φ)sin(Θ),ρcos(Φ))dA
    m
_   –––––––– _      _   _ _      _   _
ρ =√ x2+y2+z2 Θ=tan-1(y / x ) Φ=cos-1(z / ρ )

--------------------------Differential Equations------------------------------
Given any Differential Equation or word problem for which you
want to set up a Differential Equation, you first must
catagorize the type of problem:
Simple: dy = f(x) Integrate both sides

dx
Seperable: dy*f(x,y) = g(x,y) Transform the equation

dx
f(x,y)=f1(x)*f2(y)
g(x,y)=g1(x)*g2(y)

f2(y)dy=g1(x)dx Integrate both sides
g2(y)   f1(x) Solve for Y

Linear: dy*f(x)+g(x,y)*Y=h(x)
dx Transform the equation
dy+g(x,y)=h(x) IF Y*P(x) = g(x,y)/f(x) and
dx f(x)   f(x) IF Y+1 is the only power of Y

dy+Y*P(x)=Q(x)
dx
ρ(x)=e(∫P(x)dx) Compute the Integrating Factor

d [ρ(x)Y]=ρ(x)Q(x) Integrate both sides
dx
ρ(x)Y=∫ρ(x)Q(x)dx+C Solve for Y

Y=(∫ ρ(x)Q(x)dx)+C  
     ρ(x)        ρ(x)

Homogenous: dy=f(x,y) f,g polynomials, all x, y terms
dx g(x,y) of same degree i.e. x3, x2y, xy2

Transform the equation
v=y dy=v+x dv Replace y by xv
  x dx     dx The new D.E. is Seperable

Solve for v, replace v by y/x

Exact: M(x,y)+N(x,y)dy=0 If the D.E. can be written in
             dx this form the D.E. is Exact
f(x,y)=∫M(x,y)∂x "constant" of integration is g(y)

∂f[f(x,y)]=N(x,y) Compute the partial derivative,
∂y set it equal to N(x,y), solve for

g'(y) then integrate to get g(y)
f(x,y)+g(y)=c is the solution to the D.E.

Autonomous: dx=f(x) f(x) does not depend on t
dt

Critical: Roots of the RHS of the D.E. are the Critical Points
Stability: A Critical Point is stable if the sign of dx/dt is

negative above the point and positive below it.

2nd Order: d2y+P(x)dy+Q(x)y=F(x) If P,Q are Constants and F=0
dx2     dx then the solution is as follows:
ar2+br+c=0 Find the roots r1 and r2 of the

Characteristic Equation
Case 1: y=C1eR1X+C2eR2X 2 independant roots
Case 2: y=C1eR1X+C2XeR1X 1 repeated root        ______
Case 3: ar2+br+c=0 (b2<4ac) Complex Roots α=-b β=(√b2-4ac)i

y=eαX(c1cos(βX)+C2sin(βX))  2a      2a

Exponential Decay: Radioactive Decay
dN=cN c<1
dt
Nt=N0e-kt Halflife: t=ln(0.5)/-k

Heating: dT=c(A-T) Temperature approches room temp.
Cooling dt

Tt=A+(T-A)e-kt

Mixing: dS=RateIn-RateOut
dt
RateOut=VolumeOut*Concentration
            Total Volume

Velocity: F=FG+FR FG=gravity, FR=Air Resistance
mdv=-kv-mg dv=-ρv-g ρ=k
 dt dt m
vt=g=mg Terminal Velocity
   ρ k
v(t)=[v0+g]e-ρt-g Velocity at time t
          ρ     ρ
y(t)=y0+vtt+1(v0-vt)(1-e-ρt)
            ρ

Population Growth: Population Growth without Death
dP=cP c>1
dt
Pt=P0ekt

Logistic Model: Population Growth with Death
dP=(β-δ)P β=Birth rate (const or αP)
dt δ=Death rate (const or γP)
dP=kP(M-P) Logistic Population M=β
dt Max Population        k
dP=kP(P-M) Doomsday-Extinction M=δ
dt                       k
P(t)=     MP0    Logistic Equation
     P0+(M-P0)e-kMt P->M as t->∝

P(t)      MP0    Case 1: P0>M Doomsday
     P0+(M-P0)e+kMt Case 2: P0<M Extinction

--------------------------Differential Equations------------------------------
Method of Undetermined Coefficients
If the differential equation has constant coefficients and the
non-homogenous term f(x) is a polynmial, exponential, cosine
or sine or sum of the above: Ad2y+Bdy+Cy=F(x)
  dx2  dx

Guess yp=a function of the same type and of the same order
with all lower order terms. i.e. if f(x)=x2 then guess
yp=Dx2+Ex+F

Polynomial:
Guess a polunomial with all lower order terms.
Exponential:
Guess an exponential with the same exponent.
Sine or Cosine:
Guess a sum of sine and cosine with the same angular
frequency.
Sum or Product of Polynomial, Exponential or Sine or Cosine:
Guess a sum or product with the same types of terms.
If any term of the guess for yp overlaps with a term of yc,
then multiply that term of yp by x. If that makes 2 parts of yp
overlap then multiply the overlapped term by x.
Method of Variation of parameters
If the differential equation has constant coefficients but the
non-homogenous term f(x) is not a polynomial, exponential,
sine or cosine or sum or product of them, then to find yp,
compute the complementary solution:
given D.E. Ad2y+Bdy+Cy=F(x)

 dx2  dx

 yc=c1y1(x)+c2y2(x)

then yp=u1(x)y1(x)+u2(x)y2(x)

where u1=⌠-y2(x)f(x) dx u2=⌠y1(x)f(x) dx
   ⌡  w(x)    ⌡ w(x)

w(x)=y1(x)*y2'(x)-y2(x)*y1'(x)

Mechanical Vibrations
Given Newtons Law, F=MA, the equation of a mass spring system:
F=MA=MdV=Md2X=mx" mx"+cx'+kx=f(t)
      dt  dt2

where m=mass, c=damping force proportional to velocity,
k=spring constant, and f(t)=forcing function.
ω0=√(k/m) C=√(A2+B2) x(t)=Acos(ω0t)+Bsin(ω0t)
α=tan-1(B/A) a>0, B>0
α=tan-1(B/A)+π a<0 x(t)=Ccos(ω0t-α)
α=tan-1(B/A)+2π a>0, B<0
T=2π/ω0  ƒ=ω0/2π

Overdamped: c2>4km 2 Real Roots r1, r2
The function damps down to an equilibrium value without any
oscillations.
x(t)=c1er1t+c2er2t

Critically Damped: c2=4km 1 Real Root r1
The function pases through the equilibrium value at most once
and then damps down to an equilibrium value without any
oscillations.
x(t)=c1er1t+c2ter1t

Underdamped: c2<4km ComplexRoots α=-c/2m, β=√(4mk-c2)
the function undergoes decreasing oscillations that damp down
to zero amplitude.
x(t)=eαt(Acos(βt)+Bsin(βt)
Forced Resonance: mx"+cx'+kx=f0cos(ω0t) or f0sin(ω0t)
A=(k-mω2)f0     B=     cωf0        

  (k-mω2)2+(cω)2   (k-mω2)2+(cω)2

C=√(A2+B2) C=       f0            
   √[(k-mω2)2+(cω)2]

α=tan-1(B/A) α=tan-1( cω  ) [+π if k<mω2]
       k-mω2

Practical Resonance occurs if c<√(2km) at some frequency ω <

ω0.

Electrical Circuits: [RLC Circuits]
Mass m ≡ Inductance L
Damping c ≡ Resistance R
Spring constant k ≡ Reciprocal Capacitance 1/C
Position x ≡ Charge Q or Current I
Force F ≡ EMF E or it's derivative E'

LdI+RI+1Q=E(t) LQ"+RQ'+1Q=E(t) LI"+RI'+1I=E'(t)
 dt    C         C         C

Isp(t)=   E0cos(ωt-α)  
          √[R2+(ωL- 1 )2]
                          ωC
α=tan-1( ωRC  )
       1-LCω2

Z=√[R2+(ωL- 1 )2] Z=Impedance
                  ωC

S=ωL- 1 S=Reactance
         ωC

Z=√[R2+S2]

δ=α-(1/2)π δ=tan-1( S )
        R

Isp(t)=E0sin(ωt-δ)
       Z
Systems of First Order Differential; Equations:
Convert a higher order differential equation into a system of
first order differential equations by substitution as follows:
Given a D.E. Cx"+Dx'+Ex+F=G(x)
Substitute: y=x' y'=x"

Giving the set X'=y
y'=-Dy-Ex-F-G(x)
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-------------------------------Physics I Equations-----------------------------
Physical Constants:
c=1/√(ε0µ0)=3×108m/sec e=1.60×10-19C Electron Charge
Mp=1.67×10-27kg Proton Mass Me=9.1×10-31kg Electron Mass
K=8.99×109Nm2/C2 ElecStatConstK=8.99×109m/F ElecStatConst
ε0=8.85×10-12C2/Nm2 Permittivity ε0=8.85×10-12F/m Permittivity
µ0=4π×10-7Vsec/Am Permeability µ0=4π×10-7H/m Permeability
h=6.63×10-31Jsec Planck Const h=4.14×10-15eVsec Planck Const
eV=1.60×10-19J ElectronVolt Na=6.02×1023/mole AvogadroNum
H=Vsec/A       Magnetic Field N/C=1 V/m=1 J/Cm Electric Field
C=1 Ampere*sec Coulomb V=1 Joul/Coulomb Volt
Distance, Velocity, Acceleration, Time:
X=Displacement on X axis Y=Displacement on Y axis
V=Linear Velocity A=Linear Acceleration
Xt-X0=1/2(Vt+V0)(t-t0) Xt=X0+1/2(Vt+V0)(t-t0)
Xt-X0=Vt(t-t0)-1/2A(t-t0)2 Xt=X0+Vt(t-t0)-1/2A(t-t0)2

Xt-X0=V0(t-t0)+1/2A(t-t0)2 Xt=X0+V0(t-t0)+1/2A(t-t0)2

Xt-X0=V0cos(Θ)(t-t0) Xt=X0+V0cos(Θ)(t-t0)
Yt=Y0+V0sin(Θ)t-1/2gt2 Vt

2=(V0sin(Θ))2-2g(Yt-Y0)
Vt-V0=A(t-t0) Vt=V0+A(t-t0) 
Vt

2-V0
2=2A(Xt-X0) Vt

2=V0
2+2A(Xt-X0)

Vavg=(Xt-X0)/(t-t0) Vavg=1/2(Vt+V0)
Vavg=Δ|R|/Δt=dr/dt Aavg=Δ|V|/Δt=dv/dt
Aavg=(Vt-V0)/(t-t0) Aavg=1/2(At+A0)
free fall from v0=0,Y0=h t=√(2(Yt-Y0)/g)
free rise ftom V0=v to Vt=0 t=V0/-2g
Force: F=force
F=MA Fg=Mg
F=Fx+Fy Fab=-Fba
F=√((MAx)2+(MAy)2) Ffriction=µkFnormal

Energy, Work, Springs:
W=Work E=Total Mechanical Energy
K=Kenetic Energy U=Potential Energy
K=(1/2)MV2 U=Mgh
W=(1/2)(MVf2-MVi2)=F·d WS=(1/2)(kXi2-kXf2)
E=Kx+Ky+Ux+Uy KS=(1/2)kX2

ΔK=Wcons+Wfriction ΔK=-ΔU
K=E-U ΔU=-W
Center of mass: M=ΣMi

X=(1/M)ΣMiXi Y=(1/M)ΣMiYi

Z=(1/M)ΣMiZi Rcm=iX+jY+kZ
Vcm=(1/M)ΣMiVi Acm=(1/M)ΣMiAi

Pcm=ΣMiVi Kcm=ΣMiVi
2

Momentum, collision: J=ΔP=Pf-Pi=M(Vf-Vi)=0
Pi=Pf  P=√(Px2+Py

2) ΔPx=Pxf-Pxi  ΔPy=Pyf-Pyi

J=FavgΔt Favg=ΔP/Δt=J/Δt (inelastic)
Vcm=P/(m1+m2) Vcm=(P1i+P2i)/(m1+m2)
Pcm=MVcm=ΣMiVi If Ef/Ei= 1 then E is conserved
Elastic:  Energy & Momentum conserved   
Pxi1+Pxi2=Pxf1+Pxf2 Pyi1+Pyi2=Pyf1+Pyf2

Ki1+Ki2=K1f+K2f M1iV1i+M2iV2i=M1fV1f+M2fV2

1/2M1V1i
2+1/2M2V2i

2=1/2M1V1f
2+1/2M2V2f

2

M1--> M2 V1i>0, V2i=0 ΔP = 0 (elastic)
V1f=V1i((m1-m2)/(m1+m2)) V2f=V1i(2m1/(m1+m2))
M1--> <--M2 V1i>0, V2i<0 ΔP = 0 (elastic)
V1f=V1i((m1-m2)/(m1+m2)) + V2i(2m2/(m1+m2))
V2f=V1i(2m1/(m1+m2)) + V2i((m2-m1)/(m1+m2))
Inelastic:  Momentum conserved, Energy not conserved
Pxi1+Pxi2=Pxf1+Pxf2 Pyi1+Pyi2=Pyf1+Pyf2

K1i+K2i≠K1f+Kf2 M1iV1i+M2iV2i=M1fV1f+M2fV2f

1/2M1V1i
2+1/2M2V2i

2≠1/2(M1+M2)Vf
2 (Energy not conserved)

