92.231 Calculus IIT Practice Exam # 2 Solutions Spring 2004

Problem #1 (10 points)

0z 02 0
Let z = sin(zy) + 2%y®. Find a_;’ a—;; an ayazx'

0
z = sin(zy) + 2%y = O_Z = cos(zy) -y + (2z) - y> = |ycos(zy) + 223 | (Treat y as a constant.)
x

0?2 _ 0 3 : 3 2 3
572 = gy Veos(ay) + 209*] =y [ sin(ey) -y] + 20" = |~y sin(ry) + 2

2
am8z=3Pq=3 yoos(zy)  +2ay° | =[cos(zy) — aysin(zy) + 6ay? |
Oydxr Oy |Ox dy —
Use Product Rule

Problem #2 (20 points)

Let f(z,y) = 22 — y*, let P denote the point (2,1), and let v = (4, —3). Find the directional
derivative of f at P in the direction of vector v.

fa,y) =22 —y' = V(z,y) = (fola,9), fy(z,y)) = 22, —4y%) = Vf(2,1) = (4, —4).

[v] = v/(4)2 + (—3)% = v/25 = 5, 50 a unit vector in the direction of v is u = é (4,-3) = (4/5,—-3/5).
Therefore, the directional derivative of f at P in the direction of vector v is
Duf(2,1)=Vf(2,1)-u={4,—-4)-(4/5,—-3/5) =|28/5|

Problem #3 (15 points)

Let f(z,y,2) = 2%y + y>z and let P denote the point (1, —1,2).
a. Find a vector in the direction in which f increases most rapidly at P.

f increases most rapidly in the direction of Vf(P). f(z,y,2) = 2%y + y32 = Vf(r,y,2) =
<fm($7 Y, Z), fy(fEa Y, Z), fz(l'a Y, Z)> = <2$y7 ‘172 + 3y2z, y3> = Vf(l, _17 2) = <_27 77 _1> .

b. Find the maximum rate of increase of f at P.

The maximum rate of increase of f at P is |[Vf(P)| = [(—2,7,-1)| = /(=22 + 7> + (1) =
V54 =36

Problem #4 (20 points)

The radius r and the height A of a right circular cylinder change with time. At a certain instant
the dimensions are r = 10 cm and h = 20 cm, the radius r is increasing at a rate of 2 cm/sec,
and the height h is decreasing at a rate of 3 cm/sec. At what rate is the volume V of the cylinder
changing at that instant? (Hint: V = 7r2h.)

. av. oVdr 0V dh dr odh
By the chain rule, o + hd 27T’I"h$ +7r i
27(10 em)(20 cm)(2 em/sec) + 7(10 cm)?(—3 ecm/sec) = | 5007 cm? /sec |.




Problem #5 (20 points)

1
Let f(x,y) = 2> — 3zy + §y2.

a. Show that (0,0) and (3,9) are the only critical points of f.

The critical points of f are the points (z,y) that satisfy the equations f,(x,y) = 0 and

1
fy(:Evy) = 0. f(:an) = :L's - 3:Ey + §y2 = fm(:Evy) = 3$2 - 3y7 fy(:Evy) = -3z +y

folz,y) =0=322 -3y =0=y = 22

fy(,y)=0= -3z4+y=0= —3z+2>=0 (sincey =2%) = z(-3+2)=0=>z=0o0rz = 3.
r=0=y=02=0and z =3 = y = 32 = 9. Therefore, the only critical points are (0,0) and
(3,9).

b. Determine whether f has a local max, a local min, or a saddle point at (0,0).

We need to use the Second Partial Derivative test. f,(z,y) = 322 — 3y =

fmr(:nvy) = 6x and fmy(:nvy) = -3 fy(:Evy) = -3z +y = fyy($ay) =1
Therefore, D(ZE,y) = fmr($ay)fyy($ay) _ [fmy($7y)]2 = (6$)(1) — [_3]2 = 6z — 9.
D(0,0) =6(0) — 9 = —9. Since D < 0, ‘f has a saddle point at (0, 0) ‘

c. Determine whether f has a local max, a local min, or a saddle point at (3,9).

As shown above, D(z,y) = 6x — 9. Therefore, D(3,9) = 6(3) —9 = 9. Since D > 0 and
frr(3,9) = 6(3) > 0 (3,9)

Problem #6 (15 points)

Find the volume of the solid lying under the circular paraboloid z = z?+y? and above the rectangle
R=1[-2,2] x [-3,3].

Volume = // (22 + y?) dA:/_Z/_Z(:Ez—I-yz) dyd:n:/_z
_/ <3:c + >—<—3$2+¥>]
(=2)
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