92.231 Calculus III Exam # 3 Solutions Spring 2003

Problem #1 (20 points)

Let D be the triangular region with vertices (0,0), (0,2), and (1, 0).

a. Sketch the region D.
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b. Evaluate // 3x dA.
D

The equation of the line through the points (0, 2) and (1, 0) is y = 2—2z. Therefore, // 3vdA =
D

1 p2-2z 1 . 1 1 )
/ / Bxdyd:n:/ Bayly_5 ™" d:L':/ 3z (2 — 22) d:L':/ 6z — 622 dr = 3z? — 227, =
0 0 0 0
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Problem #2 (20 points)

Let D be the region in the first quadrant bounded by the z axis, the line y = x, and the circle
22 4+ 9% = 1. (See the figure below). Use polar coordinates to evaluate / / 3y dA.
D

1

4

-0 L L
-05 0 05 1 15

w/4 rl
In polar coordinates, y = rsin(6) and dA = r dr df. Therefore, // 3ydA = / / 3rsin(f) (r dr df) =
o Jo

w/4 rl w/4 1 w/4 /4
/ / 3r2sin(6) dr df — / P sin(0)|/=) do = / sin(0) df = — cos(9)[%/* =
0 0 0 0

—cos(m/4) — (—cos(0)) =|1 — g ~ 0.29289.




Problem #3 (20 points)

Find the volume of the solid above the zy plane, below the surface z = 9 — 22, and bounded on the
sides by the planes x =0, y = z, and y = 2.

Volume V = // 9 — 22 dA, where D is the region in the zy plane bounded by = = 0, y = =,
D

and y = 2:
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Therefore,V:/ /9—:132 dy dZE:/ (9—$2)yzzi dZE:/ 9-2%)2—-(9—2%)z dx =
0 Ja 0 0
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Problem #4 (20 points)
Find the work done by the force field F(z,y, z) = (—z,y,x) in moving a particle from the point
(3,0,0) to the point (0,7/2,3) along the helix x = 3cos(t), y =t, z = 3sin(t).

The helix is given by the vector function r(t) = (3 cos(t), ¢, 3sin(¢)). The initial point on the helix,
(3,0,0), corresponds to the value ¢ = 0, and the terminal point (0, 7/2,3) corresponds to the value

/2
t = m/2. The work is given by W = / F (r(t)) - r'(t) dt
0

= /7r/2 (=3sin(t),t, 3 cos(t)) - (—3sin(t), 1,3 cos(t)) dt = /7r/2 [9 sin®(t) + ¢+ 9 COSz(t)] dt =
0 /2 ’
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Problem #5 (20 points)

Evaluate / / / 2z dV, where E is the region above the plane z = 0 and below the cone
E

z=2—/z2+y%
(Hint: Show that the curve of intersection of the plane z = 0 and the cone z = 2 — /22 + y? is the
circle 22 + y? = 4 in the zy plane.)
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Because of the symmetry of E about the z axis, we use cylindrical coordinates. The curve of
intersection of the plane z = 0 and the cone z = 2 — /22 + y2 is the circle 2% + y? = 4 in the zy
plane: z =0and z = 2— /22 + 92 = 0 =2— /22 + 32 = /22 + y2 = 2 = 22 +y? = 4. Therefore,
the projection of E onto the zy plane is the set of points on and inside the circle z? + y% = 4, or
r = 2 in cylindrical coordinates. In cylindrical coordinates, dV = r dz dr df and \/z2 + y2? = r.

2w 2 p2—r 2 p2 PR
It follows that /// 2z dV = / / / 2z (r dz dr df) = / / r22| g7 dr df =
7 o Jo Jo o Jo

2 2 9 2 2 o2 T4 47’3 r=2
/ /T(Q—T) drd@z/ /r3—4r2+4rdrd0:/ — 4+ 22
o Jo o Jo o 4 3

40/35" = |87/3|.

27
9= | 4/3d6 =
0

r=0