Rocket: Vf=Vi+VexaustLn(Mi/Mf)
Gravity: G=6.67×10-11 Nm2kg2 ra=elliptic semi-major axis
FG=GM1M2/r2  AG=GM/r2 Vescape=√(2GM/r)
KG=GM1M2/2ra  UG=-GM1M2/ra EG=-GM1M2/2ra 
T2=(4π2/GM)ra3 dA/dt=constant ra & ωv vary
dA/dt=1/2r2ωv A=1/2r2tan(Θ)
Mass of Sphere M=4ρπr3/3 Shell M=4ρπ(r23-r1

3)/3
Circular Motion: R=radius m
Θ=Angular Position radian S=Circumfral Position m
T=Rorational Period s AR=CentripitalAcceleration m/s2

VT=TangentialVelocity m/s AT=TangentialAcceleration m/s2

ωv=Angular Velocity Θ/s α=AngularAcceleration Θ/s2

τ=Torque (Angular Force) Ι=Moment of Inertia kg
KR=Angular Kinetic Energy £=Angular Momentum
S=ΔΘR Θ=(St-S0)/R=ΔS/R
VT=(St-S0)/(t-t0)=ΔS/Δt=Rω VT

2=R2ωv
2

T=2πR/VT=2π/ωv ωv=VT/R=(Θt-Θ0)/(t-t0)=ΔΘ/Δt
AR=VT

2/R=Rωv
2 AT=αR=RΔωv/Δt

α=Δωv/Δt=ΔΘ/Δt2 α=1/2(ωvf-ωvi)=AT/R
Θt=Θ0+ωv0(t-t0)+1/2α(t-t0)2 Θt=Θ0+ωvt(t-t0)-1/2α(t-t0)2

Θt=Θ0+1/2(ωvt+ωv0)(t-t0) ωvavg=(Θt-Θ0)/(t-t0)
ωvt=ωv0+α(t-t0) ωvt

2=ωv0
2+2α(Θt-Θ0)2

t=√(2(Θt-Θ0)/α) [ωv0=0] t=ωv0/-2α [ωvt=0]
Kr=1/2Ιωv

2 £r=Iωv=1/2Ι(ωvf-ωvi)=RMVT=R2Mωv

τ=Iα=F⊥R=F∠Rsin(∠FR)=R×F τnet=d£/dt
W=τ(Θf-Θi)=1/2Ι(ωvf

2-ωvi
2) Power=dW/dt=τωv 

Parallel Axis (d=axis<->cm) Ι=Ιcm+Md2

Wheels: (Θ=angle of ramp) Vcm=Rωv

K=1/2Ιcmωv
2+1/2MVcm

2  P=Ιcmωv+MVcm=MVT(Ιcm+1)
Acm=Rα=-gsinΘ/(1+Ιcm/MR2) Acm,x=-gsinΘcosΘ/(1+Ιcm/MR2)
τfriction=RµsMgsinΘ Acm,y=-gsin2Θ/(1+Ιcm/MR2)
Moment of Inertia: Ιcm=inertia (CenterOfMass)
thin hoop around axis: Ιcm=MR2

thin hoop around diameter: Ιcm=1/2MR2

thick wall tube: Ιcm=1/2M(R2
2+R1

2)
disk around axis: Ιcm=1/2MR2

solid cyl. around axis: Ιcm=1/2MR2

solid cyl. around cm: Ιcm=1/4MR2+1/12ML2

thin rod around cm: Ιcm=1/12ML2

sphere: Ιcm=2/5MR2=1/10MD2

thin spherical shell: Ιcm=2/3MR2=1/6MD2

rect. slab around cm: Ιcm=1/12M(L2+W2)
Harmonic Motion, Waves: ƒ=Frequency cycle/s
ωF=AngularFrequency Θ/s T=Period sec/cycle seconds
[ωFt+Φ]=AngularPhase radians Φ=Phase Constant radians
AT=Max Displ. Transverse Y=Transverse  Displacement
AL=Max Displ. Longitudinal X=LongitudinalDisplacement
AΘ=Max Displ. Angular Θ=Angular     Displacement
k=Linear Restoring Force N κ=Angular Restoring Force N
L=Length of Pendulum meter h=Distance Axis<->cm meter
δ=Linear Density kg/m Ξ=String Tension Newton
ρ=Volumetric Density kg/m3 B=Bulk Compressability
λ=Wave Length meter n=Wave Number 1/meter
Vw=Wave Velocity meter/s VP=Phase Velocity meter/s
Simple Harmonic Motion: E=K+U remains constant
K=1/2MV2 U=1/2kX2 E=1/2M(ωFA)2

K=1/2MωF
2A2sin2(ωFt+Φ) U=1/2kA2cos2(ωFt+Φ)

1/2MωF
2A2=1/2kA2 X(x,t)=ATcos(ωFt+Φ)

v(x,t)=ωFAsin(ωFt+Φ) a(x,t)=-ωF
2ALcos(ωFt+Φ)

|Fmax|=MωF
2A |Vmax|=ωFA Φ=tan-1(-v0/X0ωF)

Transverse Wave: TT=1/ƒ=2π√(m/kT)
ωFT=2π/T=2πƒ=√(kT/m) ƒT=√(kT/m)/2π
FY=-kTY Y(x,t)=ATcos(nx±ωFTt+ΦT)
Longitudinal Wave: TL=1/ƒ
ωFL=2π/T=2πƒ ƒL=1/T=ωFL/2π=Vw/λ
Fx=-kLX ΔX(x,t)=ATcos(nx±ωFLt+ΦL) 
Wave Motion:
λ=2π/n=TωF/n n=2π/λ
T=1/ƒ=λn/ωF ƒ=1/T=ωF/2π=Vw/λ
Vw=ωF/n=λ/T=λƒ VP=ωF/n +x dir, -ωF/n -x dir
moving +x: Phase=nx-ωFt+Φ moving -x: Phase=nx+ωFt+Φ
v(x,t)=ωFAsin(nx±ωFt+Φ) a(x,t)=-ωF

2Acos(nx±ωFt+Φ)
P=MωFAsin(nx±ωFt+Φ)=Mv K=MωF

2A2sin2(nx±ωFt+Φ)=Mv2

phase=2π(x/λ)±2π(t/T)
Torsional Motion: TT=1/ƒ=2π√(I/κ)
ωFΘ=2π/T=2πƒ=√(κ/I) ƒT=1/T=ωF/2π=√(κ/I)/2π
τ=-κΘ=Iα Θ=AΘcos(ωFΘt+ΦT) 
Pendulum Motion: Physical TP=1/ƒ=2π√(I/Mgh)
Torsional TP=1/ƒ=2π√(I/κ) Simple   TP=1/ƒ=2π√(L/g) 
ωF=2π/T=2πƒ=√(MgL/I)|√(I/Mgh) ƒP=1/T=√(MgL/I)/2π|√(Mgh/I)/2π
τ=-MgLsin(Θ)|-Ighsin(Θ) Θ=AΘcos(ωFΘt+ΦΘ) 
ωv=vΘ=ωFΘAΘsin(ωFΘt+ΦΘ) α=aΘ=-ωFΘ

2AΘcos(ωFΘt+ΦΘ)
P=IωFΘAΘsin(ωFΘt+ΦΘ)=Iωv K=IωFΘ

2AΘ
2sin2(ωFΘt+ΦΘ)=Iωv

2

Vibrating String: ƒ=η(Vw/2L)  [η=1,2,3,4…]
Vw=√(Ξ/δ)=√tension/density Power=1/2δVwωF

2AT
2

Interference (same amplitude/phase/freq, same direction) 
Y(x,t)=2Acos(ΔΦ/2)sin(nx-ωt+ΔΦ/2)
Interference (same amplitude/phase/freq, opposite direction)
Y(x,t)=2Asin(nx)cos(ωFt)
Vibrating Air: Vsound=343m/s@20°C,331m/s@0°C
pipe open both ends: ƒ=η(Vsound/2L)  [η=1,2,3,4…]
pipe open one end: ƒ=η(Vsound/4L)  [η=1,3,5,7…]

-------------------------------Physics II Equations-----------------------------
Propagation of Light: ƒ=Frequency cycle/s
ωF=AngularFrequency Θ/s T=Period sec/cycle seconds
[ωFt+Φ]=AngularPhase radians Φ=Angular Phase Diff. radians
AE=Max E Field N/C E=Electric Field N/C
AB=Max B Field N/C B=Magnetic Field N/C
Vw=Wave Velocity meter/s VP=Phase Velocity meter/s
c=Speed of Light in a Vacuum Vm=Speed of Light in Medium
λ=Wave Length meter λi=Incident Wave Length
λt=Transmitted Wave Length λr=Reflected Wave Length
Θi=Incident Wave Angle to ⊥ Θt=Transmitted Wave Angle to ⊥
Θr=Reflected Wave Angle to ⊥
Nm=Refraction Index of Medium Nc=1 Refraction Index of Vacuum
n=Wave Number 1/meter m=Number of Waves integer
a=Apeture Width of 1 Slit d=Distance Between 2 Slits
y=Distance to Point on Screen D=Distance from Slits to Screen
Speed, Wavelength, Frequency:
c=fλ f=c/λ λ=c/f Vm=fλ f=Vm/λ λ=Vm/f
Index of Refraction:
Nm=c/Vm Nm=λi/λt Nm=fi/ft Nt/Ni=sin(Θt)/sin(Θi)
Θi=Θr         Reflection Nisin(Θi)=Ntsin(Θt) Refraction
Θt=sin-1(Nisin(Θi)/Nt) Total Internal Reflection if Nisin(Θi)>Nt
ΘB=tan-1(Nt/Ni) Brewster Angle Waver Polarized /w E ⊥ to Surface
Spherical Mirrors:
p=Object Distance i=Image Distance
f=Focal Length m=Magnification
Fp=Focal Point Cp=Center of Curvature
Upr=Image is Upright Inv=Image is Inverted
f=r/2            Focal Length m=-i/p=size(image)/size(object)
1/f=1/p+1/i 1/f=1/p+1/mp
Concave, Object btw Fp&Mirror ⇒ Upr Large Virt in Back
Concave, Object btw Cp&Fp ⇒ Inv Large Real in Front
Concave, Object before Cp ⇒ Inv Small Real in Front
Convex  ⇒ Upr Small Virt in Back
Thin Spherical Lens:
r1=Radius of Curvature of Lens Surface nearer to Object
r2=Radius of Curvature of Lens Surface away from Object
1/f=1/p+1/i=(Nm-1)(1/r1-1/r2)
Constructive Interference: Φ=2mπ R1=R2+mλ
Destructive Interference: Φ=(2m+1)π R1=R2+(2m+1)λ/2
2 Slit Interference:
d*sin(Θ)=mλ Maxima d*sin(Θ)=(2m+1)λ/2 Minima
Θ=sin-1(mλ/d) Maxima Θ=sin-1((2m+1)λ/2d) Minima
d=mλ/sin(Θ) Maxima d=(2m+1)λ/2sin(Θ) Minima
tan(Θ)=y/D y=Dtan(Θ) D=y/tan(Θ)
Grating Interference: Ng=Number of Slits in Grating
d*sin(Θ)=mλ Maxima d*sin(Θ)=2mλ/Ng Minima
Width of Central Maxima: Θ=2λ/dNg
Dispersion of Grating: DΘ=Angle of Dispersion
Θm=Angle of mth Maxima DΘ=derivative[Θm/λ]=m/(d*cos(Θm))
Resolving Power: R=λ/dλ=Ngm
Thin Flm Interference: τ=Thickness of Thin Film
(2m-1)λ/2=2Nτ Maxima mλ=2Nτ Minima
τ=(2m-1)λ/4N Maxima τ=mλ/2N Minima
1 Slit Diffraction: m≠0
a*sin(Θ)=(2m+1)λ/2 Maxima a*sin(Θ)=mλ Minima
Θ=sin-1((2m+1)λ/2a) Maxima Θ=sin-1(mλ/a) Minima
a=(2m+1)λ/2sin(Θ) Maxima a=mλ/sin(Θ) Minima
Special cases: a=λ Central Max covers screen
Central Max gets sharper as a increases or λ decreases
Circular Apeture Diffraction: ΘR=smalest resolvable angle
a*sin(Θ)=1.22λ sin(ΘR)=1.22λ/a
Experement ΔPhase Maxima Minima Intensity
2Slit a≤λ Φ=2πdsin(Θ)/λ Φ=2mλ Φ=(2m+1)λ cos2(Θ/2)
1Slit Φ=πasin(Θ)/λ Φ=(2m+1)λΦ=2mλ sin2(Θ)/Θ
Real 2Slit ΦI=2πdsin(Θ)/λ ΦI=2mλ ΦI=(2m+1)λ sin2(ΘD)cos2(ΘI)
a>λ ΦD=πasin(Θ)/λ      2ΦD

2

nSlit Φ=2πdsin(Θ)/λ Φ=2mλ Φ=2mλ/Ng sin2(ΘNg/2)
a≤λ Ng

2sin2(Φ/2)
Real nSlit ΦI=2πdsin(Θ)/λ ΦI=2mλ ΦI=2mλ/Ng sin2ΦDsin2(ΘINg/2)
a>λ ΦD=πasin(Θ)/λ Ng

