92.231 Calculus III Practice Exam # 1 Solutions Spring 2004

Problem #1 (20 points)
Let a = (2,1,—2) and let b = (3,0,4).

a. Computea—b.a—b=(2-3,1-0,-2-4) =(-1,1,—6) |

b. Compute a - b. a-b:2-3—|—1-0—|—(—2)-4:.

ij k
c. Computeaxb. axb=1]2 1 =2 [=1i[(1)(4)— (0)(=2)]+j[(—2)(3) — (2)(4)]+k[(2)(0) — (1)(3)] =
3 0 4
(4,—-14,-3) |
. L . a-b -2 4 24
d. Compute proj,b (the vector projection of b onto a). proj,b = \a\z a= STET (_2)2a = <—§, —5 §> .

Problem #2 (10 points)
Find the equation of the plane containing the point (0,3,2) and perpendicular to the vector
(2,1,-2).

The equation of the plane containing the point (xo, yo, z0) and perpendicular to the vector (a, b, c)
isa(x—mzo) +b(y—1yo) +c(z—29) = 0. Therefore, the equation of the plane described in this
problem is 2 (x —0) +1(y —3) —2(2 — 2) =0, or‘2w+y—2z:—1 .

Problem #3 (15 points)
Let P denote the point (1,—1,2) and let S denote the sphere with center at P and radius 3.

a. Let @ denote the point (3,0,0). Compute the distance from P to (). Using the distance
formula, we find that |PQ| = /(3 — 1)2+ [0 — (—1)]2 + (0 — 2)2 = [3].

b. Does @ lie on the sphere S7 Why or why not? The sphere S consists of all points whose
distance from P is 3. Since |PQ| = 3, | @ does lie on S. ‘

c. Find the equation of the sphere S. The equation of a sphere with radius r and center (xq, yo, z0)
is (x —x0)? + (y —y0)* + (2 — 20)? = 12, s0 the equation of S is

(-1 +y— (P +E-22=3%or|(z-1)*+y+1)*+ (-2 =9|

Problem #4 (15 points)
Let C' denote the curve described by the vector function r(t) = <e2t, 2¢!, 2€2t>, 0<t<1.

a. Show that [r'(t)] = 6e*. r(t) = (e*,2e?,2e?") = r'(t) = (2, 4e*, 4€*)
d d
(because 7 [e"] = e“d—?). Therefore, |v/(t)| = \/[2e2t]2 + [4e2]? + [4e2t)? = VAeH 1 166 + 167 =
V36ett = 6e*.
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b. Find the length of C. The length of C is given by L = / |t (t)| dt = / 6e% dt = 3 0=
a 0

~ 19.167,

u=2t, du=2dt



Problem #5 (20 points)
Let C denote the curve described by the vector function r(t) = (t2,¢,2 — t)

a. Find v'(t). r(t) = (2, 1,2 — t) = ‘ r'(t) = (2t,1,-1) ‘ (Take the derivative of each component.)

b. Show that the point (4,2,0) lies on C. We must find a value of ¢ for which t?> = 4, t = 2, and
2—t=0. ‘t = 2 clearly satisfies all three conditions, so the point (4,2,0) lies on C. ‘

c. Find parametric equations for the line tangent to C at the point (4,2,0). The parametric
equations of the line containing the point (xg,yo,20) and parallel to the vector (a,b,c) are
x =x0+at,y = yo+bt, z = zo+ct. The vector r'(¢) is tangent to C, so r'(2) = (2t,1,-1)|,_, =
(4,1, —1) is tangent to C at (4,2,0). (From part b we know that the point (4, 2,0) corresponds to
t = 2.) The tangent line therefore contains point (4, 2,0) and is parallel to vector (4,1, —1), so its
parametric equations are x = 4+4t,y = 2+ 1t,z2 = 0+ (—1)t, or ‘ r=44+4t,y=2+t,z=—t ‘

Problem #6 (20 points)
Let C' denote the curve described by the vector function r(¢) = (1 + sin(4t), 3t,2 — cos(4t)).

a. Find the unit tangent vector T(t). r(t) = (1 + sin(4t), 3t,2 — cos(4t)) = r/(t) = (4 cos(4t), 3,4 sin(4t)) =
It/ (t)] = /[4cos(4t)]? + 3% + [4sin(4t)]? = \/16 cos?(4t) + 9+ 16sin?(4t) = |16 [C082(4t) + sin2(4t)} +9 =

=1

Sin(4t)> .

1

16 +9 = 5. Therefore, T(t) = v/ (t)]

1 4 3 4
r'(t) = E (4cos(4t), 3,4sin(4t)) = <S cos(4t), BE

4 4 1 1
b. Find the unit normal vector N(¢). T(t) = <3 cos(4t), g, R sin(4t)> = T'(t) = <—EG sin(4t), 0, 36 cos(4t)>

= |T'(t)| = \/{—? sin(4t)} : + 0% + [? cos(élt)]2 = \/(?)2 [cos?(4t) + sin?(4t)] = ?

N(t) = ﬁT'(i) = Fl/f) <—? sin(4t), 0, 16 cos(4t)> = ‘ (—sin(4t), 0, cos(4t)) ‘

T (¢ 1
c. Find the curvature k. kK = ’|r’((t))|’ = 6T/5 =16/25]|.