2ΦDsin2(ΦI/2)
Electromagnetic Waves:
Visible Spectrum=400nm-700nm Peak Sensitivity=550nm
E=Emaxsin(kx-ωt) B=Bmaxsin(kx-ωt)
c=Emax/Bmax c=E/B
c=1/√(µ0ε0) c=ω/k
kEmaxcos(kx-ωt)=ωBmaxcos(kx-ωt) kEmax=ωBmax

S=(1/µ0)E×B   Poynting Vector S=instantaneous power/area W/m2

S=(1/µ0)EB S=(1/cµ0)E2

Erms=Emax/√2 Erms=√(Pscµ0/4πr2)
I=Ps/4πr2           Intensity I=(1/cµ0)Erms

2=(1/2cµ0)Emax
2

F=Δp/Δt                Force ΔU=IAΔt                  Energy
Δp=ΔU/c     total absorption Δp=2ΔU/c       total reflection
F=IA/c      total absorption F=2IA/c        total reflection
Pr=I/c    Radiation Pressure Pr=2I/c      Radiation Pressure
Photons and Quantum Light: h=6.63x10-34J⋅s=4.14x10-15eV⋅s
E=hf           Photon Energy Kmax=eVstop     Stopping Potential
hf=Kmax+Φ Photoelectric Effect Vstop=(h/e)f-Φ/e
p=hf/c=h/λ    Photon Momentum λ=h/p     de Broglie wavelength
ΔxΔpx≥h/2π     ΔyΔpy≥h/2π    ΔzΔpz≥h/2π Hiesenberg Uncertainty
En=13.6eV/n2 Energy of Hydrogen
Electric Fields:
Q or q=Total Charge on Object λs=Charge per Unit Length
σs=Charge per Unit Area ρs=Charge per Unit Volume
E=Electric Field Vector |E|=Magnitude of Electric Field
F=Force due to Electric Field |F|=Magnitude of Electric Force
W=Work done by Electric Field V=Voltage Potential of Field
∅E=Flux through a Surface U=Potential Energy of Field
uB=B field energy density uE=E field energy density
A=area p=Dipole Moment
d=seperation between charges τ=Torque due to Dipole Moment
κ=dielectric constant ξ=emf
F=Kq1q2/r2=(1/4πε0)q1q2/r2 E=F/qt F=E*q
E=Kqs/r2=(1/4πε0)qs/r2 Point E=2Kλs/r=(1/2πε0)λs/r Inf Line
E=(qs/ε0)(1-z/√(z2+r2)) Disk E=Kqs/(z2+r2)3/2      Ring
E=(1/4πε0)qs/r2  Outside Sphere E=zλsr/2ε0(z2+r2)3/2 Ring
E=0             Inside Sphere E=0             Inside Ring
E=(1/4πε0r2)(4πr3ρs/3) In Volume p=|dq|dipole in dir of +Charge
E=ρsr/3ε0  In Spherical Volume E=(1/2πε0)(p/z3) Dipole Field
E=σs/2ε0            Inf Sheet τ=p×E=pEsinΘ Torque on Dipole
E=σs/2ε0 Near Conducting Plate U=-p⋅E     Potential of Dipole
E=(σ+-σ-)/2ε0 Btw 2 Cond Plates V=(1/4πε0)(pcosΘ/r2) Potential
y=eEL2/2mev2 bending of E beam
Electric Potential:
E=-ΔV/Δd Wapplied=-W Work on test charge
U=-W∞ Potential due to E Field Wapplied=ΔU=UF-UI

V=U/q V=ΔV=VF-VI

V=-W∞ /q Potential from Inf ⌠F

V=-|E|*d  Constant E Field V=- Φ E⋅ds Line Integral
V=(1/4πε0)qs/r   Point Charge ⌡I

Ae=-E*e/me
 Electron in E Field ve=√(2Ev*1.6*10-19/me)

Ap=E*e/mp      Proton in E Field vp=√(2Ev*1.6*10-19/mp)
Gauss' Law: ⌠
qenc=ε0ΦE  Charge Inside Surface ΦE= Φ E⋅dA Surface Integral
qenc=ε0E*A  Uniform E Field ⌡s

Magnetic Fields: B=FB/|q|vq
Ø=∠from v to B Ø=∠from iL to B
FB=qv×B     B force on charge FB=ivBsin Ø  B force on charge
FB=iL×B       B force on wire FB=iLBsin Ø    B force on wire
Ae=-ev×B/me

 Electron in B Field Ap=+ev×B/mp
     Proton in B Field

v=E/B          Crossed Fields mq/q=B2L2/2yE Mass Spectrometer
y=eBL2/2mev  bending of E beam E=vdB               Hall Effect
r=mev/eB       Circular E beam T=2πme/eB       Orbital Period
ƒ=qB/2πme      Orbital Frequency ω=qB/me          Angular Frequency
v||=v*cos Ø      Helical paths v⊥=v*sin Ø       Helical paths
τB=NiABsin Θ Torque on Nturn coil τB=µ×B=µBsin Θ   Torque on coil
Θ=∠ from ⊥ of coil to B field µ=NiA          Magnetic Moment
B=µ0i/2πr    B field from wire U(Θ)=-µ⋅B   Magnetic Potential
B=µ0iN/2r field @ center of coil B=µ0iΦ/2r field @ center of arc seg
Fba=µ0Liaib/2πd force btw 2 wires Parallel i attracts, anti repells
Ampere's Law: ⌠ ⌠ ⌠
µ0ienc = Φ B⋅ds =Φ B cos Θ ds = B Φ ds = B(2πr) around wire

⌡S ⌡S ⌡S

B=µ0in               Solenoid µ0iN/2πr              Torroid
ΦB=BA          Uniform B field ⌠
ξ=-dΦB/dt      Varying B Flux ΦB= Φ B⋅dA Surface Integral
ξ=-NdΦB/dt        N turn coil ⌡s ΦB=0 for closed surface
Lenz's Law: Changing Magnetic Flux Induces a Current in a
coil such that the B Field produced by the Induced Current
opposes the change in the Magnetic Flux.
Faraday's Law: A Changing Magnetic Flux induces an

⌠ emf in the space where the Flux
ξB = Φ E⋅ds = -dΦB/dt changes, in a Loop, whose axis is

⌡s tangent to the Magnetic Field lines.
A Changing B Field Induces an E Field at every point around the loop.
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------------------------------Electronics Equations----------------------------
Definitions:
Node: Intersection of 2 or more circuit elements
Branch: A single element connected to 2 different nodes

2 single elements in parallel between the same
pair of nodes are 2 seperate branches

Loop: A Closed Path through a circuit that starts and
ends at the same node

KVL: Kirchhoff's Voltage Law: The sum of the voltages
across the elements of a Loop is ZERO

KCL: Kirchhoff's Current Law: The sum of all currents
entering and leaving a node is ZERO

Peripheral: If a Current Source is present in only 1 mesh
Current  then the current of that mesh equals the Source
Voltage Sign:Voltage/Power across a circuit element is:
Power Sign: - if current enters the element at the – terminal

+ if current enters the element at the + terminal
Voltages: Elements with a common Voltage are in Parallel
Series: Veq=V1+V2+V3+...+Vn

V=i*(R1+R2+R3+...+Rn)
VR1=R1/(R1+R2+R3+...+Rn)

Parallel: Independant voltage sources wired in Parallel
must have the same voltage

Currents: Elements with a common Current are in Series
iG1=iSG1/(G1+G2+G3+...+Gn)
iR1=R2/(R1+R2) iR2=R1/(R1+R2)

Series: Independant Current sources wired in Series
must have the same current

Resistance: Ohms
Series: Req=(R1+R2+R3+...+Rn)
Parallel: Req=1/(1/R1+1/R2+1/R3+...+1/Rn)

Req=(R1*R2)/(R1+R2)
Conductance: Mhos or Siemens G=1/R
Series: Geq=1/(1/G1+1/G2+1/G3+...+1/Gn)
Parallel: Geq=G1+G2+G3+...+Gn

Real Sources:A Real Voltage or Current Source has an internal
resistance. A Voltage Source VS has a series
resistance RS. A Current Source IS has a parallel
resistance RP. Both have a load RL.

Voltage: IL=VS/(RS+RL) VL=ILRL VS=RSIL+VL

Sources IL=VS/RS-VL/RS ISC=VS/RS VOC=VS

Current: IL=ISRP/(RP+RL) VL=ILRL VS=ISRPRL/(RP+RL)
Sources IL=IS-VL/RP ISC=IS VOC=ISRP

Max Power: Voltage Source RS=RL

Current Source RP=RL

     ⌠t

q(t)= i dt + q(t0) Charge transferred
     ⌡t0

P=vi=i2R=v2/R Power Absorbed or Produced
v=iR Ohms Law
Circuits:
ξ=dWork/dq=iR ξ-iR=0    ideal battery circuit
i=ξ/(R+r) ξ-ir-iR=0   real battery circuit
Parallel i=i1+i2+…in Req=1/(1/R1+1/R2+…1/Rn)

i=V(1/R1+1/R2+…1/Rn) i1=V/R1 i2=V/R2 … in=V/Rn
ξeq=ξ1=ξ2=…ξn P=i2Req=V2/Req

Series i=ξ/(R1+R2+…Rn) Req=R1+R2+…Rn

ξeq=ξ1+ξ2+…ξn P=i2Req=ξ2/Req

P=i2R Resistive loss in Circuit P=i(ξ-ir)=iξ-i2r Power in battery
Inductance:
ξL=-Ldi/dt Self Induction L=NΦB/i  Definition of Inductance
τL=L/R Inductive time constant L/l=µ0n2A=2πµ0n2r Solenoid L/length
i=(ξ/R)(1-e-tR/L)      Charging UB=(1/2)Li2 Stored Magnetic Energy
i=i0e-tR/L          Discharging uB=B2/2µ0   Magnetic Energy Density
ΦB21=πµ0i1N1r1

2r2
2/2d3     B Flux in coil 2 from current i in coil 1

M21=N2ΦB21/i1 Mutual Inductance in coil 2 from current i in coil
1ξM21=-M21di1/dt     Induced emf in coil 2 from current i in coil 1
M=πµ0N1r1

2N2r2
2/2d3  Inductance btw 2 coils seperated by distance d

ξ2=-Mdi1/dt        Induced emf ξ1=-Mdi2/dt        Induced emf
Ampere-Maxwell Law: A Changing E Field Flux induces a
⌠ Magnetic Field in the space where
Φ B⋅ds = µ0id,enc + µ0ienc the Flux changes, in a Loop, whose
⌡s axis is tangent to the E Field lines.
A Changing E Field Induces an B Field at every point around the loop
of the same magnitude and direction as would have been produced
by the displacement current. id=ε0dΦE/dt displacement current
id=dq/dt    charge on plates id=ε0AdE/dt displacement current
B=(µ0id/2πr)  Outside Cap. r>R B=(µ0id/2πR2)r Inside Capacitor r<R
Capacitance: C=q/V
Parallel Plate Capacitor C=ε0A/d
Cylindrical Capacitor C=2πε0(Length/ln(router/rinner))
Spherical Capacitor C=4πε0(router*rinner/router-rinner)
Isolated Sphere C=4πε0r
Parallel V1=V2=…Vn q=q1+q2+…qn Ceq=C1+C2+…Cn

Series V=V1+V2+…Vn q1=q2=…qn Ceq=1/(1/C1+1/C2+…1/Cn)
U=q2/2C=(1/2)CV2 Stored Energy uE=U/A*d=CV2/2Ad
C=κCair Capacitor /w dielectric uE=(1/2)ε0(V2/d2)=(1/2)ε0E2

ε0→κε0     E field /w dielectric V=κE0*d
Current and Resistance: ⌠t

i=dq/dt q=  i dt
i0=i1+i2        Wire Junctions ⌡0

J=i/A         Current Density
vd=J/(n*e)      Drift Velocity n=Na(density gm/cc)/(molar mass)
R=V/i              Resistance ρ=E/J=(V/L)/(i/A)   Resistivity
R=ρ(Length/Area) σ=1/ρ               Conductivity
Ohms Law [V vs. i is linear] ρ=me/e2nt [t=mean time btw collision
Power=iV=i2R=V2/R ρ-ρ0=ρ0α(t-t0)  Temp. Coefficient
Thevinin and Norton Equivalent Circuits:
Given any circuit as viewed from a single element (ZLOAD), the
rest of the circuit may be replaced with the Thevinin equivalent
circuit consisting of a single voltage source VTH in series with
a single impedance ZTH. The Norton equivalent circuit is obtained
by a source transformation of VTH in series with ZTH to IN=VTH/ZTH

in parallel with ZN=ZTH.
VTH=VOC Voltage across the open circuited load terminals
ISC     Current through the short circuited load terminals
ZTH=ZOC=VOC/ISC Impedance of circuit as viewed from load terminals
Source Transforms:
VS in series   with ZS   ==> IS=VS/ZS in parallel with ZS
IS in parallel with ZS   ==> VS=IS*ZS in series   with ZS
AC Power: P=Real Power
Q=Reactive Power S=Complex Power
ΘV=Phase of Voltage at Source ∅I=Phase of Current at Source
VRMS=VEFF=VMAX/√2 IRMS=IEFF=IMAX/√2
Power Factor: PF=R/Z=cos(ΘV-∅I) 

Average Power: PAVG=VRMSIRMScos(ΘV-∅I)
PAVG=VRMSIRMSR/Z    PAVG=IRMS

2R           
PAVG=(1/2)VMAXIMAXcos(ΘV-∅I) PAVG=(1/2)Real(V•I)
Complex Power: S=(1/2)(V•I)=P+jQ    
PCIRCUIT=∑IEFF

2RN=∑PSOURCES   QCIRCUIT=∑IEFF
2XN=∑QSOURCES

SSOURCE=(1/2)VS•conjugate(I) SCIRCUIT=PCIRCUIT+QCIRCUIT

Phasors:
V=VMAXcos(ωt-ΘV) I=IMAXcos(ωt-∅I)
V=VMAX∠ΘV I=IMAX∠∅I

ZC=1/jωC=-j/ωC ZL=jωL
ZR=R ZCIRCUIT=∑ZN

Complex Frequency: S Plane [σ, jω]
v(t)=VMeσtcos(ωt+Θ) Sinusoid: σ=0, v(t)=VMcos(ωt+Θ)
VS=VM∠Θ Exponential:ω=0, v(t)=VMcos(Θ)eσt

S=(σ+jω) DC:  σ=0, ω=0, v(t)=VMcos(Θ)
Driven RLC Curcuits:
ω0=Resonant Angular Frequency ωD=Driving Angular Frequency
Z=Circuit Impedance ξD=Driving emf
f0=ω0/2π    Resonant Frequency fD=ωD/2π          Driving Frequency
IFF ωD=ω0 → circuit resonates ωD=2πfD

   Driving Angular Frequency
V=Vmaxsin(ω0t)  Driving Voltage ξD=ξmaxsin(ωDt)      Driving emf
Z=√[R2+(XL-XC)2]      Impedance ξD

2=VR
2+(VL-VC)2=(IR)2+(IXL-IXC)2

∅=tan-1(Im(V/Z)/Re(V/Z)) ∅=tan-1((XL-XC)/R)
Imax=Vmax/Z    Current Amplitude ID=Imaxsin(ωDt-∅)   Driven Current
VD=IDZ           Driven Voltage VR=IDR     Voltage Across Resistor
XL=ωDL      Inductive Reactance VL=IDXL

    Voltage Across Inductor
XC=1/ωDC   Capacitive Reactance VC=IDXC

    Voltage Across Capacitor
Irms=Imax/√2     Average Current ξrms=ξmax/√2         Average emf
rloss=DC resistance  [Inductor] rleak=DC resistance [Capacitor]
Rloss = ρ2/rloss    [Inductor] Rleak = ρ2/rleak   [Capacitor]
Resonance: ω0 = 1/√(L/C)
V(ω0) = VMAX = IR I(ω0) = IMAX = V/R
I = V•Y = V•[1/R -j/ωL +jωC] V = I•Z = I•[R +jωL -j/ωC]
ρ = √(L/C)
Parallel Circuits Series Circuits
d2v(t)+ 1  dv(t)+ 1 v(t) = 0 d2i(t)+ R  di(t)+ 1 i(t) = 0
 dt2    RC  dt    LC  dt2    L   dt    LC
S2 +  1  S +  1  = 0 S2 + R S +  1  = 0
     RC   __LC__________      L      LC__________
S1,2=- 1 ± /  1   _  1  S1,2=- 1 ± / R2 _  1 
     RC  √ 4R2C2    LC      RC  √ 4L2   LC
α = 1/(2RC)   α = R/(2L)
ω0 = 1/√(L/C) ω0 = 1/√(L/C)
S1,2=-α±√α2-ω0

2 S1,2=-α±√α2-ω0
2

------------------------------Electronics Equations----------------------------
Frequency Response:
γ = ωD/2α β = [1 - ω0

2/ωD
2]

y(ωD)= 1/√(1+γ2β2) y(ω0)= 1
v(ωD)= VMAX*y(ωD) Θ(ωD)= -tan-1(γβ)
3dB Cutoff Frequency: [ω1,ω2] y(ω1)=y(ω2)=(1/√2)y(ω0)
ω1 = -α+√(α2+ω0

2) ω2 = +α+√(α2+ω0
2)

ω1 ≈ ω0-α ω2 ≈ ω0+α
Δω = ω2-ω1 Q = ω0/Δω ≈ ω0/2α
Over-Damped: [S1,S2 Real] v(t)= Ae-S1t – Ae-S2t A=V0
S1 = -α+√(α2-ω2) S2 = -α-√(α2-ω2)
Critical-Damped: [S1=S2=-α] v(t)= Ate-St A=-V0
Under-Damped: [S1,S2 Complex]
ωD = √(ω0

2 - α2) v(t)= Ae-αtcos(ωDt) A=V0
S1 = -α+jωD S2 = -α-jωD

τ = 1/α Tzero = 64τ
Computing [ α ] from measurements:
Over-Damped Critically-Damped Under-Damped
[V(t1)>0, V(t2)>0] [V(t1)>0, V(t2)>0] [V(t1)>0, V(t2)>0]
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Undamped LC Curcuits:
VL=Voltage Across Inductor VC=Voltage Across Capacitor
VR=Voltage Across Resistor ω=Resonance Angular Frequency
UE=q2/2C UB=Li2/2 VL=Ldi/dt VC=(1/C)q    VR=iR
i=q/√(LC) i=V√(C/L) ω=1/√(LC) f=1/2π√(LC)
qt=qmaxcos(ωt+∅) it=-ωqmaxsin(ωt+∅)
imax=ωqmax=V√[C/L]=√[qmax

2/LC] it=-ωimaxsin(ωt+∅)
UE=(qmax2/2C)cos2(ωt+∅) UEmax=(qmax2/2C)
UB=(qmax2/2C)sin2(ωt+∅) UBmax=(qmax2/2C)
UE(t)+UB(t)=(qmax

2/2C) L(d2q/dt2)+(1/C)q=0
Damped RC Circuits:
ξ-iR-q/C=0 Capacitor in circuit τc=RC   Capacitive time constant
ξ=R(dq/dt)+q/C ξ Charging q=Cξ(1-e-t/RC)        q Charging
i=dq/dt=(ξ/R)e-t/RC i Charging Vt=q(t)/C=ξ(1-e-t/RC) V Charging
iR+q/C=0  Discharging t=ln(1/2)RC   time to 1/2 charge
R(dq/dt)+q/C=0  Discharging q=q0e-t/RC q Discharging
i=-(q0/RC)e-t/RC  i Discharging Vt=V0e-t/RC V Discharging
P=(ξ2/R)e-2t/RC P Charging P=-(q02/RC2)e-2t/RC P Discharging
Damped RLC Curcuits: ω'=Damped Angular Frequency
ω'=√[(1/LC)-(R/2L)2] q=qmaxe-tR/2Lcos(ω't+∅)
i=qmaxe-tR/2L[(R/2L)cos(ω't+∅)-(ω')sin(ω't+∅)]
U=UB+UE=Li2/2+q2/2C Tot. Energy L(d2q/dt2)+R(dq/dt)+(1/C)q=0
UE=(qmax2/2C)e-tR/Lcos2(ωt+∅) UEmax=(qmax2/2C)e-tR/2L

UB=(qmax2/2C)e-tR/Lsin2(ωt+∅) UBmax=(qmax2/2C)e-tR/2L

UEmax⇒UB=0    UBmax⇒UE=0 UE(t)+UB(t)=(qmax
2/2C)e-tR/2L

Laplace Transforms:
Resistor
V(s)=R*£[i(t)] V(s)=R*I(s)

Inductor
V(s)=L*£[di] V(s)=L*[sI(s)-i(0-)] I(s)= 1 V(s)+i(0-)

   dt           sL       s
Capacitor
V(s)=R*£[i(t)] V(s)= 1 I(s)+v(0-)] I(s)=C*[sV(s)-v(0-)]

   dt       sC       s
2 Port Networks:

Series Connected Parallel Connected

Cascaded Connected

Z-Parameters
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I1 = 0

 

 
 

 

 
 

 

 

 
 
 
 
 
 

 

 

 
 
 
 
 
 

Y-Parameters

€ 

˙ I [ ] = ˙ Y [ ] • ˙ V [ ]

€ 

I1
I2

 

 
 
 

 
 =

y11 y12
y21 y22

 

 
 

 

 
 ×

V1
V2

 

 
 

 

 
 

€ 

ΔY =
y11 y12
y21 y22

= y11 × y22 − y21 × y12

€ 

˙ Y =

y11 =
I1

V1

SC[cd]
V2 = 0

 

 
 

 

 
 y12 =

I1

V2

SC[ab]
V1 = 0

 

 
 

 

 
 

y21 =
I2

V1

SC[cd]
V2 = 0

 

 
 

 

 
 y22 =

I2

V2

SC[ab]
V1 = 0

 

 
 

 

 
 

 

 

 
 
 
 
 
 

 

 

 
 
 
 
 
 

T-Parameters

€ 

˙ I n[ ] = ˙ T [ ] • ˙ O ut[ ]

€ 

V1
I1

 

 
 
 

 
 =

t11 t12
t21 t22

 

 
 

 

 
 ×

V2

′ I 2

 

 
 

 

 
 

€ 

ΔT =
t11 t12
t21 t22

= t11 × t22 − t21 × t12

€ 

˙ T =

t11 =
V1

V2

OC[cd]
I2 = 0

 

 
 

 

 
 t12 =

V1

′ I 2

SC[cd]
V2 = 0

 

 
 

 

 
 

t21 =
I1

V2

OC[cd]
′ I 2 = 0

 

 
 

 

 
 t22 =

I1

′ I 2

SC[cd]
V2 = 0

 

 
 

 

 
 

 

 

 
 
 
 
 
 

 

 

 
 
 
 
 
 

Series Connection

€ 

˙ Z [ ] = ˙ Z A[ ] + ˙ Z B[ ]

€ 

V1
V2

 

 
 

 

 
 =

V1A +V1B
V2A +V2B

 

 
 

 

 
 =

z11B + z11B z12A + z12B
z21A + z21B z22A + z22B

 

 
 

 

 
 ×

I1
I2

 

 
 
 

 
 

Parallel Connection

€ 

˙ Y [ ] = ˙ Y A[ ] + ˙ Y B[ ]

€ 

I1
I2

 

 
 
 

 
 =

I1A + I1B
I2A + I2B

 

 
 

 

 
 =

y11A + y11B y12A + y12B
y21A + y21B y22A + y22B

 

 
 

 

 
 ×

V1
V2

 

 
 

 

 
 

Cascaded Connection

€ 

˙ T [ ] = ˙ T A[ ] × ˙ T B[ ]

€ 

V1
I1

 

 
 
 

 
 =

t11A t12A

t21A t22A

 

 
 

 

 
 ×

t11B t12B

t21B t22B

 

 
 

 

 
 ×

V2

′ I 2

 

 
 

 

 
 =

t11A t11B

+t12A t21B

t11A t12B

+t12A t22B

t21A t11B

+t22A t21B

t21A t12B

+t22A t22B

 

 

 
 
 
 
 

 

 

 
 
 
 
 

×
V2

′ I 2

 

 
 

 

 
 

  \from
to \

Z Y T

Z

€ 

z11 z12
z21 z22

 

 
 

 

 
 

€ 

y22
ΔY

−y12
ΔY

−y21
ΔY

y11
ΔY

 

 

 
 
 
 

 

 

 
 
 
 

€ 

t11
t21

ΔT

t21
1
t21

t22
t21

 

 

 
 
 
 

 

 

 
 
 
 

Y

€ 

z22
ΔZ

z12
ΔZ

z21
ΔZ

z11
ΔZ

 

 

 
 
 
 

 

 

 
 
 
 

€ 

y11 y12
y21 y22

 

 
 

 

 
 

€ 

t22
t12

ΔT

t12
−1
t12

t11
t12

 

 

 
 
 
 

 

 

 
 
 
 

T

€ 

z11
z21

ΔZ

z21
1
z21

z22
z21

 

 

 
 
 
 

 

 

 
 
 
 

€ 

−y22
y21

−1
y21

−ΔY

y21
−y11
y21

 

 

 
 
 
 

 

 

 
 
 
 

€ 

t11 t12
t21 t22

 

 
 

 

 
 

c

db

I1

V1 V2

a
I2 I2'

2 Port

Network

2 Port

Network

2 Port

Network

2 Port

Network

2 Port

Network

2 Port

Network

2 Port

Network
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----------------------------Discrete Structures Equations--------------------------
Logic
Proposition The statement that proposition P
P=TRUE is TRUE
¬P The statement that proposition P
P=FALSE, ¬P=TRUE is FALSE
Disjunction Either P OR Q is TRUE
Conjunction Both P AND Q are TRUE
Exclusive OR Either P OR Q is TRUE, but NOT

both P and Q
Implication → If P then Q
BiConditional ↔ P if and only if Q and

Q if and only if P
Equivalent ⇔ Two Propositions P and Q are

Logically Equivalent IFF P↔Q is
a Tautology. Identical Truth Tables

Contradiction A statement that proposition P
[P=TRUE]=FALSE is TRUE, when P is FALSE
Tautology A proposition that is ALWAYS TRUE
Propositional Function A function that maps it's input
P(x1,...xn)=TRUE/FALSE to TRUE or FALSE
Identity Laws P∨F⇔P P∧T⇔P
Domination Laws P∨T⇔T P∧F⇔F
Idempotent Laws P∨P⇔P P∧P⇔P
Double Negation ¬(¬P)⇔P
ContraPositive (P→Q)⇔(¬Q→¬P)
Commutative Laws P∨Q⇔Q∨P P∧Q⇔Q∧P
Associative Laws (P∨Q)∨R⇔P∨(Q∨R)

(P∧Q)∧R⇔P∧(Q∧R)
Distributive Laws P∨(Q∧R)⇔(P∨Q)∧(P∨R)

P∧(Q∨R)⇔(P∧Q)∨(P∧R)
Demorgans Laws ¬(P∨Q)⇔¬P∧¬Q ¬(P∧Q)⇔¬P∨¬Q
Logical Equivalances P∨¬P⇔T P∧¬P⇔F

(P→Q)⇔(¬P∨Q)
Quantifiers
Universal Quantifier The Universal Quantification of
∀xP(x) P(x) is the proposition that
[for all x∈U: P(x)=T] P(x) is true for ALL values of

x in the Universal Set
Existential Quantifier The Existential Quantification
∃xP(x) of P(x) is the proposition that
[for some x∈U: P(x)=T] there exists an element x in the

Universal Set such that P(x) is true
Set A collection of arbitrary elements
{x1,x2,x3...} with no duplicates
Z The set of integers from {-∞ to +∞}
Z+ or P The set of integers from {1 to +∞}
ℵ The set of Natural Numbers {0 to +∞}
ℜ The set of Real Numbers {-∞ to +∞}
Ø The Empty Set
U The Universal Set {The set of ALL

values in the universe of discourse}
Set Builder The set of all values x such that
{x|P(x)} the proposition P(x)=TRUE
Cardinality The cardinality of a finite set is
|S|=# of elements in S the number of distinct elements in

the set
SubSet Set A is a subset of set B if and
{a1,a2...}∴∀a∈A:(a∈B) only if every element of set A is
|subset(S)|= 2^|S| also a element of set B
Infinite Set A set is an Infinite Set if the

number of distinct elements in the
set is infinite

Power Set Given a Set S, the Power Set of S
|powerset(S)|= 2^2^|S| is the Set whose elements are ALL of

the possible SubSets of the Set S
Ordered n-tuple An ordered n-tuple is an ordered set

of n elements where identical sets of
elements in different order are
different n-tuples

Cartesian Product Given 2 sets A and B, The Cartesian
A×B={(a,b)|a∈A∧b∈B} Product A×B is the set of all ordered

pairs (a,b) where a∈A and b∈B
Functions Let A and B be sets; a Function from

A to B is an assignment of exactly
1 element of B to each element of A
Given a Function F from A to B, A is
the Domain of F, B is the Codomain
of F. If f(a∈A)=b∈B then b is the
Image of a, a is the pre-image of b

1 to 1 A Function is said to be 1 to 1 if
and only if f(x)=f(y)→x=y for all
x,y in the domain of f

Onto A Function from A to B is said to be
Onto IF and only IF for every b∈B
there is an a∈A such that f(a)=b

1 to 1 Correspondance A Function from A to B is said to be
a 1 to 1 Correspondance if it is both

Counting 1 to 1 and Onto
Sum Rule If  task#1 can be done n1 ways

and task#2 can be done n2 ways and
task#1, task#2 are mutually exclusive
then there are n1+n2 ways to do
either task#1 or task#2

Product Rule If  task#1 can be done n1 ways and
task#2 can be done n2 ways and you do
task#1 followed by task#2 then there
are n1*n2 ways to do task#1 + task#2

Pigeonhole Principle K+1 objects are placed into k boxes
then at least 1 box must contain 2 or
more of the objects. N objects are
placed into k boxes then at least 1
box must contain N/k of the object

Permutations A Permutation of a set of distinct
objects is an ordered arraingement
of the elements of the set

P(n) The number of Permutations of n
P(n)=n!=n(n-1)(n-2)...1 elements
P(n,r) The number of Permutations of r
P(n,r)=n!/r! elements taken from a set of n
=n(n-1)(n-2)...(n-r+1) elements (0 ≤ r ≤ n)
Derangement A Permutation where ALL elements are

moved to a different position
Combinations A Combination of a set is a unordered

subset of the set
C(n,r) An r-combination is an unordered
C(n,r)=n!/(r!*(n-r)!) subset of r elements from a set of n
C(n,r)=P(n,r)/P(r,r) elements (0 ≤ r ≤ n)
C(n,r)=C(n,n-r)
Sum of Combinations ∑[k=0 to n](C(n,k))=2n

∑[k=0 to n](-1kC(n,k))=0
Binomial Theorem (X + Y)n=∑[j=0 to n]C(n,j)Xn-jYj

Vandermonde's Identity C(m+n,r)=∑[k=0 to r](C(m,r-k)C(n,k))
Pascals Identity C(n+1,k)=C(n,k-1)+C(n,k)

i.e. C(6,3)=C(5,2)+C(5,3)
C(0,0)

C(1,0) C(1,1)
C(2,0) C(2,1) C(2,2)

C(3,0) C(3,1) C(3,2) C(3,3)
C(4,0) C(4,1) C(4,2) C(4,3) C(4,4)

C(5,0) C(5,1) C(5,2) C(5,3) C(5,4) C(5,5)
C(6,0) C(6,1) C(6,2) C(6,3) C(6,4) C(6,5) C(6,6)

Pascals Triangle
N               Coefficients of (X + Y)N                       _
0 1
1 1 1
2 1 2 1
3 1 3 3 1
4 1 4 6 4 1
5 1 5 10 10 5 1
6 1 6 15 20 15 6 1
7 1 7 21 35 35 21 7 1
8 1 8 28 56 70 56 28 8 1
9 1 9 36 84 126 126 84 36 9 1
10 1 10 45 120 210 254 210 120 45 10 1

N               Coefficients of (X + 2)N                       _
0 1
1 1 2
2 1 4 4
3 1 6 12 8
4 1 8 24 32 16
5 1 10 40 80 80 32

------------------------Discrete Structures Equations----------------------
Modulo Arithmatic
Divides a divides b if there exists an
a|b IFF b=ac integer c such that b=ac
a|b ∧ a|c → a|(b+c) If a|b and a|c then a|(b+c)
a|b ∨ a|c → a|bc If a|b or a|c then a|bc
a|b → a|bc If a|b then a|bc for all integer c
a|b ∧ b|c → a|c If a|b and b|c then a|c
Primes A positive integer P is Prime IFF

the only positive integer factors
of P are P and 1

Fundamental Theorem Every positive integer can be   
of Arithmatic written uniquely as a product of

primes.
Composite An integer n is composite if it

has factors other than n and 1
Factors If n is composite then it has a

prime factor x <= √n
Division If a is an integer and d is a
a=dividend d=divisor positive integer then there are
q=quotient r=remainder unique integers q and r with

0≤r≤d such that a=dq+r
Greatest Common Divisor If a and b are integers, both ≠ 0
GCD(a,b) the largest integer d such that

d|a and d|b = GCD(a,b)
Relative Primes Integers a and b are relatively

prime if GCD(a,b)=1
Pairwise Primes The integers a1, a2,...an are

Pairwise Relative Primes if
GCD(ai,aj)=1 for all i≠j

Least Common Multiple If a and b are integers, both ≠ 0
LCM(a,b) the smallest positive integer d

such that a|d and b|d = LCM(a,b)
Congruent Mod m If a and b are integers and m
a≡b(mod m) is a positive integer then we say
→ m|(a-b) a is congruent to b mod m IFF
→ a(mod m)=b(mod m) m|(a-b) or a(mod m)=b(mod m) or
→ a=b+km a=b+km for some integer k
Congruent Arithmatic If m is a positive integer and
a≡b(mod m)∧c≡d(mod m) a, b, c and d are integers then
→a+c≡b+d(mod m) if a≡b(mod m) and c≡d(mod m) then
→ac≡bd(mod m) a+c≡b+d(mod m) and ac≡bd(mod m)
Linear Combination If a and b are positive integers

then there exist integers s and t
such that GCD(a,b)=sa+tb

GCD Divides If a, b, c are positive integers
such that GCD(a,b)=1 and a|bc
then a|c

Prime Divides If P is Prime and P|a1a2a3...an

where each ai is an integer then
p|ai for some i

Congruent Cancellation If m is a positive integer and
if a, b and c are integers then
if ac≡bc(mod m) and GCD(c,m)=1
then a≡b(mod m)

Linear Congruences If a, b are integers and m is a
aX≡b(mod m) positive integer and X is an

integer variable then aX≡b(mod m)
is a Linear Congruence

Inverse mod m If a and m are relatively prime
sa+tm=1 integers and m>1 then there is a
→sa+tm=1(mod m)  unique multiplicative inverse a-1

and tm=0(mod m) mod m such that a*a-1(mod m)=1
→sa=1(mod m) → a-1=s
Chinese Remainder Thm If X≡a1(mod m1) and X≡a2(mod m2)

...X≡an(mod mn) and m1,m2...mn are
pairwise relative primes there is
a unique solution X(mod m) where
m=m1m2...mn and 0≤X≤m

Zm If N is a positive integer Zn is
{0,1...n-1} plus math mod m

Unit A number a in Zm is a Unit if
a is relatively prime to m
(GCD(a,m)=1, a has an inverse)

Eulers Number The number of Units in Zm

ζ(m)=m-2(# of prime factors of m) ζ(m)=∏[1..k](1-Pi) where each Pi

ζ(P)=P-1 if P is prime is one of the prime factors of m
Eulers Theorem Suppose a is a unit mod m,

then aζ(m)≡1(mod m)
Little Fermats Theorem If P is Prime, aP≡a(mod P)

for ALL a
a*b (mod m) = [(a mod m)*(b mod m)] mod m
a+b (mod m) = [(a mod m)+(b mod m)] mod m
ab (mod m) = [(a mod m)b] mod m
nx≡n (mod x)
aζ(x)≡1 (mod x)
aP≡a (mod P)
a*10n≡a*0 mod 2 [take 1's digit mod 2]
a*10n≡a*1n mod 3 [876 mod 3 = 8+7 mod 3] discard 6 & 3
a*10n≡a*2n mod 4 [876 mod 4 = 2 mod 4] discard 8 & 4

discard even powers of 10: 102,104,106...
a*10n≡a*0 mod 5 [take 1's digit mod 5]
a*10n≡a*4n mod 6 [765 mod 6 = 1*43+5 mod 5] discard 6
a*10n≡a*3n mod 7 [765 mod 7 = 6*32+5 mod 7] discard 7
a*10n≡a*2n mod 8 [987 mod 8 = 1*23+7 mod 8] discard 8
a*10n≡a*1n mod 9 [98765 mod 9 = 8+7+6+5 mod 9] discard 9
a*10n≡a*0n mod 10 [take 1's digit mod 10]
a*10n≡a*-1n mod 11 [98765 mod 11=9-8+7-6+5 mod 9]
(a+b) mod m = 0 b is the additive inverse of a mod m
(a*b) mod m = 1 b is the multiplicative inverse of a mod m

The mult. inverse does not always exist.
GCD(a,b)=a*s+b*t If GCD(a,b)>1 then s ant t exist and are
GCD(a,b)*LCM(a,b)=ab positive or negative integers.

RSA Rivest, Shamir, Adelman
P,Q=factors (1) Pick 2 large Prime Numbers P & Q
N=modulus each > 512 bits long
n=ζ(N) (2) Compute N=PQ, n=(P-1)(Q-1)
E=Encryption Key (3) Pick a number E, > 512 bits long
D=Decryption Key and relatively Prime to n
M=original message (4) Compute D=E-1 (E inverse mod N)
ME=encrypted message (5) Publish N,E on Public key site
Note: ED≡1(mod N) (6) Encrypt: compute ME=(M)

E(mod N)
Public N,E send to recipient
Secret P,Q,ζ(N),D (7) Decrypt: compute M=(ME)

D(mod N)
Truth Tables
P     Q     P∧Q   ¬[P∧Q]   P∨Q   ¬[P∨Q]   P⊕Q    P→Q    P↔Q
F/0 F/0 F T F T F T T
F/0 T/1 F T T F T T F
T/1 F/0 F T T F T F F
T/1 T/1 T F T F F T T

Quantifier              When true         When False    
∀xP(x) P(x)=T for all x P(x)=F for any x
∃xP(x) P(x)=T for any x P(x)=F for all x
¬∀xP(x) ⇔ ∃x¬P(x) P(x)=F for any x P(x)=T for all x
¬∃xP(x) ⇔ ∀x¬P(x) P(x)=F for all x P(x)=T for any x

Common Summations
∑i=1 to n[i] n*(n+1)/2 (n2+n)/2
∑i=1 to n[i2] n*(n+1)*(2n+1)/6 (2n3+3n2+n)/6
∑i=1 to n[i3] n2*(n+1)2/4
∑i=0 to n[a*Xi] a(Xn+1-1) X≠1

(X-1)
∑i=0 to n[Xi] Xn+1-1

 X-1 
Order of Complexity
O(f(x)+g(x)) = max(O(f(x)),O(g(x))) O(f(x)) <= f(x)
O(f(x)*g(x)) = O(f(x))*O(g(x)) O(f(g(x)) <= f(g(x))
(n/2)(n/2)<n!<nn
1 O(1) 7  O(x2) 13 O(ex) or O(nx)
2 O(log(log(x)) 8  O(x2*log(log(x)) 14 O(ex*log(x))
3 O(log(x)) 9  O(x2*log(x)) 15 O(ex^2)
4 O(x) 10 O(xn) 16 O(x!)
5 O(x*log(log(x)) 11 O(xn*log(log(x)) 17 O(xx)
6 O(x*log(x)) 12 O(xn*log(x)) 18 O(xx^x{x superexpt n times})
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----------------------------Discrete Structures Equations--------------------------
Methods of Proof
Rule of
Inference      Tautology         Method Name              
P is TRUE P→P∨Q Given P is TRUE, by
∴P∨Q Addition P∨Q is TRUE

P∧Q is TRUE P∧Q→P Given P∧Q is TRUE, by
∴P Simplification P is TRUE

P→Q     (P→Q)⇔(¬Q→¬P) Given P→Q is TRUE, by
∴¬Q→¬P ContraPositive ¬Q→¬P

is TRUE
P
Q   _ ((P)∧(Q))→(P∧Q) Given P and given Q, by
∴P∧Q Conjunction P∧Q is TRUE

P [P∧(P→Q)]→Q Given P and given P→Q, by
P→Q Modes Ponens Q is TRUE
∴Q

¬Q [¬Q∧(P→Q)]→¬P Given ¬Q and given P→Q,by
P→Q Modes Tollens P is FALSE
∴¬P

P→Q [P→Q∧Q→R] Given P→Q and given Q→R,
Q→R     →(P→R) by Hypothetical Syllogism
∴P→R P→R is TRUE

P∨Q [(P∨Q)∧¬P]→Q Given P∨Q and given ¬P,
¬P   by Disjunctive Syllogism
∴Q Q is TRUE

Direct [P→Q] Assume P is TRUE then use
the Rules of Inference to
show that Q MUST be TRUE

Indirect [¬Q→¬P]→[P→Q] Assume Q is FALSE then use
the Rules of Inference to
show that ¬Q→¬P is TRUE

Cases P∨Q∨R...=TRUE Prove each case is TRUE
Vacuous P=FALSE, Use Vacuous Proof for

∴ [P→Q]=TRUE special cases (basis)
Trivial Q=TRUE Use Trivial Proof for

∴ [P→Q]=TRUE special cases (basis)
Contradiction [¬P→¬Q]=TRUE Assume P is FALSE

∴ ¬P=FALSE and Q is TRUE then use
∴ P=TRUE the Rules of Inference to

show that given [¬Q→¬P]
that P MUST be FALSE for
Q to be TRUE

Induction Prove P(0) P(1) (1) Basis: Prove P(0),P(1)
Prove (2) Inductive Hypothesis:

p(n)→P(n+1)     Assume P(n)=TRUE
(3) Inductive Step: use
    P(n)=TRUE to prove
    P(n+1)=TRUE

Second Prove P(0) P(1) (1) Basis: Prove P(0),P(1)
Induction Prove (2) Inductive Hypothesis:
Principle p(1)∧…∧P(n)     Assume P(1)∧…∧P(n)=TRUE

→P(n+1) (3) Inductive Step: 
        use P(1)∧…∧P(n)=TRUE

    to prove P(n+1)=TRUE
-----------------------------Discrete Structures Algorithms---------------------------
procedure FastMultiply(n1,an1-1…a0, n2,B=bn2-1…b0)
{ F(2n)=3f(n)+8n+C }
n:= log2(max(n1,n2))/2
A1:= an1-1…an; A0:=an-1…a0; B1:=bn2-1…bn; B0:=bn-1…b0;
if n1 < n2
pad A1 on the left with n-n1 zeros;

else
pad B1 on the left with n-n2 zeros;

AB1 := ShiftLeft(n, FastMultiply(n, A1, n, B1));
AB2 := ShiftLeft(n, AB1);
AB3 := ShiftLeft(n,

FastMultiply(n, (A1-A0), n, (B1-B0)));
AB4 := FastMultiply(n, A0, n, B0);
AB5 := ShiftLeft(n, AB4);

{ AB := (22n+2n)*FastMultiply(n, A1, n, B1)+
2n*FastMultiply(n, (A1-A0), n, (B1-B0)) +
(2n+1)*FastMultiply(n, A0, n, B0) }

AB := AB1+AB2+AB3+AB4+AB5;
return AB;

procedure GCD(a,b) {calc. greatest common divisor}
while b > 0
begin

r := a mod b; a := b; b := r
end

return a

procedure MultInverse(x,m) {calc. x-1(mod m), 0≤x<m,m>1}
a := x; b := m; i := 0
s0:= 1; t0 := 0
s1:= 0; t1 := 1
while b > 0
begin
r := a mod b; q := (a-r)/b
si+2 := si-q*si+1; ti+2 := ti-q*ti+1

{ Loop Invariant bi=ai+1=a0*si+1+b0*ti+1 }
a := b; b := r; i := i+1

end
if a = 1
then
return si-1

else
return 0 {no inverse exists}

    a   b   q        r        s             t             
0 | x m x div m x mod m 1 0
1 | m r0 m div b1 m mod b1 0 1
2 | b1 r1 a2div b2 a2mod b2 1 -q0
3 | b2 r2 a3div b3 a3mod b3 -q1 1+q0q1
4 | b3 r3 a4div b4 a4mod b4 1+q1q2 -q0-q2(1+q0q1)
5 | b4 r4 a5div b5 a5mod b5 s3-q3s4 t3-q3t4

procedure ChineseRemainder(n, a1,a2...an, m1,m2...mn)
m=1; X=0
for k = 1 to n
m := m*mk

for k = 1 to n
begin
Mk := m/mk; yk := MultInverse(Mk,mk); X:=X + ak*Mk*yk

end
return X

Algorithms An Algorithm has:
(1) Input A finite set of inputs each from

a specified set of valid values
(2) Output A finite set of outputs each to

a specified set of valid values
(3) Definiteness All of the steps must be 

precisely and completely defined
(4) Correctness Must produce correct output for

every set of valid inputs
(5) Finiteness Must terminate after a finite

(perhaps large) number of steps
(5) Effectiveness Must take finite number of steps

each must be correct and finite
(6) Generality Must be Correct and Effective

for ALL values of the defined
input set(s)

(7) Robustness Must detect and report ALL
invalid inputs and NOT attempt
to process them

-----------------------------Discrete Structures Equations---------------------------
Recurrance Relations
Linear, Homogenous, Constant Coefficients, Degree 1
An=c*An-1 A0=b Solution: An=C

n*b
Other forms:
An=c*An-1+2 Non-Homogeneous
An=2n*An-1 Non Constant Coefficients
An=c*(An-1)

2 Non Linear
An=c1*An-1+c2*An-2 Degree 2

Non-Homogenous
An=c*An-1+d A0=b Solution: An=c

n*b+d   cn-1  
 c-1 

Degree 2
An=c1*An-1+c2*An-2 A0=b0 A1=b1 c2≠0 c1,c2∈ℜ

Characteristic Equation r2-c1r-c2=0
Use Quadratic Equation a=1 b=-c1 c=-c2

to solve for roots:        __
α1= A1-A0r2 r1=c1+√ (c1)

2+4c2_
 r1-r2   2       

        __
α1= A0r1-A1 r2=c1-√ (c1)

2+4c2_
 r1-r2   2

If r1≠r2 then If r1=r2 then
An=α1r1

n+α2r2
n An=α1r

n+α2nr
n

Homogenous Degree k
An=c1*An-1+c2*An-2+…ck*An-k
A0=b0 A1=b1 … Ak-1=bk-1
ck≠0 c1,c2… Ck∈ℜ
Characteristic Equation rk-c1r

k-1-c2r
k-2…-ck=0

Solve the kth order polynomial for the roots of the
characteristic equation (try Pascals Triangle), then
use the roots and the initial conditions to solve for
the coefficients. Each r below is a root of the
characteristic equation.

Case #1 [rk-c1r
k-1-c2r

k-2…-ck=0 has only single roots]
then Hn= [dkrk

n+dk-1rk-1
n…+d1r1

n]

Case #2 [rk-c1r
k-1-c2r

k-2…-ck=0 multi-root m=multiplicity]
then Hn= [dk-mrk-m

n+dk-m-1rk-m-1
n…+d1r1

n]+[em-1n
m-1-em-2n

t-2…-e0]r0
n

Hn must satisfy the recurrance relation for n=k therefor
Hk=[dkrk

n+dk-1rk-1
n…+d1r1

n]=c1*Ak-1+c2*Ak-2+…ck-1*A1+ck*A0
substitute [dkrk

n-1+dk-1rk-1
n-1…+d1r1

n-1] for Ak-1
substitute [dkrk

n-2+dk-1rk-1
n-2…+d1r1

n-2] for Ak-2
contunue with substitutions for Ak-3…A0
Solve the resulting very messy equation for dk…d0
Rearange the resulting messy equation to group equal
roots on the left and all constants on the right then
use the constant terms to solve for one of the d's. Use
the solved d to solve for the next d and so on.

Non-Homogenous, Degree k
An=c1*An-1+c2*An-2+…ck*An-k+f(n) f(n)=[dtn

t-dt-1n
t-1…-d0]S

n

A0=b0 A1=b1 … Ak-1=bk-1 ck≠0 c1,c2… ck∈ℜ

1) Find a ANY Particular Solution Pn that satisfies the
recurrance relation (do NOT use the initial conditions)
try functions that look like f(n)

2) Every solution to the Non-Homogenous recurrance
relation has the form An=Pn+Hn where Hn is the solution
to the Homogenous recurrance relation

3) Solve the Homogenous recurrance relation for Hn

4) Use the initial conditions to define a set of
simultaneous linear equations that can be used to find
the values of the constants

How to find Particular Solution Pn

Let G(r) be the characteristic Equation of the

Homogenous system An=C1*An-1+C2*An-2+…Ck*An-k
G(r)=rk-c1r

k-1-c2r
k-2…-ck=0

Case #1 [S is NOT a root of G(r), G(S)≠0]
then Pn=[etn

t-et-1n
t-1…-e0]S

n

Case #2 [S IS a root of G(r), G(S)=0, m=multiplicity]
then Pn=n

m[etn
t-et-1n

t-1…-e0]S
n

Pn must satisfy the recurrance relation for n=k therefor
Pk=[etk

t-et-1k
t-1…-e0]S

k=c1*Ak-1+c2*Ak-2+…ck-1*A1+ck*A0+f(k)
substitute [et(k-1)

t-et-1(k-1)
t-1…t-e1(k-1)-e0]S

k-1 for Ak-1
substitute [et(k-2)

t-et-1(k-2)
t-1…t-e1(k-2)-e0]S

k-2 for Ak-2
contunue with substitutions for Ak-3…A0
Pk=[etk

t-et-1k
t-1…-e0]S

k=c1*Ak-1+c2*Ak-2+…ck-1*A1+ck*A0+f(k)
Rearange the resulting messy equation to group equal
exponents on the left and all constants on the right
then divide both sides by the largest power of S that
will go into all of the terms on the left.

Solve the resulting very messy equation for et…e0
using Pk=c1*bk-1+c2*bk-2+…ck-1*b1+ck*b0+f(k)
Divide and Counquer
Linear
f(n) = a*f(n/b)+c where a,b and c are constants

f(n) = nlogb(a)[f(1) +  c   ] -  c   {a≥1, b∈ℵ, c≥0}
a-1 a-1

Polynomial
f(n) = a*f(n/b)+c*nd where a,b,c and d are constants

 O(nd) a<bd {a≥1, b∈ℵ, c≥0, d≥0}
f(n) =  O(ndlog(n)) a=bd

 O(nlogb(a)) a>bd

Logarithmic
f(n) = a*f(n/b)+logc(n) where a,b and c are constants

f(n) = O(nlogb(a)) {a≥1, b∈ℵ, c≥0, d≥0}
Inclusion-Exclusion
|A∪B| =|A|+|B|-|A∩B|
|A∪B∪C| =|A|+|B|+|C|-|A∩B|-|B∩C|-|A∩C|+|A∩B∩C|
(A∪B)c =Ac∩Bc

Given a set A∈X
IA is a function from A→X such that:
IA(x) = 1 IFF x∈A; 0 otherwise
IA(X) = 1 always
IA(Ø) = 0 always
IA∪B = IA+IB-IA∩B

IAc = 1-IA
IA∩B = IA*IB

IB-A = IB-IA

S(f) = ∑ [f(x)]
x∈X

S(IA) = |A|
S(f+g)= S(f)+S(g)
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------------------------------------Statistics Equations----------------------------------
Product Rule If a series of independant

operations can be performed
n1, n2, n3 ... nk ways then the
sequence of operations can be
performed n1*n2*n2*...*nk
number of ways

Permutations A Permutation is an ordered
arraingement of all or part of
a set of objects

Combinations A Combination is an unordered subset
of all or part of a set of objects,
also, a Combination is a partition
of a set into 2 cells with r in
cell#1 and n-r in cell#2

Number of Permutations
n distinct objects: n!
n taken r at a time: no repetition repetition

  n!   nr

(n-r)!
n arrainged in a circle: (n-1)!
n objects of which         n!      
n1=type1, ... nk=typek: n1!*n2!*n3!…nk!
n yes/no experements: 2n
Partitioning sets
partition a set of n objects into r cells with n1 in cell1,
n2 in cell2… nr in cellr       n!     

n1!*n2!…nr!
Number of Combinations
n distinct objects no repetition repetition
taken r at a time     n!     (n+r-1)!
 r!(n-r)! r!(n-1)!
Probability in Card Hands
#5 card hands..: ____52!___ = 52*51*50*49*48 = 2,598,960

5!*(52-5)!      5*4*3*2

P(Full House)..:   ___72 = 13*4*3*2*12*4*3 = ___44,928
  4,165    2,598,960 2,598,960

P(3 of a kind).:      _1 = 13*4*49*48 = __123,304
     21  2,598,960 2,598,960

P(4 of a kind).:   ____1 = 13*(52-4) = ______624
  4,165 2,598,960 2,598,960

P(Flush).......:   ___99 = 13*4*12*11*10*9 = __617,760
  4,165    2,598,960 2,598,960

P(Royal Flush).: ______1 = ____4____ = ________4
649,740 2,598,960 2,598,960

Conditional Probability
P(B|A) = P(A∩B)/P(A) [P(A) > 0]
P(A∩B) = P(A)P(B|A)
P(B|A) = P(B)P(A|B)             

∑[i=1 to k][P(i)P(A|B)]
Probability Density Function
Discrete Continuous
f(x) ≥ 0 f(x) ≥ 0
∑ [f(x)] = 1 ∫[-∞…∞][f(x)] dx = 1
[all x ∈ domain(f)] P(X=x) = lim[dx→0] f(x)*dx
P(X=x) = f(x) P(a<X<b) = ∫[a…b]f(x) dx
F(x)=P(X≤x) = ∑ [f(t)] F(x)=P(X≤x) = ∫[-∞…x]f(t) dt
[all t ∈ domain(f)|t≤x]
Cumulative Distribution
F(x)=∑[x≤X]f(x) F(x)=∫[-∞…x][f(x)] dx
P(a<X≤b) = F(b) - F(a) P(a≤X≤b) = F(b) - F(a-)
P(a<X<b) = F(b-) - F(a) P(a≤X<b) = F(b-) - F(a-)
Joint Probability
f(x,y) ≥ 0 f(x,y) ≥ 0
∑[x∈X,y∈Y]f(x,y) = 1 ∫[-∞…∞,-∞…∞]f(x,y) dy dx = 1
P((X,Y)∈A) P((x,y)∈A)=∫[(x,y)∈A]f(x,y) dy dx
  =∑[(x,y)∈A]f(x,y)
Marginal Distribution
g(x) = ∑[y∈Y]f(x,y) g(x) = ∫[-∞…∞][f(x,y)] dy
h(y) = ∑[x∈X]f(x,y) h(y) = ∫[-∞…∞][f(x,y)] dx
P(X=k)=g(k)=∑[y∈Y]f(k,y) P(X=k)=g(k)=∫[-∞…∞]f(k,y) dy
Conditional Distribution
P(y|x)=f(x,y)/g(x) P(x|y)=f(x,y)/h(y)
  [g(x)>0]   [h(y)>0]
Statistical Independance
If X and Y  f(x|y)=g(x) f(y|x)=h(y)
are independant f(x,y)=g(x)h(y)
Mean or Expected Value
µx=E(X)=∑[x∈X]xf(x) µx=E(X)=∫[-∞…∞]x*f(x) dx
E[g(X)]=∑[x∈X]g(x)f(x) E[g(X)]=∫[-∞…∞]g(x)*f(x) dx
E[g(X,y)]= E[g(X,y)]=
  ∑[x∈X,y∈Y]g(x,y)f(x,y)   ∫[-∞…∞,-∞…∞]g(x,y)f(x,y) dy dx
Variance and Covariance
σ2

X=E[(X-µx)2]= E(X2)-µx2 σ2
X=E[(X-µx)2]= E(X2)-µx2

  ∑[x∈X](X-µx)2f(x)   ∫[-∞…∞](X-µx)2f(x) dx
σ2

g(x)=E[g(X)-µg(x)]= σ2
g(x)=E[g(X)-µg(x)]=

  ∑(g(X)-µg(x))2f(x)   ∫[-∞…∞](g(X)-µg(x))2f(x) dx
σ2

XY=E[(X-µx)(Y-µy)]= σ2
X=E[(X-µx)(Y-µy)]=

  ∑(X-µx)(Y-µy)f(x,y)   ∫[-∞…∞,-∞…∞](X-µx)(Y-µy)f(x,y)dydx
σ2

XY=0 if X and Y are independant random variables
Linearity of Expectation
E[g(X)±h(X)]=E[g(X)]±E[h(X)]
E[g(X,Y)±h(X,Y)]=E[g(X,Y)]±E[h(X,Y)]
E[g(X)±h(Y)]=E[g(X)]±E[h(Y)]
E[X+Y]=E[X]+E[Y] E[aX+b]=a2σ2

x=a2E[(X-µx)2]
E[X-Y]=E[X]-E[Y] E[aX]=a2σ2

x=a2E[(X-µx)2]
E[X*Y]=E[X]*E[Y] E[X+b]=σ2

x=E[(X-µx)2]
E[X/Y]=E[X]/E[Y] E[aX+bY]=a2σ2

x+b2σ2
Y

Linearity of Variance and Covariance
σ2

X=E(X2)-µx2

σ2
aX+b=a2σ2

X σ2
aXY=a2σ2

XY  
σ2

aX*bY=a2σ2
X*b2σ2

Y σ2
aX+bY=a2σ2

x+b2σ2
Y

σ2
aX/bY=a2σ2

X/b2σ2
Y σ2

aX-bY=a2σ2
x+b2σ2

Y  << note: (-b)2=+b2

Standard Deviation and Correlation Coefficient
σx=StdDev(x)=+√σ2

x ρxy=Corr(x,y)=σxy/σxσy

Chebychev's Theorem
P(µ-kσ<X<µ+kσ)≥ 1-(1/k2) P(|X-µ|≥e)= σ2/e2

Functions of Random Variables
Given X is a continuous random variable with a distribution
function X=f(x),where f(x) is a 1 to 1 function, and given
Y=U(x) with inverse function X=W(y) then the distribution of Y
is:

G(y) = f[W(y)]|Dy[w(y)]|
⌠W(b) ⌠b

P(a<Y<b) = P[W(a)<X<W(b)]=  f(x) dx = f[W(y)]|Dy[w(y)]| dy
⌡W(a) ⌡a

Moments and Moment Generating Functions
+∞ ⌠+∞

+∞

µx' = ∑ xrf(x) = E(xr) µx' = xrf(x) dx or ∑xrf(x) = E(xr)
x=-∞ ⌡-∞

-∞

+∞ ⌠+∞  +∞
Mx(t)=∑ etxf(x) = E(etx) µx' = etxf(x) dx or ∑xrf(x) = E(etx)

x=-∞ ⌡-∞
 

If 2 seperate distribution functions have the same moment
generating function for all values of t over any interval that
includes zero then the 2 functions have the same distribution
MX+b(t)=ebtMX(t) If X is normal distribution:
MaX(t)=MX(at) X = σZ+µ  

2 2

MaX+b(t)=ebtMX(at) MσZ+µ(t)=eµtMZ(σt)=eµt e1/2(σ t )

If X1, x2…Xn are independant random variables with moment
generating functions MX1(t), MX2(t)…MXn(t) then

Y=X1+x2+…+Xn ⇒ MY(t)=MX1(t)*MX2(t)*…*MXn(t)

Y=a1X1+a2x2+…+anXn ⇒ MY(t)=MX1(a1t)*MX2(a2t)*…*MXn(ant)
Discrete Uniform Distribution
f(x) =   1 _ {A≤x≤B} 0 elsewhere

 B-A
f(x;k)= 1 k=B-A {k=1,2,3…} 0 elsewhere

k
µx=E(X)=A+B σ2

x=(B-A)2

 2  12
P(a<x<b) = (b-a)  1   {A<a<b<B}

B-A
Mx(t)=et(1-ekt) = et(1-et(B-A))

 k(1-et) (B-A)(1-et)
Continuous Uniform Distribution
f(x;A,B)= _1_ A≤x≤B,  0 elsewhere µx = A+B σ2

x = (B-A)2

B-A 2  12

------------------------------------Statistics Equations----------------------------------
Binomial Distribution
Given n Bernoulli trials with P(success)=P and P(failure)=Q=1-P
Each trial is independant and done With Replacement
The Binomial Distribution b(x;n,p)=[n!/(x!(n-x)!)]pxQn-x

∑[x=0..n]b(x;n,p)=1 P(X<r)=∑[x=0..r]b(x;n,p)
µx=E(X)=nP P(X>≥r)=1-P(x<r)=1-∑[x=0..r]b(x;n,p)
σ2

x=nPQ σx=+√(nPQ) P(a<X<b)=∑[x=a..b]b(x;n,p)

Mx(t)=(Pet+Q)n

Multinomial Distribution
n trials, k catagories with P(success)=Pi and P(failure)=Qi

∑[i=1..k]xi=k ∑[i=1..k]Pi=1
f(n,x1,x2,…xn;P1,P2,…Pn) = [n!/(x1!*x2!*…xn!)]P1x1*P2

x2*…Pn
xn

Hypergeometric Distribution
Trials done Without Replacement, X=# of successes in a sample
of size n selected from N items, k of N labeled success, N-k
of N labeled failure; h(x;N,n,k)=P(X=# of successes in sample)

kN-k
h(x;N,n,k)= xn-x = k!        (N-k)!            n!(N-n)!

  N x!(k-x)! (n-x)!(N-k-n+x)! N!
  n

µx=E(X)=nk σ2
x= N-n *n* k1-k Mx(t)=etx

N N-1 N N

When N is large and n is much smaller than N
(N-n)/(N-1) → 1 P≈k/N, Q≈(1-k/N)

µx=np=nK σ2
x=nPQ=n*K*(1- k)

N N N
Negative Binomial Distribution
Given Bernoulli trial with P(success)=P and P(failure)=Q=1-P
Each trial is independant and done With Replacement
X=# of trials on which the kth success occurs
b*(x;k,p)= x-1PkQx-k = (x-1)!PkQx-k

k-1 (k-1)!(x-k)!

µx=1/P σ2
x=(1-P)/P2

P(X<r)=∑[x=0..n]b*(x;k,p)
Geometric Distribution
Negative Binomial Distribution with k=1
b*(x;1,p)=PQx-1 µx=1/P σ2

x=(1-P)/P2 Mx(t)= Pet 
    1-Qet

Poisson Distribution
X=# of events occurring in a given time; the #of events in an
interval is independant of other intervals; P(event) occurring
in a short interval is proportional to the length of the
interval; P(multiple events) occurring in a short interval is
small
X=p(x;λt)=e-λt(λt)x 

 x!
µx=λt σ2

x=λt
a

F(a) = ∑   e-λt(λt)x = Γ(a+1,λt)
x=0  x!  a!
b

P(a≤x≤b) = ∑   e-λt(λt)x =  Γ(b+1,λt) - Γ(a,λt)
 t

x=a  x!  b! (a-1)!
Mx(t)=eµ(e -1)

NOTE: The Poisson Distribution is a Summation, not an Integral
Poisson Approximation to the Binomal
when n→∞, p→0, µx=np remains constant, b(x;n,p)→p(x;µ)
Normal Distribution
X=distribution of values about the mean.
The Normal Distribution is completely defined by µx and σx

1x-µ2

X = f(x) = n(x;µ,σ)=   1  e- 2 σ 

⌠b ⌠b
1x-µ2

p(a<X<b)=  n(x;µ,σ)dx =    1  e- 2 σ  dx
⌡a ⌡aσ√2π

Let Z = X-µ z1= a-µ z2= b-µ
 σ  σ  σ

z
2

Z = fZ(z) = n(z;0,1)=  1   e- 2

√2π
⌠z2 ⌠z1

Z
2  ⌠z1

p(a<X<b)=  n(x;µ,σ)dz =   1   e-  2 dz = n(z;0,1) = P(z1<Z<z2)
⌡z1 √2π ⌡z1 ⌡z1

⌠b
1x-µ2 [ z2    z1 ]

   1  e- 2 σ  dx = [Erfi √2- Erfi √2 ]
⌡aσ√2π 2√π
Use Normal Table to compute p(a<X<b) = P(z1<Z<z2) = Φ(z2)-Φ(z1)
for Z values from -3.49 to +3.49. For other values integrate
n(z;0,1) to find P(z1<Z<z2)

Mx(t) = exp(µxt+σx
2+t2)

2
If X1, x2…Xn are independant random variables with Normal
distribution with means µX1,µX2,…µXn and variances σ2

X1,σ2
X2,…σ2

Xn

then the random variable Y has mean and variance:
_
Χ=X1+x2+…+Xn M[ Χ-µ ]=1+µt+(σ2+µ2) t2+O(t3)
Y=a1X1+a2x2+…+anXn  [ 

σ/√n
]  2

µY=a1µX1+a2µX2+…anµXn σ2
Y=a1

2σ2
X1+a2

2σ2
X2+…an

2σ2
Xn

Normal Approximation to the Binomial
If X is a binomial random variable, then the limit of the
binomial with mean µx=nP and variance σ2

x=nPQ as n→∞ is:

Z = X-np b(x;n,p) → n(z;0,1)
√npq

The Normal Approximation is "Good Enough" when n > 30.
Gamma Function

⌠+∞

Γ(α)=  xα-1e-x dx = (α-1)Γ(α-1)  {α>0} 0 elsewhere
⌡0

Γ(n integer) = (n-1)! {n>0}
Γ(n+0.5) = (n-1)!√π {n>0}
Γ(x real) = (x-2)!*Γ(x-x) {x>1}
Γ(0) = undefined
Γ(0.5) = √π = 1.7725 Γ(2) = 1! = 1
Γ(1) = 0! = 1 Γ(2.5) = √π = 1.7725
Γ(1.5) = √π = 1.7725 Γ(3) = 2! = 2
Incomplete Gamma Function

⌠+∞

Γ(α,β)=  xα-1e-x dx   {α,β>0} 0 elsewhere
⌡β

Use the Incomplete Gamma table at the back of the book. 
Gamma Distribution
Time to the nth Poisson event occurring with arrival rate λ
α=n β=1/λ

f(x) =   1    Xα-1e-x/β {α,x>0} 0 elsewhere
βαΓ(α)

µ = αβ σ2 = αβ2 σ = β√α

Mx(t)=1+µt+β(1-t)-α-β
⌠b

P(a<X<b) =      1    Xα-1e-x/β dx =  1  Γ(α,a)-Γ(α,b)  =
⌡a  β

αΓ(α)  Γ(α)   β   β 

Exponential Distribution
Gamma Distribution with α=1 is an Exponential Distribution and
β is the Mean Time Between Events or Mean Time to First Event
X = f(x) = 1e-x/β {x>0} 0 elsewhere

β
µ = β σ2 = β2 σ = β

⌠b
-a - a+b -a -a -b 

P(a<X<b) =   1e-x/β dx = -βe  b    β +βe  b =   e  β - e  β 

⌡a  β  β
Mx(t)= etx
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------------------------------------Statistics Equations----------------------------------
Chi-Squared Distribution
Used in Statistical Inference, Sampling Distributions,
Analysis of variance, and parametric Statistics

α=ν/2 {ν is a positive integer} β=2

X = χ2(ν) =   1        Xν/2-1e-x/2 {x>0} 0 elsewhere
2ν/2Γ(ν/2)

µ = ν σ2 = 2ν σ = √2√ν

Mx(t) = (1-2t)-ν/2

P(a<x<b) = 2(Γ(ν/2,a/2)-Γ(ν/2,b/2)) = χ2ν(b) - χ2ν(a)
Γ(ν)

If X1,x2…Xn are independant random variables with Chi-Squared
distributions with degrees of freedom νX1,νX2,…νXn then the
random variable Y=X1+x2+…+Xn has a Chi-Squared distribution with
degree of freedom νY=νX1+νX2+…νXn
Y=X1+x2+…+Xn νY=νX1+νX2+…νXn
f(y)=χ2(νY) σ2=2νY
µY=νY σ=√2√νY
Lognormal Distribution
The randomm variable X has a Lognormal Distribution if the
random variable Y=ln(X) has a normal distribution with mean µ
and standard deviation σ

1ln(x)-µ 
2

X = f(x) =   1    e- 2   σ  {α>0,x≥0} 0 elsewhere
σx√2π

  2  2

µln = e(µ+1/2σ  ) σln
2 = e(2µ+σ  )

Let Z = ln(X)-µ z1= ln(a)-µ z2= ln(b)-µ
  σ   σ  σ

P(X>a) = 1-P(X≤a) = Φ(z1)
P(a<X<b) = P(z1<Z<z2) = Φ(z2)-Φ(z1)
Use Table A3 to compute Φ(z) for Z values from -3.49 to +3.49.
For other values integrate n(z;0,1) to find P(z1<Z<z2)
Weibull Distribution
X=Time to Failure or Life Length

 β

X = f(x) = αβxβ-1e-σx {α,x>0} 0 elsewhere

µ = α-1/βΓ(1+1/β) σ2 = α-1/β[Γ(1+2/β)-Γ(1+1/β)2]
 β  β

P(a<X<b) =  e αb - e αa 

  β  β

 e αb * e αa 

⌠t
β

F(t) =  f(x) dx = αtβe-αx

⌡0
 
β

R(t) = P(T>t) = 1-F(t) = 1 - αtβe-αx

The conditional probability that a component will fail in the
interval from T=t to T=t+Δt, given that it survived to time t
P(t<T<t+Δt)=F(t+Δt)-F(t)

1-F(t)
The Failure Rate of the component
Z(t)= f(t) = αβtβ-1 {t>0}

R(t)
If and only if the time to failure has a Weibull Distribution
Beta Function
{α,β}∈ℜ {α,β}∈positive integers

Beta(α,β)=Γ(α)Γ(β) Beta(α,β)=(α-1)!(β-1!)
Γ(α,β) Γ(α,β)

Incomplete Beta Function
⌠t

Beta(t,α,β) = xα-1(1-x)β-1 dx {0<t<1} 0 elsewhere
⌡0  

Beta Distribution
The probability that a component will fail in a specified time
interval.
f(x) = Γ(α+β)   xα-1(1-x)β-1 {0<x<1} 0 elsewhere

Γ(α)Γ(β)  {0<a<1}
{0<b<1}

⌠t

F(t) =  f(x) dx = (α+β)Beta(t,α,β)
⌡0 Γ(α,β)

P(a<X<b) = F(b)-F(a) = (α+β)[Beta(b,α,β)-Beta(a,α,β)]
Γ(α,β)

Erlang Distribution
Given a Exponential Distribution where α is a positive integer
n and β is the Mean Time Between Events, then the Erlang
Distribution is the distribution of the time until the nth

exponentially distributed event occurs.
xn-1e-x/β     0<x<1  0 elsewhere

f(x) = βn(n-1)! 0<n 
0<β 

µ = β [n!-Γ(n+1,β-1)]  σ2 = β2 [(n+1)!-Γ(n+2,β-1)]
(n-1)! (n-1)!
⌠b

P(a<X<b) =    xn-1e-x/β    dx =   1    Γ(n,a)-Γ(n,b)
⌡a βn(n-1)! (n-1)!  β β

T Function
Given X1,x2,…,Xn where each Xi is a sample of an Independant
Identical Distribution f(x; µ, σ); f=any distribution
_    n

T=X=(1/n)∑ [Xi]
 _ i=1

µT=E(X)=µX σT
2= σX

2    σT= σX 
_   n   √n

Z=X-µx Z1 = a-µx Z2 = b-µx 
σX/√n σX/√n σX/√n
_

P(a<X<b) = P(Z1<Z<Z2) = Φ(Z2) - Φ(Z1)
S2 Function

   n n n _
S2= n(∑ [Xi

2])-(∑ [Xi])2 = ∑ [Xi-X]2
    i=1                i=1         i=1            

 (n-1)  (n-1)
 n   n

E(S2)=n∑ [E(Xi2)]-(∑ [n2Xi
2])=σX2

 i=1                    i=1       
n(n-1)

n _ n _
∑ [Xi-µx]2 = (n-1)S2 + (X-µx)2 ∑ [Xi-X]2 = χ2(n-1)
i=1 σX

2  σX
2 σX

2/n i=1 σX
2

n    _
∑ [Xi-µx]2 = χ2n (n-1)S2 = χ2(n-1) (X-µx)2 = χ21
i=1 σX

2 σX
2   σX

2/n

100(1-α) confidence intervals
P(S2>b) = P((n-1)S2>(n-1)b) = P((n-1)S2>[χ2n-1(α)=(n-1)b])

 σ2  σ2 σ2  σ2

P(a<S2<b) = P((n-1)a<(n-1)S2<(n-1)b) = P(χ2n-1(αa)<χ2n-1<χ2n-1(αb))
 σ2  σ2 σ2

χ2n-1(αa)=(n-1)a χ2n-1(αb)=(n-1)b Lookup αa and αb in χ2 table
 σ2  σ2

Student T Distribution
If X is a is an estimated mean where X1,x2,…,Xn are known but
µ and/or σ may be unknown then:
  _  _ _

Τ = X-µ = (X-µ)√n Z = X-µ V = (n-1)S2

S/√n √S2  σ/√n   σ2

If Z is a standard normal variable and V is a Chi-squared
variable with ν degrees of freedom, then the random variable T
where:  _  _
Τ =    Z   =      Z      = (X-µ)/(σ/√n) = (X-µ)√n
 √(V/ν) √(V/(n-1)) √(S2/σ2) √S2

has the Τ distribution with ν=n-1 degrees of freedom:
Τν

 = h(t)= Γ((ν+1)/2)    1+ t2 -(v+1)/2

Γ(ν/2)√π√ν  ν 

Τν(t) = h(t)= 1   1+ t2 -(v+1)/2 {-∞<t<+∞}
√ν   ν  {ν>0, ν is an even integer}

Τν(t) = h(t)= (ν-1)  1+ t2 -(v+1)/2 {-∞<t<+∞}
2π√ν  ν  {ν>0, ν is an odd integer}

100(1-α) confidence intervals   _    _
P(a<Τ<b) = P(a<(X-µ)√n<b) = P(-X+a<-µ√n<-X+b) =
_  _   _    S _  S

P(X-b<µ√n<X-a) = P((X-b)S< µ <(X-a)S) = P(Τn(αb)< µ <Τn(αa))
  S  √n    √n

Τn(αa)=(X-a)S Τn(αb)=(X-b)S Lookup αa and αb in Τ table
  √n   √n

------------------------------------Statistics Equations----------------------------------
F Distribution
Given 2 independant random variables V1 and V2, each with Chi-
Squared distributions with degrees of freedom ν1 and ν2, the
Random variable:
F = V1/ν1

V2/ν2

has the F distribution with ν1 and ν2 degrees of freedom:
h(f) = Γ[(ν1+ν2)/2] (ν1/ν2)ν1/2 f(ν1/2-1)   {f>0}

Γ(ν1/2)Γ(ν2/2)(1+ν1f/ν2)((ν1+ν2)/2)

The F Distribution depends on ν1 and ν2 and also on the order
in which ν1 and ν2 are specified

ƒα(ν1,ν2) = the F-value above which the F Distribution with
degrees of freedom (ν1,ν2) has an area α
ƒ1-α(ν1,ν2) = 1/ƒα(ν2,ν1)

Given 2 random samples with normal distributions with sample
sizes n1 and n2 and variances σ2

1 and σ2
2

χ2n1 = (n1-1)S21 χ2n2 = (n2-1)S22
 σ2

1  σ2
2

F = S2
1/σ2

1 = σ2
2S2

1

S2
2/σ2

2 σ2
1S2

2

Central Limit Theorem
Given n random Independant Identicaly Distributed samples with
mean µ and variance σ2 then Z is a good approximation for n≥30
_ _

Z=X-µ  Za =a-µ   Zb=b-µ   X=X1+X2+X3…Xn

σ/√n  σ/√n  σ/√n
_ d ⌠b

Z^2

P(a<X<b) = P(Za<Z<Zb) →   1   e-  2 dz = Φ(b)-Φ(a)
n→∞ ⌡a√2π

  -µt√n

M[ X-µ_  ]= e σ  [MX1( t )]n MX1(t)=1+µt+(µ2+σ2)t2+O(t3)
 [ σ/√n ]  σ√n
2 sample Central Limit Theorem
Given 2 random Independant Identicaly Distributed samples
providing that both n1≥30 and n2≥30 or both X1 and X2 are
approximately normal distributions:

_  _ _
Sample1=X1, µ1, σ1, n1 Z≈(X1-X2)-(µ1-µ2)

_  ___________
Sample2=X2, µ2, σ2, n2 √  σ1

2 + σ22 
  n1  n2 

Continuity Theorem
If Yn is a discrete or continuous distribution such that the
cumulative distribution FYn converges to FY for Y a continuous
random variable then Yn converges to Y in distribution

 d

IF Yn→Y

P(a<Yn<b) = FYn(b)-FYn(a) ⇒ P(a<Y<b) = FY(b)-FY(a)
1 Sided and 2 Sided Analysis
Given a sample and a stated claim about the µ or σ compute:

M(n-1)s^2 = (1-2t)-1/2(n-1) = χ2(n-1)
 σ2

Lookup the values for χ2(n-1), accept the claim if the computed
mean or std-dev. is within the 95% confidence range (for the 1
Sided Test the value must be < table entry for column 0.05,
for the 2 Sided Test the value must be between the entries for
column 0.025 and 0.975)
Estimators

^
Θ = X1+x2+…+Xn {minimum variance estimator}

 n
Hypothesis about µ or σ  _
Given any test statistic such as X as an estimate of µ or S2 as
an estimate of σ2, state a hypothesis H0 about the value of the
test statistic and an alternative hypothesis H1. H0 and H1 are
boolean expressions that relate the test statictic to µ, σ2 or
some value that is used to determine µ or σ2 i.e. the success
probability P for a binomial distribution

If the test for H0 passes, then accept the hypothesis H0 and
reject H1 else reject H0 and accept the alternative hypothesis
H1

Type-1 Error
The probability of a Type-1 Error is P(Reject H0, when H0=true)

The Significance of a hypothesis is P(Type-1 Error)
Type-2 Error
The probability of a Type-2 Error is P(Accept H0, when
H0=false)

P-Values
Given X is any estimation of the true mean µ, then the P-value
for X is the minimum value of α such that the equations
(X–Zα/2)σ/√n<µ<(X+Zα/2)σ/√n and X–kσ<µ<X+kσ are true where the
values –Zα/2=-Φ(-kσ) and +Zα/2=1-Φ(+kσ)
Minimum Sample Size
The minimum sample size n such that the probability that the
difference between the sample mean and the true mean is within
an error limit e is 100(1-α)

n=  Zα/2σ 2 
   e  


